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Memories to Stanisław Kielich: My teacher,
my mentor and my friend

Tadeusz Bancewicz∗

Nonlinear Optics Division, Faculty of Physics, Adam Mickiewicz University, Umultowska 85, 61-614
Poznán, Poland

1. Kielich’s style

There is no doubt that Kielich wrote his papers in his own elegant and specific style. He invented and
introduced a special formalism suitable for molecular and nonlinear physics based on Cartesian tensors
in which he made use of his deep knowledge of achievements of the old masters of molecular physics.
In his scientific work he has shown his great involvement in molecular physics. In the peak of his carrier
he wrote his papers fast and efficiently. In the nineteen sixties after construction of the laser, a lot of new
optical (linear and nonlinear) effects were discovered. Several of them Kielich had already on his mind.
His colleges remember that at a few occasions on the day following their discussions of a new physical
effect Kielich would come to the Institute with his paper on the subject almost ready for publication. He
mastered tensor calculus, so nonlinear optics was the area he admired. He learned tensor calculus while
working with Piekara [1] and then he extended this formalism. From the early years of his scientific
carrier he strongly admired works of Buckingham [2,3]. He liked to generalize every problem he worked
on.

2. Light scattering

Kielich was especially interested in the theory of light scattering (linear and nonlinear). One of his first
single-handed papers was devoted to the light scattering problems [4–7]. Moreover, from the beginning
of his research work he was strongly involved in several subjects of nonlinear optics [8]. It is interesting
to note that the laser had yet not been constructed at this time! Invention of the laser was a great
stimulation in the area of nonlinear physics research. Already in 1961 Kielich wrote a paper on the
nonlinear light scattering [9]. Several works followed this study [10–17]. Kielich is recognized [10,12]
for having predicted for the first time the phenomenon of the hyper-Rayleigh scattering of intense laser
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Fig. 1. Professor Kielich with Professor Bloembergen in Fontevrault.

Fig. 2. Professor Kielich with Professor Davies working in Poznãn.
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light. Parallel studies were performed by Li [18] and Cyvin, Rauch and Decius [19]. This effect was
experimentally detected for the first time in 1965 by Terhune, Maker and Savage [20].

Studying light scattering process Kielich paid special attention to the role of intermolecular interactions
in nonlinear phenomena [17,21–23]. He studied intermolecular interactions in his very elegant and
efficient statistical-molecular tensor based style [24]. In 1968 the monomer forbidden Rayleigh collision-
induced light scattering was detected [25,26]. It was shown that an interacting pair of spherical molecules
(atoms) possesses an excess anisotropic collision-induced polarizability and this excess polarizability
leads to monomer forbidden depolarized light scattering. Kielich was strongly convinced that similar
process exists also in the case of the hyper-Rayleigh (and hyper-Raman) light scattering. He shown
that colliding pair of (even) centrosymmetric molecules has configurations with no center of inversion
and the created fly-by supermolecule is a source of the second harmonic light scattering. This kind of
scattering was detected by Kielich, Lalanne and Martin [27] during Kielich’s sabbatical (1971–1972)
year at the Bordeaux University.

3. Other subjects

Kielich has also been involved in many other scientific subjects. The number of subjects he studied is
impressive. He started his scientific carrier studying statistical molecular theories of electric, magnetic,
and optical saturation (with A. Piekara). Then he investigated intermolecular multipolar interactions
in electro-optical and magneto-optical phenomena including optical activity. He considered linear and
nonlinear spectroscopy of macromolecular and colloidal systems. He introduced to this field special
functions now named Langevin-Kielich functions. Kielich contributed also to quantum optics. He
studied photon anti-bunching and squeezed states of the electromagnetic field. All Kielich’s papers are
available in the pdf format on the web page http://zon8.physd.amu.edu.pl in the section: history.

Institutions and laboratories have a history which influence their future. Some scientists contribute
strongly to this history. Stanisław Kielich was one of those.
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Stanisław Kielich – A personal memoir

A.D. Buckingham∗

Department of Chemistry, Cambridge University, Cambridge, United Kingdom

In the 1950s I became interested in the interaction of electric fields with gases and liquids. Professor
Arkadiusz Piekara was performing pioneering experiments in Poznań on dielectric saturation. He had
discovered “the inverse saturation effect” in which the permittivity of dipolar liquids like nitrobenzene
increased in strong applied electric fields; he correctly interpreted this effect in terms of the favouring
of the more dipolar configurations of clusters of molecules by the applied field. I was invited to visit
Poznán in April 1959 and there met Stanisław Kielich, Professor Piekara’s outstanding young colleague.
I particularly admired the close interaction of theory and experiment that was a feature of the Instytut
Fiziki in Poznán. Kielich was four years my senior and his interests closely overlapped my own in optical,
electric and magnetic properties of matter and in intermolecular forces We had many conversations and I
remember his excitement on hearing about a new method of measuring molecular quadrupole moments.
Poland was a poor country at that time but I was very generously and graciously entertained and had the
pleasure of dancing with Stanisław’s delightful wife Clare. When I departed from Poznań on the train
for Warsaw he presented me with a paper knife bearing the arms of the city. It has been on my desk ever
since.

Kielich went on to become a leader in various fields of molecular physics, and particularly in non-linear
phenomena. He enjoyed the respect and affection of colleagues around the world and brought great credit
to the Adam Mickiewicz University and to Poland. I am grateful for this opportunity to pay tribute to a
friend and distinguished colleague.
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Andrzej Graja∗
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Late in the fifties of the last century, as a young student of the Physics Department of Poznań
University, I became fascinated with Professor Stanisław Kielich’s lectures on the nonlinear optical
phenomena. At that time, his first theoretical papers on the optical nonlinearity of matter were published.
These publications were a consequence of his earliest works on the dielectric saturation of liquids. Just
after my graduation from Poznań University, I applied for a post at the Institute of Physics of the Polish
Academy of Sciences in Poznań, closely co-operating with the Division of the Experimental Physics at
Poznán University. This was why our laboratory took up studies in the field of nonlinear optics. In those
days (the beginning of the sixties), the first lasers were constructed at the best world-wide laboratories.
Our knowledge on the lasers was residual but our enthusiasm was enormous. This enthusiasm let us
construct, at the end of 1963, the first Polish ruby laser which emitted the coherent beam of the red
light and so our laboratory was ready to undertake studies on nonlinear optical effects in matter. One of
our aims was experimental confirmation of the Kielich’s theory. My PhD thesis, defended in 1969, was
devoted to the simplest nonlinear optical effect – second harmonic generation (SHG). I had proposed
the generation of the light’s harmonics not in single crystals but in powdered samples. My method of
the investigations of SHG was fully original and relatively simple. It was published inActa Physica
Polonica– scientific journal of limited reach. Stanislaw Kielich was one of the scientists who appreciated
this method and cited my paper on frequent occasions.

I made friends with my former professor and the oldest colleague in 1971, in Bordeaux (France) where
I continued with my postdoctoral studies. At that time, Stanisław Kielich – Staszek for his friends –
was Associate Professor at the University of Bordeaux in Talance. Though we were working in different
laboratories, our relations were very close and friendly. Naturally I took part in his lectures devoted
to recent developments in the theory of nonlinear optical effects; his lectures took place at the biggest
conference room of the Centre de Recherches Paul Pascal, which was always filled to capacity. It is
necessary to say that the participants of Staszek’s lectures were bombarded with enormous, very long and
complicated formulas written on a blackboard just from memory. What an extreme memory it was! In
the midst of the audience many professors, younger scientists and PhD students. Novel, yet unpublished
concepts, and the original form of Stanisław’s lectures appealed hugely to the audience. Phenomena
and new effects anticipated by theoretical investigations of Staszek were tested by experimenters of the
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Paul Pascal Centre without delay. This co-operation yielded a crop of series of publications of Stanisław
Kielich and his French co-workers, J.R. Lalanne and P.B. Martin.

We spent our evenings discussing various problems, not only scientific, but also historical or moral
ones, and very often our personal experiences. When talking till late at night, I saw Staszek as a clever,
competent and brave man. I had occasions to learn about his tragic youth during the Second World War
as well as times of poverty and hard labour just after the war. After long homelessness, he took up his
studies of physics at Poznań University (now Adam Mickiewicz University). His studies were not only
tenacity of purpose but a struggle for survival. Only a man as strong as Staszek would have been able to
get University graduation (in 1955) and become one of the Eminent Professors (1971) of his maternal
University, Full Member of the Polish Academy of Sciences (1983), director of the Institute of Physics
(1969–1975) of Adam Mickiewicz University and one of the greatest Polish physicists, widely reputable
in Poland and all over the world. Kielich, as a founding father of nonlinear optics, was awarded in
1993 the Medal of Marian Smoluchowski – the greatest Polish scientific award conferred by the Polish
Physical Society. Professor Stanisław Kielich was one of the most respectable and honored scientists of
our time.
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To the memory of Stanislas Kielich

Genevìeve Rivoire∗

Molecular Nonlinear Optics, Faculty of Physics, University of Angers, Bd. Lavoisier 2, Angers, France

The publications of Stanislas Kielich, when I discovered them in the sixties, allowed me to make a
clear link between two domains of knowledge. The first, which had a rather long history, concerned
molecular physics, and especially molecular correlations. The second, which burst out following the
discovery of the ruby laser in 1960, was related to laser physics. Non linear molecular optics was soaring.

In order to bring memory of these times alive, I would like to briefly tell here what was my first
scientific exchange with Stanislas Kielich. . . Stimulated Raman scattering was the topic of the first letter
I wrote him in 1965. Our laboratory had a long tradition of research in the field of Raman scattering,
which – let us recall- was known experimentally only in its spontaneous form before 1962. My PhD
director, Reńe Dupeyrat, belonged tothe Laboratoire de Recherche Physique de la Sorbonne, this very
laboratory where Jean Cabanne had led his renowned pioneering studies which have contributed to the
discovery of the Raman scattering, to its understanding and to the birth of its applications. This was the
time where the production of the Raman spectrum of a material required an illumination of several hours
with a very powerful light source (like a mercury vapor lamp). In 1962, the excitation of nitrobenzol with
a ruby laser allowed the fortuitous discovery of stimulated Raman scattering. The spectrum was obtained
with a single nanosecond pulse excitation. In fact, it was known, according to the theoretical studies of
Placzek in 1937, that a stimulated scattering exists as well as the spontaneous scattering, similar to the
existence of a stimulated emission together with a spontaneous emission. But its amplification needs
exciting powers far larger than those delivered by classical sources. When we got our first ruby laser in
Reims, we began the study of stimulated Raman scattering in various molecular materials.

As it is now well known, a lot of nonlinear effects appear simultaneously in the interaction laser/matter,
leading to difficulties in the interpretation of the experimental results. Stimulated Raman Scattering
properties revealed at first to be unrelated with the expected properties deduced from the spontaneous
spectra. To say it briefly, the exciting beam propagation in the Raman medium was strongly perturbated
by the nonlinear refraction index changes, and phenomena such as self focusing played an important
role. In order to clarify the understanding of the experiments, we studied the influence of parameters
changes- especially temperature- in a lot of molecular materials. . . and we were thus concerned with the
role of molecular interactions. A bibliographic research on this subject pointed me to the publications
of Stanilslas Kielich, and I got in touch with him.

I have kept the letters he wrote me in 1968. . . I read for example: “concerning the molecular
correlations, I am sure that their influence in stimulated Raman scattering and in the coherence of the
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radiation is important. . . I hope that the relations between our two laboratories will increase. . . ” And
Stanislas Kielich enclosed in his letter a reprint of his publication “molecular interactions in optically
induced nonlinearities” (IEEE-Journal of Quantum Electronics-QE-4 1968, p. 744). It was a very
comprehensive and rich paper, dealing with non linearities of both refraction index and scatterings,
taking into account the roles of molecular redistribution and of molecular fields. He listed the values of
the Kerr constants of various liquids calculated with different models, which was a very interesting data
source for the experimentator.

As concerns the continuation of our exchanges, without giving all the details, I would like to point
out some prominent events. . . At first, the presence of Stanislas Kielich as Associate Professor in the
University of Bordeaux, in 1971/1972. . . The lectures he gave there were first gathered in a handout
“polycopié” which was- and is still- used in our laboratory as “the reference” for the calculation of
the non linear susceptibility tensors. . . It was said in Bordeaux that “the Professor” was spending
long hours of his nights to calculate tensors. . . These tensors, we can find them also in his books
published at the University of Poznań in 1972, and in the book “interaction laser/molecule, laser physics
and molecular non linear Optics” written with J.R.Lalanne and A.Ducasse and published in France in
1994(Ed Polytechnica).

Another event is the presence of Stanislas Kielich at the 31th meeting of the FrenchSocíet́e de Chimie
Physiqueorganized in Fontevrault in 1978(photo). Stanislas Kielich gave there a lecture entitled “second
harmonic generation of laser beam in electrically polarized atomic and molecular mixtures”. . . proving-
if necessary- the success of the coupling realized by Stalislas Kielich between his exceptional knowledge
of the molecules with all the new non linear phenomena induced by the use of powerful lasers.

As an echo to my first exchange with him reported above, which was devoted to Raman Scattering,
I have kept the poster realized for the Non linear Optics Conference organized under his responsibility
in Poznán in 1978: a beautiful colored poster displaying the famous rings of the anti Stokes Raman
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scattering, orange, yellow, green rings, created by the interaction of a red ruby laser with a molecular
liquid. . . an image symbolizing all these various changes- color, direction, polarization, coherence-
induced by the interaction of laser with molecules. This Poznań Conference, wanted by Stanislas
Kielich, completely placed under his scientific and human direction- and presenting some difficulties
in an historical period where the opening to foreign researchers could yield to some suspicions- was
possible because of the international notoriety he had acquired.

This notoriety has given a great recognition to the Poznań Institute of Physics, created to unify the
previous chairs of Physics of the University, and placed under the Direction of Stanislas Kielich since
its creation in September 1969. This Institute was very important for him, and I have a letter in which
he explains me that he has to delay his stay in Bordeaux in order to assume his new management
responsibilities.

When I read once again today all the publications of Stanislas Kielich, I am impressed by the wideness
of his competences, the rigor of his calculations, his ability to make immediately the links between his
previous knowledge and the new fields opened by the laser optics. It was difficult, in the beginning of
the sixties, for laboratories having modest equipments – and I have also this experience- to step in the
non linear Optics international scene. . . and we have to pay a tribute to the success of Stanislas Kielich
and his group.

Stanislas Kielich loved physics, he loved his country, he had a deep scientific and human honesty and
the vainglory was at the opposite of his choices. He remains for me one of a main guide mark I had the
fortune to encounter in my researcher profession.
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Working with Professor Stanisław Kielich

Ryszard Tanás∗

Nonlinear Optics Division, Department of Physics, Adam Mickiewicz University, 61-614 Poznań,
Poland

Professor Stanisław Kielich was already a well known scientist when I met him for the first time during
my studies at the Adam Mickiewicz University. He was giving lectures on molecular nonlinear optics
that were designed, at that time of mid sixties of the twentieths century, to cover quite new material
of rapidly developing nonlinear optics. The new field, and the way Kielich presented it in his lectures,
attracted my attention so much that I decided to join Kielich’s group. I completed my MSc thesis under
Kielich’s supervision and started my research in theoretical nonlinear optics. It was in 1969, and since
then I had the opportunity to contact Kielich on the daily basis.

Professor Kielich’s research at that time was aimed at revealing nonlinear properties of molecules, and
nonlinear optics became a rich source of information on individual molecules and their interactions. The
strategy was to exploit various nonlinear optical processes to collect as much information as possible
about an individual molecule or a group of molecules. I started my work studying nonlinear optical
activity and optical Kerr effect, but Kielich’s favourite topic then was nonlinear light scattering. At that
time, in our group, the electromagnetic field was treated classically and it was expected to be an agent
that brings us information about the matter. A plethora of nonlinear optical processes discovered when
the laser light was shined on the medium made it possible to study better and better optical properties of
molecules, and it was the main goal of research in Kielich’s group. The research was very successful
with many interesting results. There was no need for field quantisation!

After few years of studying the nonlinear properties of molecules, I bought the Russian translation
of the bookQuantum Optics and Electronicswith Glauber’s lectures on photon statistics given in Les
Houches. After reading the lectures I realized that nonlinear optical phenomena are important not only
as a source of information about matter, but they radically change the properties of light itself. One day
I came to Professor Kielich and presented him my new idea to study photon statistics of light produced
in nonlinear phenomena. At first, he was not very enthusiastic about my idea. He told me that there is
still a lot to be done in the “traditional” nonlinear optics, and this is the top priority in his group. He
even suggested me to join another group, but, after some discussion, he accepted my idea, and he asked
me to collect the results I already had and to send them for publication. Since he had just received a
sample copy of the journalOptik, he said “you can send the paper to this journal”. That was my first
publication, it appeared in 1974, and I was really grateful to Professor Kielich for that advise. A year
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later I completed my PhD dissertationOn photon statistics in nonlinear optical phenomenaunder the
supervision of Professor Kielich.

Later on, we spent many hours discussing problems related with quantum properties of light generated
by nonlinear optical phenomena, we had published many papers on the subject, and Professor Kielich
had become more and more enthusiastic about the subject. He had included into the Russian translation
of his bookMolecular Nonlinear Opticsan additional chapter devoted to the quantum properties of the
optical fields.

As years went by, our personal relations had become very friendly, and it was a great honour to me
when Professor Stanisław Kielich asked me to be on first name terms with him, since then he was
Staszek for me. We were working together for a quarter of a century. When Staszek became seriously
ill I gradually was taking over some administrative duties in Nonlinear Optics Division, but all the time
being in good contact with Staszek and trying to realize his ideas. He passed away peacefully on October
15, 1993, after few years of struggle with his illness.

In my memory Staszek remains as a brilliant scientist, who belonged to the founding fathers of molec-
ular nonlinear optics, the scientist who was open for new ideas and accepted convincing argumentation,
the man who loved life, the man who was friendly to people, the great human being.
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On the quantization of the potential
amplitude in the Schrödinger equation

B.Ya. Balagurov∗

Emanuel Institute of Biochemical Physics, Russian Academy of Sciences, ul.Kosygina 4, Moscow,
119334, Russia

Abstract. A consistent scheme is proposed for quantizing the potential amplitude in the Schrödinger equation in the case
of negative energies (lying in the discrete-spectrum domain). The properties of the eigenfunctionsϕν(r) and eigenvaluesαν

corresponding to zero, small, and large absolute values of energyE < 0 are analyzed. Expansion in the set{ϕν(r)} is used to
develop a regular perturbation theory (forE < 0), and a general expression is found for the Green function associated with the
time-independent Schrödinger equation. A similar method is used to solve several physical problems: the polarizability of a
bound quantum-mechanical system, the two-center problem, and the elastic scattering of slow particles. The proposed approach
is advantageous in that it does not require the use of continuum states (forE > 0).

Keywords: Potential amplitude, eigenfunction, eigenvalue

PACS numbers: 03.65.Ca, 03.65.Ge, 03.65.Nk

1. Introduction

One of the basic problems in non-relativistic quantum mechanics is the determination of the states
of a particle (for any energies) in a prescribed potential (see [1,2]). Various characteristics of this
quantum-mechanical system can be analyzed by solving this problem, including its responses to external
perturbations (e.g., polarizability). Accordingly, a considerable part of the formal apparatus of quantum
mechanics relies on perturbation theory (see [1,2]), i.e., on expansion of the required wave function
in a complete set of “zeroth-order” (unperturbed) wave functions. Perturbation methods offer regular
schemes for solving various problems. These schemes are especially simple and effective when the
prescribed potential function has only bound-state solutions (as in the harmonic oscillator problem).

However, a totally different situation arises in the case of a realistic potential vanishing at infinity, when
the problem involves a continuous spectrum of energy: the bound-state wave functions (corresponding
to E < 0) must be combined with the continuum wave functions (corresponding toE > 0) to obtain
a complete basis (see [1,2]). Therefore, states of both types must be taken into account in perturbation
theory, which substantially complicates the problem. It would obviously be advantageous to find
an approach that can be used to solve problems concerning negative-energy states without invoking
continuum states.

In the present communication the procedure of quantization is applied to the amplitude of the potential
(i.e., to the well depth). The idea behind the scheme can be explained as follows. The bound state
corresponding to a certain energyE < 0 of a particle in a potentialU(r) = U0 v(r) of prescribed
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form can be associated with an infinite discrete set of amplitudesU0
ν . The values ofU0

ν = U0
ν (E)

and corresponding wave functionsϕν(r) are treated as eigenvalues and eigenfunctions, respectively.
Accordingly, an arbitrary wave functionψ(r) corresponding to a state withE < 0 can be represented as
an expansion in the set{ϕν(r)}, which is expected to be complete.

In this paper, the basic properties of the eigenfunctionsϕν(r) and the corresponding eigenvaluesαν

are analyzed for the three-dimensional Schrödinger equation. The orthonormality and completeness of
{ϕν(r)} are established. The asymptotic behavior ofϕν(r) (at r → ∞) is determined, including the
case ofE = 0. The properties ofαν andϕν(r) are analyzed in details for zero, small, and large absolute
values of energy (E 6 0). Expansion in the eigenfunction basis{ϕν(r)} is used to develop a regular
perturbation theory (forE < 0) without invoking continuum states. A general expression is found for
the Green function associated with the time-independent Schrödinger equation (forE < 0).

To illustrate the resources of the proposed method, several physical problems are analyzed: the
polarizability of a weakly bound quantum-mechanical system, the two-center problem, and the elastic
scattering of slow particles. In each case, a consistent scheme is developed for calculating the required
physical quantities by means of expansion in the eigenfunction basis{ϕν(r)}. In particular, the exact
expression of scattering amplitude forE = 0 was derived. To illustrate the key points of the proposed
method, Section 12 presents three exactly solvable examples in which eigenfunctions can be expressed
in relatively simple analytical form. In these cases, the completeness of{ϕν(r)} is proved directly.

Note that quantization has been applied previously to potentials in some special cases. For example,
the Sturm functions corresponding to the three-dimensional Coulomb potential were analyzed and used
to solve some quantum-mechanical problems (see [3–5]). However, the analysis given in [3–5] does
not offer a general approach to the problem in the case of an arbitrary potential function. Recently
such general approach was proposed in [6] for the one-dimensional case. Note that similar, but more
formal, method of the quantization has been applied previously in Refs [7–9]. However, the method,
used in present article, has a physical basis as distinguished from [7–9]. In addition to this, the problems,
considered in our article, practically were not investigated in [7–9]. The difference is in investigation of
basic properties of the eigenfunctions, the eigenvalues and decision of concrete physical tasks.

Note also that a somewhat analogous to [6] scheme for “quantization” the permittivities of macroscopic
bodies relies on the eigenfunctions method proposed in [10,11] for various problems in the macroscopic
electrostatics. Some techniques used in [10,11] may prove helpful in quantizing the amplitudes of
finite–range potentials.

2. Eigenfunction basis

Consider a particle in a three-dimensional potential. If the potential functionU(r) is represented as
U(r) = U0 v(r), whereU0 is the potential amplitude (U0 < 0) andv(r) (where 0 6 v(r) 6 1) defines
its shape, then the time-independent Schrödinger equation can be written as

∇2ψ(r) + εψ(r) = αv(r)ψ(r) ; ε =
2mE

~2
, α =

2mU0

~2
. (1)

Suppose thatE is negative, i.e.,ε < 0. Let us assume thatv(r) is rapidly (say, exponentially) decreasing
atr → ∞. The wave functionψ(r) and its derivative are obey the standard conditions, i.e., bounded and
continuous at anyr and vanish atr → ∞. In the common quantization scheme [1], these conditions are
used to determine the bound-state energy levelsEν and wave functionsψν(r).
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However, an alternative approach can be developed where the quantized value in Eq. (1) isα. Ac-
cordingly, the eigenvalues are discrete valuesαν of α (i.e., the potential amplitude). The corresponding
eigenfunctionsϕν(r) satisfy the equation

∇2ϕν(r) + εϕν(r) = ανv(r)ϕν(r) ; (ε = −κ
2 < 0). (2)

In this approach the energyε is a parameter: αν = αν(ε) andϕν = ϕν(ε; r). As noted in the
Introduction, the set{ϕν(r)} can be used to solve various quantum-mechanical problems (forE < 0).
Therefore, the basic properties ofϕν(r) andαν should be examined.

First of all, it follows from (2) thatϕν(r) ∝ r−1 exp(−κ r) asr → ∞ (κ =
√
−ε). Furthermore,

multiplying (2) by the complex conjugateϕ∗
ν(r) and integrating the result over all space, we obtain

αν = −
{∫

|∇ϕν(r)|2 dr − ε

∫
|ϕν(r)|2 dr

}
·
[∫

|ϕν(r)|2v(r) dr
]−1

. (3)

It follows from (3) thatαν are real numbers that are negative ifε < 0 andv(r) > 0 :

αν < 0.

Sinceαν are real, it can be assumed thatϕν(r) are real too.
After the changesε → ε̃ andν → µ in (2), the equation for the corresponding eigenfunctionsϕ̃µ(r)

has the form

∇2ϕ̃µ(r) + ε̃ ϕ̃µ(r) = α̃µv(r)ϕ̃µ(r) ; α̃µ = αµ(ε̃).

Multiplying this equation byϕν(r) and Eq. (2) bỹϕµ(r), subtracting one from the other, and integrating
the result over all space, we obtain

(αν − α̃µ)

∫
ϕν(r)ϕ̃µ(r)v(r) dr = (ε− ε̃)

∫
ϕν(r)ϕ̃µ(r) dr. (4)

Settingε̃ = ε in (4), we find that the functionsϕν(r) andϕµ(r) are orthogonal with the weight function
v(r) if αν 6= αµ. Accordingly, the orthonormality condition for{ϕν(r)} is

∫
ϕν(r)ϕµ(r) v(r) dr = δνµ, (5)

whereϕν(r) andϕµ(r) correspond to the same energy.
It can be argued that the eigenfunction set{ϕν(r)} is complete for a broad class of potential functions

(see below). Then, an arbitrary functionf(r) can be expanded in terms of eigenfunctions{ϕν(r)}, and
the coefficientsfν of the expansion can be determined by using orthonormality condition (5):

f(r) =
∑

ν

fν ϕν(r) , fν =

∫
f(r)ϕν(r) v(r) dr. (6)

This expansion converges tof(r) only if the completeness condition

v(r)
∑

ν

ϕν(r)ϕν(r′) = δ(r − r
′) (7)
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holds for{ϕν(r)}, whereϕν(r) andϕν(r′) correspond to the same energy. Note that (7) is valid for
finite-range potentials only forr andr

′ such thatv(r) 6= 0 andv(r′) 6= 0.
Settingµ = ν in (4), taking the limit as̃ε→ ε, and using (5), we obtain

∫
[ϕν(r)]2 dr =

dαν(ε)

dε
. (8)

Hence,

dαν

dε
> 0. (9)

By virtue of (5) and (8), it follows from (3) that
∫

[∇ϕν(r)]2 dr = ε
dαν(ε)

dε
− αν(ε),

which entails the inequality

ε
dαν

dε
> αν . (10)

Let us introduce the zeroth-order Green function:

∇2
rG

0(r − r
′) + εG0(r − r

′) = δ(r − r
′), (11)

G0(r − r
′) = − exp(−κ|r − r

′|)
4π|r − r′| ; κ =

√
−ε . (12)

With the use of Eqs (11)–(12), Eq. (2) can be rewritten in integral form as

ϕν(r) = − αν

4π

∫
exp(−κ|r − r

′|)
|r − r′| ϕν(r′)v(r′) dr′, (13)

which yields an asymptotic expression for eigenfunctionϕν(r):

r → ∞ : ϕν(r) h − ανuν(n,κ)

4π

e−κr

r
; n =

r

r
;

(14)
uν(n,κ) =

∫
eκnr′ ϕν(r′)v(r′) dr′.

Note that (13) is a homogeneous Fredholm integral equation of the second kind with a polar kernel. It
can be transformed into an equation with a symmetric kernel (forv(r) > 0) by making transformation
to the functions

Ων(r) =
√
v(r)ϕν(r). (15)

As a result, (13) becomes

Ων(r) = µν

∫
K(r, r′)Ων(r

′) dr′ ; µν = −αν ,



B.Ya. Balagurov / On the quantization of the potential amplitude in the Schr̈odinger equation 109

where

K(r, r′) =
1

4π

√
v(r)

exp(−κ|r − r
′|)

|r − r′|
√
v(r′)

is a symmetric and positively definite kernel. Under certain conditions, the eigenvalues of the corre-
sponding integral equation are positive:µν > 0 (in which caseαν < 0). Moreover, the corresponding
eigenfunctions constitute an orthonormal and complete set{Ων(r)}:

∫
Ωµ(r)Ων(r) dr = δµν ,

∑

ν

Ων(r)Ων(r′) = δ(r − r
′). (16)

It follows from (16) and (15) that the set{ϕν(r)} satisfies the orthonormality and completeness conditions
given by (5) and (7), respectively.

Comparing (14) with (6), we find that the valuesuν(n,κ) are the coefficients in the expansion of the
functionf(r) = exp(κnr

′) in terms of{ϕν(r)}:

eκnr′ =
∑

ν

uν(n,κ)ϕν(r′),

whereϕν(r
′) correspond toε = −κ

2 andn – the arbitrary unit vector.
Replacingr′ with r

′′ in Eq. (13), multiplying the equation by(αν)
−1ϕν(r′), summing the result over

ν, and using (7), we obtain

G0(r − r
′) = − exp(−κ|r − r

′|)
4π|r − r′| =

∑

ν

ϕν(r)ϕν(r′)

αν
. (17)

Expansion (17) off(r) = G0(r − r
′) in terms of{ϕν(r)} can also be obtained by using (6). The

corresponding coefficientsfν are calculated by using (2) and (11).
The “full” Green functionG(r, r′) satisfies the equation

{
∇2

r + ε− αv(r)
}
G(r, r′) = δ(r − r

′).

Representing the solution to this equation as an expansion in the basis{ϕν(r)}, we obtain

G(r, r′) =
∑

ν

ϕν(r)ϕν(r′)

αν − α
. (18)

If α = 0, then this expression reduced to expansion (17) for the zeroth-order Green functionG0(r− r
′).

Using Eq. (17), we can rewrite expression (18) forG(r, r′) as

G(r, r′) = G0(r − r
′) + α

∑

ν

ϕν(r)ϕν(r′)

αν(αν − α)
. (18’)

For a finite-range potentials the expansions (17) and (18) are valid if the functionv(r) differs from zero
at least for one of the coordinates (r or r

′). If both v(r) = 0 andv(r′) = 0, then for the Green function
G(r, r′) one must use the expansion (18′) with G0(r − r

′) from Eq. (12).
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3. Bound states

Let us apply the proposed approach to find the discrete energy spectrum for a particle in a potential
αv(r), whereα is a prescribed amplitude(α < 0). Expand the bound-state wave functionψ(r) in the
eigenfunction basis{ϕµ(r)} corresponding to this potential function:

ψ(r) =
∑

µ

Cµ ϕµ(r).

Substitute this expression into (1) and use (2) we obtain
∑

µ

Cµ(αµ − α)v(r)ϕµ(r) = 0.

Multiplied by ϕν(r) and integrated over all space, this relation reduces toCν(αν − α) = 0. Therefore,
Cν 6= 0 if

αν(ε) = α (19)

and the remaining coefficientsCµ (with µ 6= ν) vanish. Relations (19) provide equations for the
bound-state energiesεν = εν(α).

First of all, note that the inequalityαν < 0 implies that Eq. (19) have solutions only ifα < 0 (i.e.,
if the potential is attractive), which is obvious from physical considerations. Furthermore, since (9)
implies that|αν | is a monotone increasing function of|ε|, Eq. (19) has a unique solutionεν = εν(α)
for each givenν. Therefore, the wave functionψν(r) of a non-degenerate bound-state (with energyεν )
normalized to unity is

ψν(r) = Cν ϕν(εν ; r) , Cν =

[
dαν

dε

]−1/2

ε=εν

=

[
dεν(α)

dα

]1/2

. (20)

Expression (20) is derived by using (8) and the relation
[
dαν

dε

]

ε=εν

·
[
dεν
dα

]
= 1,

which follows from (19). Atr → ∞, we can combine (14) with (20) to find an asymptotic expression
for ψν(r):

r → ∞ : ψν(r) h Aν(n)
e−κνr

r
, Aν(n) = −Cν

[
ανuν(n,κ)

4π

]

ε=εν

, (21)

whereκν =
√− εν , n = r/r.

If there exist several bound states in a potential well andεν 6= εµ (while αν(εν) = αµ(εµ) = α),
then it follows from (4) that the corresponding wave functions given by (20) are mutually orthogonal.
Therefore, the set{ψν(r)} satisfies the standard orthonormality condition [1]

∫
ψν(r)ψµ(r) dr = δνµ.

However, the wave functionsψν(r) do not constitute a complete set, in contrast to{ϕν(r)}.
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4. Spherically symmetrical field

The functionv(r) depends only on modulus ofr

(
v(r) = v(r)

)
for spherically symmetrical potentials.

In this case the problem may be simplified by separating an angular part of eigenfunctionϕν(r). In

order the radial eigenfunctions to be real, we introduce two types of spherical harmonicsY
(λ)
lm (n) (n =

{sin θ cosϕ, sin θ sinϕ, cos θ} ; λ = 1, 2), which are the real and imaginary parts of usual spherical
functions:

Y
(1)
lm (n) = alm Pm

l (cos θ) cosmϕ , 0 6 m 6 l ,

Y
(2)
lm (n) = alm Pm

l (cos θ) sinmϕ , 1 6 m 6 l ;

alm =

[
2l + 1

2π(1 + δm0)
· (l −m)!

(l +m)!

]1/2

; l = 0, 1, 2, . . . .

Set of functions{Y (λ)
lm (n)} is orthonormal

∫
Y

(λ)
lm (n)Y

(λ′)
l′m′ (n) do = δλλ′ δll′ δmm′

(wheredo = sin θ dθ dϕ) and complete

∑

λlm

Y
(λ)
lm (n)Y

(λ)
lm (n′) = δ(n − n

′) =
1

sin θ
δ(θ − θ′) δ(ϕ − ϕ′).

Note also that
∑

λm

Y
(λ)
lm (n)Y

(λ)
lm (n′) =

2l + 1

4π
Pl(nn

′),

wherePl(x) – Legendre polynomials.
The eigenfunction functionϕν(r) ≡ ϕλlmn(r) can be written as

ϕλlmn(r) = ϕln(r)Y
(λ)
lm (n) ; n = r/r. (22)

Substitution of (22) in Eq. (2) yields the following equation for the radial eigenfunctionϕln(r)

d2ϕln(r)

dr2
+

2

r

dϕln(r)

dr
− l(l + 1)

r2
ϕln(r) + εϕln(r) = αlnv(r)ϕln(r). (23)

Different solutions of Eq. (23) at fixedl are marked by subscriptn. Energy levelsεln in potentialαv(r)
are found from the equation which is similar to (19):

αln(ε) = α.

Set of radial eigenfunctions{ϕln(r)} at fixedl is orthonormal
∫ ∞

0
ϕln(r)ϕln′(r) v(r) r2 dr = δnn′ (24)
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and complete

v(r)
∑

n

ϕln(r)ϕln(r′) =
1

r2
δ(r − r′). (25)

For the zeroth-order Green functionG0(r − r
′) the following expansion is valid (see, e.g., Ref. [12,

13]):

G0(r − r
′) = − exp(−κ|r − r

′|)
4π|r − r′| =

∑

λlm

G0
l (r, r

′)Y
(λ)
lm (n)Y

(λ)
lm (n′) ,

(26)
G0

l (r, r
′) = − 2κ

π

{
kl(κr)il(κr

′)θ(r − r′) + il(κr)kl(κr
′)θ(r′ − r)

}
.

Here

kl(x) =

√
π

2x
Kl+1/2(x) , il(x) =

√
π

2x
Il+1/2(x) ,

whereKν(x) – Macdonald function andIν(x) – Bessel function of the imaginary argument;θ(x) = 1
if x > 0 andθ(x) = 0 if x < 0.

Substitution of (22) and (26) in Eq. (13) gives

ϕln(r) = αln

∫ ∞

0
G0

l (r, r
′)ϕln(r′) v(r′) (r′)2 dr′. (27)

In the case whenx→ ∞ we havekl(x) h π(2x)−1 exp(−x) so that from (27) the following expression
one can get

r → ∞ : ϕln(r) h − αlnuln(κ)

4π

e−κ r

r
,

(28)
uln(κ) = 4π

∫ ∞

0
il(κr)ϕln(r) v(r) r2 dr.

Correspondingly ifr → 0 thenϕln(r) ∝ il(κr) ∝ rl. It is evident that valuesuln/(4π) is the expansion
coefficients of functionil(κr) according to system{ϕln(r)} and hence

il(κr) =
1

4π

∑

n

uln(κ)ϕln(r)

with ϕln(r) atε = −κ
2.

Taking into account (22), from Eq. (8) we have
∫ ∞

0
[ϕln(r)]2 r2 dr =

dαln

dε
.
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For the radial wave functionRln(r) of bound-state with energyεln from Eqs (20), (21) we found

Rln(r) = Cln ϕln(εln; r) , Cln =

[
dεln(α)

dα

]1/2

;

(29)

r → ∞ : Rln(r) h Aln
e−κln r

r
, Aln = −Cln

[αln uln

4π

]

ε=εln

.

For the radial Green function the following expansion is valid

Gl(r, r
′) =

∑

n

ϕln(r)ϕln(r′)

αln − α
.

The expansion for zeroth-order Green functionG0
l (r, r

′)
(
see Eq. (26)

)
is obtained from this expression

atα = 0.

5. States with zero energy

Before analyzing the important case of small energies, the basic properties of states withε = 0 should
be established. The eigenfunctionsζν(r) = ϕν(0; r) and eigenvaluesλν = αν(0) corresponding to
zero-energy states satisfy the equation obtained from (2) atε→ 0:

∇2ζν(r) = λνv(r)ζν(r). (30)

Assume that∇ζν(r) → 0 at r → ∞. Under this assumption, a standard analysis can be applied to (30)
to demonstrate thatζν(r) andζµ(r) are orthogonal with the weight functionv(r) if λν 6= λµ. Therefore,
an orthonormality condition analogous to (5) is valid:

∫
ζν(r) ζµ(r) v(r) dr = δνµ. (31)

It is also natural to assume that the completeness condition (7) valid forε 6= 0 holds atε→ 0:

v(r)
∑

ν

ζν(r) ζν(r′) = δ(r − r
′). (32)

Note that the potential amplitudesU0
ν corresponding toλν are the critical values of well depth when

zero-energy states appear (or disappear).
If κ → 0 then Eq.(13) reduces to

ζν(r) = − λν

4π

∫
1

|r − r′| ζν(r
′) v(r′) dr′. (33)

If v(r) is sufficiently rapidly decreasing (e.g., exponentially) function atr → ∞, then from (33) it
follows that

r → ∞ : ζν(r) h
Qν

r
+

(rdν)

r3
+

(rD̂νr)

2r5
+ · · · . (34)
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Here

Qν =

∫
ρν(r) dr , dν =

∫
r ρν(r) dr , Dαβ

ν =

∫
(3xαxβ − r2δαβ) ρν(r) dr , . . .

are analogues of electrostatic charge, dipole moment, tensor of quadrupolar moment, etc. and

ρν(r) = − λν

4π
ζν(r) v(r)

– appropriate “density of charge”. Ifκ → 0, then from Eq. (14) the expression forQν follows :

Qν = − 1

4π
λν u

(0)
ν , (35)

whereu(0)
ν – valueuν(n,κ) from (14) atκ = 0. For introduced quantities we have estimations:

|u(0)
ν | ∼ a

3/2 , |Qν | ∼ a−
1/2 , |dν | ∼ a

1/2 , |D̂ν | ∼ a
3/2 , . . ., wherea is the “effective radius” of

potential.
In the case of spherically symmetrical potentials and in the limits ofκ → 0 from Eq. (23) and Eq. (27)

we obtain

ζ ′′ln(r) +
2

r
ζ ′ln(r) − l(l + 1)

r2
ζln(r) = λlnv(r) ζln(r), (36)

ζln(r) = λln

∞∫

0

g0
l (r, r

′) ζln(r′) v(r′) (r′)2 dr′, (37)

where

g0
l (r, r

′) = lim
κ→0

G0
l (r, r

′) = − 1

2l + 1

{
(r′)l

rl+1
θ(r − r′) +

rl

(r′)l+1
θ(r′ − r)

}
. (38)

In (36), (37)ζln(r) is the value of radial functionϕln(r) at ε = 0. From (37), (38) it follows that
ζln(r) ∝ rl at r → 0 and

r → ∞ : ζln(r) h
bln
rl+1

; bln = − λln

2l + 1

∫ ∞

0
ζln(r) v(r) rl+2 dr. (39)

The integral converges in (39) if the functionv(r) tends to zero faster thenr−2 at r → ∞.
For determining the states with zero energy forn≫ 1 in case of spherically symmetric potentials the

semiclassical approximation can be used which is analogous to the standard approach [1]. At the same
time atε = 0 the WKB-method has the specific feature as there is no “outer region” in this case. Note
that the semiclassical approximation becomes invalid atr → ∞ and here it is necessary to use the exact
solution of Eq. (36) withv(r) given by an asymptotic expression.

Let us examine the model potential withv(0) = 1 characterized by the following asymptotic behavior

γ r ≫ 1 : v(r) h v∞ e− 2 γ r, (40)
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wherev∞ ∼ 1 andγ ∼ 1/a. Then forl = 0 andn ≫ 1 the semiclassical expression forζ0n(r) (valid
for exp(− γ r) ≫ 1/n) has the form

ζ0n(r) =
1

r

√
2

b

(− 1)n

4
√
v(r)

sin

{√
|λ0n|

∫ r

0

√
v(t) dr

}
. (41)

The exact solution of Eq. (36) with potential (40) is

ζ0n(r) =
Qn

r
J0

(
µn e

− γ r
)
, µn =

1

γ

√
|λ0n| v∞ (42)

for exp(− γ r) ≪ 1. HereQn = b0n

(
see Eq. (39)

)
, J0(z) – Bessel function and

b =

∫ ∞

0

√
v(r) dr,

whereb ∼ a.
By matching the expressions (41) and (42) in region1/n≪ exp(− γ r) ≪ 1 we find the quantization

rule
∫ ∞

0

√
|λ0n| v(r) =

(
n+

3

4

)
π ,

which yields

λ0n ≃ −n

(
n+

3

2

) (π
b

)2
, (n≫ 1) (43)

In (43) a term∼ n0 is neglected since its exact calculation requires that a term∼ 1/n be retained in the

quantization rule. For valuesQn = b0n andu(0)
0n we find

Qn =
π

b

√
1

4πγ

(
n+

3

4

)
, u

(0)
0n =

2b√
πγ

1

(n + 3/4)3/2
. (44)

From (43), (44) forn ≫ 1 the next estimations are true:|λ0n| ∼ (n/a)2 , Qn ∼ (n/a)
1/2 , u

(0)
0n ∼

(a/n)
3/2 .

6. States with small energies

Now, let us examine the properties of the eigenfunctionsϕν(r) and eigenvaluesαν corresponding
to small absolute values of energiesε (κa ≪ 1). For states, having forκ = 0 monopole asymptotic
form (“s-states”), the solution to Eq. (2) atr ≫ a (when the r.h.s. of (2) can be neglected) isconst ·
r− 1 exp(−κ r). By matching this expression and the asymptotic formζν(r) h Qν/r in region
a≪ r ≪ 1/κ yieldsconst = Qν so that

r ≫ a : ϕ(s)
ν (r) h Qν

e−κ r

r
. (45)
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To calculate the linear inκ term ofα(s)
ν we use the formula (8). It is easy to see, that the distancesr ≫ a

are essential in the integral from (8) when the expression (45) is right. Substitution of (45) in (8) gives

dα
(s)
ν

dε
≃ 1

κ
2πQ2

ν ,

and it follows

α(s)
ν = λ(s)

ν − 4πQ2
ν · κ + · · · . (46)

Let us examines-state in the case of spherically symmetric potential in more details. Substitution of

ϕ0n(r) = Φn(r)
e−κ r

r
(47)

in Eq. (23) (withl = 0 andε = −κ
2) gives an equation forΦn(r) :

Φ′′
n(r) − 2κ Φ′

n(r) = α0nv(r)Φn(r). (48)

The valueΦn(r) at smallκ (κa ≪ 1) can be found as an expansion in the zero-energy eigenfunction
basis{η0n(r)} which is introduced according to :

ζ0n(r) =
1

r
η0n(r)

and satisfies the equation

η′′0n(r) = λ0nv(r) η0n(r), (49)

whereη0n(0) = 0. The eigenfunctionsη0n(r) constitute the orthonormal and complete set :

∫ ∞

0
η0n(r) η0m(r) v(r) dr = δnm , v(r)

∑

n

η0n(r) η0n(r′) = δ(r − r′). (50)

Substituting an expansion

Φn(r) =
∑

k

Φnk η0k(r) (51)

into Eq. (48), multiplying the obtained equation byη0m(r), integrating the result from0 to ∞, and
making use of (49) and (50), we finally obtain

(α0n − λ0m)Φnm = − 2κ

∑

k

ΦnkMmk , (52)

Mmn =

∫ ∞

0
ηom(r) η′0n(r) dr = QmQn −

∫ ∞

0
η′0m(r) η0n(r) dr. (53)
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Considering a sum and a difference of the valuesMmn andMnm, we can be rewrittenMmn as

Mmn =
1

2
QmQn +

1

2
(λ0m − λ0n)

∫ ∞

0
r ζ0m(r) ζ0n(r) v(r) dr. (54)

For derivation (54) we used the Eq. (49); hereQn = b0n – see Eq. (39). Puttingm = n in (54), we
obtain

Mnn =
1

2
Q2

n. (55)

Whenκ is small, system (52) can be solved by a perturbation method using the series expansions in
power ofκ :

α0n = λ0n + α
(1)
0n + α

(2)
0n + · · · ; Φnm = δnm + Φ(1)

nm + Φ(2)
nm + · · · .

In the linear inκ approximation, Eq. (52) yields

α
(1)
0n = − 2κMnn = −κQ2

n. (56)

This expression is identical to the result (46), since in the spherically symmetric case we haveQν =⇒
Qn Y

(1)
00 = Qn/

√
4π. In the same approximation we obtain

n 6= m : Φ(1)
nm = − 2κ

Mmn

λ0n − λ0m
. (57)

In the linear approximation, orthonormality condition (7) yields

Φ(1)
nm + Φ(1)

mn = 2κ

∫ ∞

0
r η0n(r) η0m(r) v(r) dr (58)

and hence

Φ(1)
nn = κ < r >n , < r >n=

∫ ∞

0
r [η0n(r)]2 v(r) dr. (59)

It can be readily shown that relation (58) holds forΦ
(1)
nm given by Eq. (57) withMnm defined by (54).

In the quadratic inκ approximation, we have

α
(2)
0n = −κ

2 β0n , β0n = − 4
∑

m6=n

MnmMmn

λ0n − λ0m
, (60)

whereMnm is defined in (53) and (54).
Substitution of the expressionα0n = λ0n + α

(1)
0n with α

(1)
0n from (56) in the equationα0n(ε) = α

permits to find the energy of weakly bounds-state(κ0na≪ 1) :

ε0n = −κ
2
0n , κ0n =

λ0n − α

Q2
n

. (61)
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The energy level (61) is real at|α| > |λ0n|. For the radial wave function of this bounds-state in the
same approximation we have

R0n(r) =

[
dε0n

dα

]1/2

· ϕ0n(ε0n ; r) =

√
2κ0n

Qn
ζ0n(r) e−κ0nr .

From this atr ≫ a for the total wave functionψ100n(r) = R0n(r)Y
(1)
00 (n) of a weakly bounds-state we

obtain the expression

ψ(s)
ν (r) =⇒ ψ100n(r) h

√
κ0n

2π

e−κ0nr

r
, (62)

which agree with [1].

7. States with large|E|

As |ε| → ∞, the values of|αν | increase indefinitely. According to (10), the growth of|αν | cannot be
faster than linear in|ε|. However, ifv(r) is finite at anyr, then|αν | cannot grow slower than|ε|, since
a state with sufficiently large|ε| cannot otherwise “be located” in the potential well. Thus,|αν | scales
linearly with |ε| at |ε| → ∞. If the potential function has a minimum atr = 0 andv(0) = 1, then the
corresponding scaling factor is unity, and we have (forε = −κ

2)

ε→ −∞ : αν = −κ
2 (1 + ∆ν + · · ·) , (63)

where|∆ν | ≪ 1. To calculate∆ν , we note that the value ofαν is determined by the behavior ofv(r) in
the vicinity of r = 0 at |ε| → ∞. Suppose that, atr → 0,

v(r) ≈ 1 − r2δ2 , (r ≪ 1/δ), (64)

whereδ ∼ 1/a. Thus, the eigenvalue problem is reduced to the spherical harmonic oscillator problem
(see [1], §36, task 4). In this approximation we have

αln ≃ −κ
2(1 + ∆ln) , ∆ln = (4n + 2l + 3)

δ

κ
; (n = 0, 1, 2, . . .) ; (65)

ϕln(r) = Aln r
l exp

{
− (κδ/2)r2

}
F

(
−n, l+ 3/2 ; r2κδ

)
, (66)

whereF (α, γ; z) is a degenerate hypergeometric function (see,e.g., [1,12]). The oscillator approximation
(65), (66) is valid if the correction term∆ln is much smaller than unity, i.e., ifκ ≫ (4n + 2l + 3)δ or,
sinceδ ∼ 1/a : κa≫ 4n + 2l + 3. The second condition of applicability isr ≪ 1/δ ∼ a.

Below we restrict the discussion to the case ofl = 0, when the radial eigenfunctionϕ0n(r) atr ≪ 1/δ
is given by

ϕ0n(r) =
1

2n

(
κδ

π

)1/4 1√
(2n + 1)!

· 1

r
exp

{
− (κδ/2)r2

}
H2n+1

(√
κδ r

)
, (67)
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whereHn(z) is a Hermitian polynomial. To findϕ0n(r) at r & 1/δ a semiclassical approximation is
used :

r≫ r0 : ϕ0n(r) =
1

r

Dn√
k(r)

· exp



−

r∫

r0

k(t) dt



 ;

(68)

k(r) = κ [1 − (1 + ∆0n) v(r)]
1/2 , r0 =

√
∆0n

δ
,

wherer0 ≪ 1/δ. By matching the expressions (67) and (68) in the regionr0 ≪ r ≪ 1/δ we find the
coefficientDn :

Dn =

(
2

π

)1/4

√
κδ

(2n + 1)!

(
4n+ 3

2e

)n+3/4

. (69)

It should be emphasized that semiclassical approximation (68), (69) is valid for anyn such that4n+3 ≪
κ/δ, includingn = 0.

At r → ∞, the expression forϕon(r) from (68), (69) yields (28) (forl = 0) where

u0n(κ) =
4π

κ2

(
2

π

)1/4

√
δ

(2n + 1)!

(
2κ

δ

)n+3/4

· exp

{
κ

δ

(
I1 +

∆0n

2
I2

)}
;

(70)
I1
δ

=

∫ ∞

0

[
1 −

√
1 − v(r)

]
dr ,

I2
δ

= lim
s→0

[
1

δ
ln(sδ) +

∫ ∞

s

v(r) dr√
1 − v(r)

]
,

and∆0n is given by (65) (withl = 0).

8. Perturbation theory

Consider the bound state characterized by wave functionψ
(0)
ν (r) and energyε(0)ν in potential well

αv(r). There is a need to seekψν(r) and εν in the case when the Hamiltonian contains a small
perturbationV ′(r). The equation forψν(r) is written as

∇2ψν(r) + εψν(r) − αv(r)ψν(r) = V (r)ψν(r) ; V (r) =
2m

~2
V ′(r) .

To find a solution of this equation, the valueψν(r) is decomposed in the complete set{ϕµ(r)} of
eigenfunctions defined in Section 2 :

ψν(r) =
∑

µ

Aνµ ϕµ(r).

Eachϕµ(r) satisfies Eq. (2) withν replaced byµ and atε = ε
(0)
ν , where the energyε(0)ν of the bound

state is the solution of Eq. (19). Accordingly, the expression for the bound-state wave functionψ
(0)
ν (r)

in terms ofϕν(r) (corresponding toε = ε
(0)
ν ) is given by (20).



120 B.Ya. Balagurov / On the quantization of the potential amplitude in the Schrödinger equation

A calculations, similar to that performed in Ref. [6], for linear and quadratic onV (r) corrections to
the energy of the bound state gives

ε(1)ν = (Cν)
2 < ν|V |ν >=

∫
ψν(r)V (r)ψν(r) dr ,

(71)

ε(2)ν = − (Cν)2
∑

µ6=ν

(
< ν|V |µ > −ε(1)ν < ν|µ >

)2

αν − αµ
.

Here

< ν|µ >=

∫
ϕν(r)ϕµ(r) dr , < ν|V |µ >=

∫
ϕν(r)V (r)ϕµ(r) dr .

In Eq. (71) functionsϕν(r), ϕµ(r) and the valuesαν , αµ correspond to the energyε = ε
(0)
ν . The

expression forε(1)ν , as it must be, is identical to the well-known result (see Ref. [1]). In order to calculate
the correctionε(2)ν according to (71), in contrast to the standard approach,it does not require the usage of
continuum states (forE > 0).

A similar perturbation theory can also be developed for the eigenvaluesαν and eigenfunctionsϕν(r).
The corresponding equation forϕν(r) is

∇2ϕν(r) + εϕν(r) − αν v(r)ϕν(r) = V (r)ϕν(r) .

One can see that in this case the orthonormality condition for{ϕν(r)} and the equation for the energy
of the bound state hold its forms – see (5) and (19).The linear and quadratic inV (r) corrections to the
eigenvalue are given by the following expressions

α(1)
ν = − < ν|V |ν > , α(2)

ν = −
∑

µ6=ν

< ν|V |µ >< µ|V |ν >
α

(0)
µ − α

(0)
ν

,

where< ν|V |µ > – the same, as in Eq. (71). Here both the eigenvaluesα
(0)
ν , α

(0)
µ and the eigenfunctions

ϕν(r), ϕµ(r) are determined forV = 0 and an arbitrary energyε. In some cases, it may be easier to

calculate corrections to bound-state energies by solving Eq. (19) forαν = α
(0)
ν + α

(1)
ν + α

(2)
ν + · · · .

9. Polarizability

Consider the bound stateν of a point chargee in the uniform electric field of strengthE. For this
systemV ′(r) = − e rE andV (r) = − (2me/~2)rE, and expression forε(2)ν from (71) (in the case that
< ν|r|ν >= 0) can be used to find the tensor of polarizabilityΛ̂ of this system :

Λ
(ν)
αβ =

4me2

~2
(Cν)

2
∑

µ6=ν

< ν|xα|µ >< µ|xβ|ν >
α− αµ

;

(72)
< ν|xα|µ >=

∫
ϕν(r)xαϕµ(r) dr .
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Here(Cν)
2 = dεν(α)/dα

(
see (20)

)
and bothαν andϕν(r), ϕµ(r) corresponding toε = εν , whereεν

is determined by solving the equationαν(ε) = α.
Suppose that there exists only a weakly bound(κνa ≪ 1) s-state with energyεν = −κ

2
ν and the

corresponding wave functionψ(s)
ν (r). In order to find the polarizability of such system rewrite (72) as

Λ = − 4me2

~2

∫
dr z ψ(s)

ν (r)

∫
dr′ z′ ψ(s)

ν (r′)
∑

µ6=ν

ϕµ(r)ϕµ(r′)

αµ − α
,

whereE is aligned parallel toz–axis and it is taken into account thatCνϕν(εν ; r) = ψ
(s)
ν (r). Using

representation (17) forG0(r − r
′), we rearrange the sum contained in this expression as follows :

∑

µ6=ν

ϕµ(r)ϕµ(r′)

αµ − α
= G0(r − r

′) − ϕν(r)ϕν(r′)

αν
+ α

∑

µ6=ν

ϕµ(r)ϕµ(r′)

αµ(αµ − α)
,

whereG0(r − r
′) – the zeroth-order Green function

(
see Eq. (12)

)
. The second term in the r.h.s. of this

equality does not contribute toΛ (since< ν|r|ν >= 0), and the third term is smaller than the first one
by the factor(κνa)

2 ≪ 1. Thus,

Λ ≃ − 4me2

~2

∫
dr z ψ(s)

ν (r)

∫
dr′ z′ ψ(s)

ν (r′)G0(r − r
′) . (73)

At κν → 0 the intervalsr ≫ a andr′ ≫ a make the main contributions to these integrals. Therefore,
the expression (62) (with replacementκ0n by κν ) may be used asψ(s)

ν (r). In this case substitution of

(26) in Eq. (73) is allowed (sincez = r
√

4π/3 Y
(1)
10 ) to carry out integration over angles

Λ ≃ − 4me2

~2
· 4π

3

∫ ∞

0
r3drψ(s)

ν (r)

∫ ∞

0
(r′)3dr′ψ(s)

ν (r′)G0
1(r, r

′) ,

whereG0
1(r, r

′) – the partial radial Green function from (26) atl = 1. And finally, substitution of (26)
(at l = 1) and (62) (atκ0n =⇒ κν ) into this expression gives

Λ ≃ me2

4~2κ4
ν

,

that coincide with the result obtained in Ref. [1] (§76, task 5).

10. Two-center problem

A peculiar perturbation theory can be developed to find the bound states of a particle interacting with
the field generated by two identical potential wells separated by a distanceR≫ a. Denote their centers
by r1 andr2 (R = r1 − r2). The eigenfunctionsϕµ(r) and the eigenvaluesαµ in the two-center problem
satisfy the equation

∇2ϕµ(r) + εϕµ(r) = αµ [v(r − r1) + v(r − r2)] ϕµ(r). (74)
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The eigenfunctionsϕ(i)
ν (r) ≡ ϕν(r − ri) and the eigenvaluesαν corresponding to thei-th isolated well

obey Eq. (2) with replacementr → r − ri.
It is reasonable to seekϕµ(r) in the form

ϕµ(r) =
∑

λ

{
Aµλ ϕ

(1)
λ (r) +Bµλ ϕ

(2)
λ (r)

}
. (75)

Substituting (75) into (74), multiplying the obtained equation byϕ
(1)
ν (r) = ϕν(r − r1), integrating the

result over all space, and performing similar operations forϕ
(2)
ν (r) = ϕν(r − r2), we obtain a set of

equations for the coefficientsAµν andBµν :

(αν − αµ)Aµν +
∑

λ

(αλ − αµ)BµλJ
(1)
λν (−R) = αµ

∑

λ

{
AµλJ

(2)
νλ (−R) +BµλJ

(1)
νλ (R)

}
,

(76)∑

λ

(αλ − αµ)AµλJ
(1)
λν (R) + (αν − αµ)Bµν = αµ

∑

λ

{
AµλJ

(1)
νλ (−R) +BµλJ

(2)
νλ (R)

}
.

Here

J
(1)
νλ (±R) =

∫
ϕν(r)ϕλ(r ± R)v(r) dr, J

(2)
νλ (±R) =

∫
ϕν(r ± R)ϕλ(r ±R)v(r) dr . (77)

SinceR≫ a, asymptotic expression (14) forϕν(r) can be used to obtain

R→ ∞ : J
(1)
νλ (±R) h − αλ uλ(±N,κ)uν(∓N,κ)

4π
· e

−κR

R
;

(78)

J
(2)
νλ (±R) h

αν uν(±N,κ)

4π

αλ uλ(±N,κ)

4π
· e

− 2κR

R2

∫
e∓ 2κNr v(r) dr,

whereN = R/R. In the case of short-range potentialsv(r) with asymptotic behavior described by (40),
these potentials can be treated as non-overlapping ifκ < γ ∼ 1/a. Note also that this condition ensures
that the integral in (78) converges.

Consider a stateµ “close” to the unperturbed stateν. Assuming thatR ≫ a, we can neglect the
terms containing(αν − αµ)J

(1)
νν andJ (2)

νν in (76), as well as the summands withλ 6= ν, since they
are proportional toR− 2 exp(− 2κR). As the result, Eq. (76) gives two solutionsανσ (σ = 1, 2) for
αµ (whereµ⇒ νσ), which correspond toBνσ, ν/Aνσ, ν = − (− 1)σ :

ανσ(R) = αν

{
1 − (− 1)σ

4π
αν uν(N,κ)uν(−N,κ)

e−κR

R

}
. (79)

The valueσ = 1 corresponds to symmetrical, andσ = 2 – to antisymmetrical combination of the
“atomic” eigenfunctions. Higher order corrections to (79) can be obtained in a consistent manner by
taking into account the neglected terms in (76).

Substituting (79) into Eq. (19), we find the corresponding energy levels :

ενσ(R) = εν + (− 1)σ 4π Aν(N)Aν(−N)
e−κνR

R
. (80)
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HereAν(n) are the coefficient in the asymptotic expression for the bound-state wave functionψν(r)
given by (21) in the case of an isolated potential well withεν = −κ

2
ν determined by solving the equation

αν(ε) = α. Energy levels (80) are associated with the wave functions

ψνσ(r) =
1√
2
{ψν(r − r1) − (− 1)σ ψν(r − r2)} ,

which are identical to those used in the standard analysis of the two-center problem [1].
It is possible that isolated potential well has no real level, but a virtual one, so that the bound state is

absent. At the same time in a potential field of two such wells (even atR≫ a) the real level can appear.
A solution of the corresponding problem having the certain difficulties at standard method [1] can be
easily obtained from (79). Let us assume that|α| < |λν | therewith|α − λν | ≪ |λν |. At σ = 1 and
κ → 0, it follows from (79) that

λν1 = λν +
(λνu

(0)
ν )2

4πR
= λν +

4πQ2
ν

R
.

Therefore, at the condition

|α| > |λν | −
(λνu

(0)
ν )2

4πR
= |λν | −

4πQ2
ν

R

bound state appear in such system.
For spherically symmetrical potentials this inequality takes the form

|α| > |λ0n| −
Q2

n

R

or, taking into account the definition of valueκ0n from (61),

R < − 1

κ0n
,

what is consistent with the result obtained in Ref. [2]. The r.h.s. of this inequality is positive, since
κ0n < 0 for the considered virtual case.

11. Elastic scattering of slow particles

Let us consider a plane waveexp(ikz) falling on the spherically symmetrical potentialαv(r). Substi-
tuting the wave functionψ(r) as

ψ(r) = eikz + ϕ(r)

in the Schr̈odinger Eq. (1) (atε = k2 > 0), we obtain the nonuniform equation

∇2ϕ(r) + k2ϕ(r) − αv(r)ϕ(r) = αv(r)eikz (81)

for “response” functionϕ(r). The expansion of the plane wave is [1]

eikz =
∞∑

l=0

il(2l + 1)Pl(cos θ)jl(kr),
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wherejl(z) – spherical Bessel function. Therefore, we can find the valueϕ(r) in the form

ϕ(r) =

∞∑

l=0

il(2l + 1)Pl(cos θ)Rl(r),

so that for the radial functionRl(r) we have

R′′
l (r) +

2

r
R′

l(r) +

[
k2 − l(l + 1)

r2

]
Rl(r) − αv(r)Rl(r) = αv(r)jl(kr). (82)

For the slow particles(ka ≪ 1) the main contribution to the scattering amplitude gives states with
l = 0 [1]. Therefore, we shall restrict our consideration to the casel = 0 and find the functionR0(r) as

R0(r) = F (r)
eikr

r
.

Substitution of this expression in Eq. (82) (atl = 0) for the functionF (r) gives equation

F ′′(r) + 2ik F ′(r) − αv(r)F (r) = αr v(r)j0(kr) e
− ikr . (83)

We solve this equation by the expansion in terms of the eigenfunctions{η0n(r)}, determined in Section 6:

F (r) =
∑

m

Fm η0m(r). (84)

In the considered approximation(ka≪ 1), for the scattering amplitudef we have

f ≃ fs = F (∞) =
∑

m

Fm Qm, (85)

whereQm = η0m(∞) = b0m – see Eq. (39).
Substituting (84) in Eq. (83), multiplying the obtained equation byη0n(r), integrating the result from

0 to ∞ and making use of (49), we obtain

(λ0n − α)Fn + 2ik
∑

m

MnmFm = −α
Qn

λ0n
− ikα

∫ ∞

0
r2η0n(r)v(r) dr + · · · , (86)

where in the r.h.s. of this equation the expansion in power ofk is fulfilled. In Eq. (86) the quantity
Mnm is the same as in (53), (54). We shall find the valueFn in the form of the expansion in power ofk:
Fn = F

(0)
n + F

(1)
n + · · · . From Eq. (86) in the zero-order approximation we obtain

F (0)
n = − Qn

λ0n(λ0n − α)
,

so that from Eq. (85) one has

f (0) = −α
∑

n

Q2
n

λ0n(λ0n − α)
. (87)
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The Eq. (87) is the exact formula for the scattering amplitude in the limitk → 0.
For the repulsive potential(α > 0) the valuef (0) is negative so that the scattering length is positive [1].

For the attractive potential(α < 0) the scattering amplitude can have any sign. Besides, under change
of valueα, the amplitudef (0) passes through the set of “resonances” atα = λ0n (n = 0, 1, 2, . . .). For
determining the valueFn in the vicinity of the resonanceα = λ0n one must to take into account the
summand withm = n in sum from Eq. (86). As result, for|α − λ0n| ≪ |λ0n| andka≪ 1 we obtain

Fn ≃ − Qn

λ0n − α+ ik Q2
n

,

where we used the equality (55). Accordingly for thes-scattering amplitude we find

fs ≃ − 1

κ0n + ik
, κ0n =

λ0n − α

Q2
n

. (88)

This expression is formally identical to the result in Ref. [1] (see §133). At the same time for the value
κ0n, introduced in Ref. [1] as phenomenological constant, we obtain the evident expression using the
parameters, characterizing the given potential.

At |α| > |λ0n| the valueκ0n is positive, so that according to Eq. (61) there is the real level with the
energyε0n = −κ

2
0n in the potentialαv(r). In this case, as one would expect (see Ref. [1]), the scattering

amplitude (88) (more exactly – its analytic continuation in the plane of a complex energy) has the pole at
ε = −κ

2
0n on the physical (or first Riemann) sheet Im

√
ε > 0. If |α| < |λ0n|, so that there is the virtual

level, then the scattering amplitude has the pole on the nonphysical (second Riemann) sheet Im
√
ε < 0.

Thes-scattering amplitude can be written, in view of the next term of expansion in power ofk, as [1] :

fs = − 1

κ0n + ik − 1
2 r0nk2

,

wherer0n – so-called effective radius of interaction. Sincer0n ∼ a andka ≪ 1, then atκ0n = 0 (i.e.,
atα = λ0n) we have

fs = − 1

ik − 1
2 r0nk2

≃ i

k
+
r0n

2
.

Therefore, to determine the valuer0n it is necessary to find the expansion of thes-scattering amplitude
up to term∼ k0. The corresponding cumbersome calculations leads us to the expression

r0n = 2

∫ ∞

0

{
1 − [η0n(r)]2

[η0n(∞)]2

}
dr , (89)

practically coinciding with the formula forr0 from Ref. [1] (see §133, task 1).

12. Examples

As an illustration of the approach proposed in this paper, let us consider three exactly solvable examples.
1. For the potential function

v(r) =
1

cosh2 γr
(90)
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both eigenvalues and eigenfunctions can be found in a relatively simple form atl = 0 (s-states). The
Eq (23) (atl = 0) with v(r) defined by (90) is solved by analogy with [1] (see §23, task 5). The
eigenvalues are

α0n = − γ2

(
2n+ 1 +

κ

γ

)(
2n+ 2 +

κ

γ

)
; n = 0, 1, 2, . . . . (91)

The corresponding radial eigenfunctions normalized according (24) are

ϕ0n(r) =
Bn

r

(
1 − ξ2

)(2ρ−1)/4
Cρ

2n+1(ξ) ; ξ = tanh γr , ρ =
1

2
+

κ

γ
;

(92)

Bn = 2ρ Γ(ρ)

[
γ

π

(2n + 1 + ρ)(2n + 1)!

Γ(2n + 1 + 2ρ)

]1/2

,

whereCρ
m(ξ) are Gegenbauer polynomials [12–14]. The system of eigenfunctions defined by (92) is

orthonormal and complete on the interval0 < r <∞.
For function (90) the constants defined in the Sections 5 and 7 are

b =
π

2γ
, δ = γ , I1 = ln 2 , I2 = 0 .

It is easy to verify that the results, obtained in Sections 5–7 by the approximate methods, coincide with
the results deduced from (92) in different limiting cases.

2. For the exponential well

v(r) = e−2γ r

the eigenfunctions (atl = 0) are

ϕ0n(r) =
an

r
Jν

(
µn e

− γr
)
, an =

√
2γ

Jν+1 (µn)
; ν =

κ

γ
, µn =

1

γ

√
|α0n| , (93)

whereJν(z) is the Bessel function. The corresponding eigenvaluesα0n are found by solving the equation

Jν(µ) = 0 .

The orthonormality of the system defined by (93) can be verified directly. Its completeness follows from
the convergence of the Fourier-Bessel expansions [13].

3. As an example of finite-range potential, consider the rectangular potential well

v(r) = θ(a− r) .

The radial eigenfunctions are

r < a : ϕ
(i)
ln (r) = Aln jl(µlnr) , µln =

√
−αln − κ2 ; (94)

r > a : ϕ
(e)
ln (r) = Bln kl(κr) , Bln = Aln

jl(µlna)

kl(κa)
; (95)
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Aln =

√
2

a3/2

{
[jl(µlna)]

2 − jl+1(µlna) jl−1(µlna)
}− 1/2

. (96)

The corresponding eigenvaluesαln are found by solving the equation :

µln
j′l(µlna)

jl(µlna)
= κ

k′l(κa)

kl(κa)
(97)

with µln defined in (94). In the Eqs (94)–(96)

jl(x) =

√
π

2x
Jl+1/2(x)

are the spherical Bessel function,kl(x) are the spherical Macdonald function
(
see Eq. (26)

)
.
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Abstract. A process of decomposition of fourth-rank tensors into parts irreducible with reference to the continuous group of
rotation is presented. The transformation matrices between the Cartesian and spherical reducible and irreducible fourth-rank
tensors are given and discussed. We have focused our attention to the purely dipolar fourth-rank tensorCi;jkl symmetric to its
last three indices and the dipole-octopole fourth-rank multipolar polarizability tensorE

(1,3). The fourth-rank tensors intervene
in a number of very important nonlinear optics processes like Kerr effect, intensity-dependent refractive index phenomena, four
wave mixing, third harmonic generation and several other effects. Tensors of this kind are also very important in piezo-electric
phenomena and in elasticity studies. Cartesian tensor index permutation is discussed as well as its influence on the tensor
irreducible spectrum is studied. Several examples concerning fourth-rank tensors are given.

1. Introduction

Tensors are widely used to describe physical properties of matter [1]. They are important mainly when
considered system is anisotropic. Nonlinear optics and intermolecular interactions studies revealed us
abundance of new tensorial properties of matter [2–10]. Many of them concern higher order polariz-
abilities and hyperpolarizabilities and have been developed using Cartesian notation [2,11,12]. However
several calculations, especially in spectroscopic studies are more convenient in terms of spherical ten-
sors [4,13,14]. Both Cartesian and spherical tensors can be expressed in the reducible and irreducible
form [15–24]. The concept of irreducible tensors is based on the idea of rotational invariance with
respect to the continuous group of rotations. Nonlinear optics [17,25,26], light scattering [27–32] and
intermolecular interactions [27,33–35] were the favorable subjects of Kielich’s scientific work. Kielich
mastered tensor calculus, so nonlinear optics was the area he admired. He learned tensors while working
with Piekara [25] and then he extended this formalism. From the early years of his scientific carrier he
strongly admired works of Buckingham [2,36].

We devote this paper to discussion of some fourth rank tensors. We consider spherical form of these
tensors and the way of transformation between Cartesian and spherical tensors. First we concentrate on
the purely dipolar fourth rank tensor, symmetric with respect to permutation of its last three indices – for
example the tensor appearing in the case of third harmonic generation. We discuss as well another fourth
rank tensor,E(1,3), this time composed of the coupled dipole and octopole moments; the tensor is known
as the dipole-octopole multipolar polarizability tensor [37,38]. That tensor is studied in the far wings of

∗Corresponding author. E-mail: tbancewi@zon12.physd.amu.edu.pl, http://zon8.physd.amu.edu.pl/˜tbancewi.
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the collision-induced light scattering (CILS) spectra, mainly in the case of molecules of the tetrahedral
and octahedral symmetry. In recent years we have reported several CILS experimental and theoretical
studies of theE(1,3) tensor, for a number of cases as the isotropic and anisotropic CILS by gaseous carbon
tetrafluoride [39,40], the anisotropic and isotropic CILS by carbon tetrafluoride in a Raman vibrational
band [41], the isotropic CILS spectra from gaseous sulfur hexafluoride [42], the polarization components
of rototranslational light scattering spectra from gaseous sulfur hexafluoride [43] and the multipolar
polarizations of methane from isotropic and anisotropic CILS [44].

2. Pure dipole-type fourth-rank tensor

The permutation symmetry of tensor indices is determined by the physical phenomenon described by
this tensor. From the mathematical point of view the symmetry of then-rank tensor is described by
the permutation groups. If the tensorC

n is symmetric with respect to all its indices, its permutational
symmetry group is the so-called symmetry groupSn of the order n!, while otherwise its permutational
symmetry group is a subgroupPn of the groupSn [16,32]. The group of the permutational symmetry
of the tensor is determined by the division of its indices into sets in such a way that all permutations
within a given set are allowed but they cannot be made with the indices from any other set. Then
sets of indices are separated with a semicolon, e.g.Cij;kl. It is also possible that there is a symmetry
that admits transposition of the whole sets, then the sets are separated by a colon, e.g.Cij:kl. The
permutation groupPn can be expressed by simple× and semisimple∧ products of symmetric groups.
For instance, the permutational symmetry of the tensorCij;kl is P4 = S2 × S2; that of the tensorCij:kl

is P4 = (S2 × S2) ∧ S2. Therefore, the symmetry group of the tensorC
n is a simple product ofPn and

G. We assume thatG it is the point symmetry group of our system. All groupsG are subgroups of the
groupO3 being a simple product of the three-dimensional group of rotations and the group of inversion
Ci.

The spherical components of some vectorA make a base of the irreducible representationD1
u of

groupO3, which is therefore called the vector representation. In general some tensorA
n belongs to the

tensor representationD(n) being the n-fold product of the vector repreentation. For the tensor of a well
defined permutational symmetry its irreducible spherical representation is composed by the adequately
symmetrized powers of the vector representation. The representationD(n) is in general reducible and its
reduction to the simple sum of representationDl

g(u) leads to a decomposition of the tensor into spherical
tensors. The components of the irreducible spherical tensors of the orderl are the linear combinations
of the components of the tensorA

n, which upon rotation of the reference system transform into each
other and make a base of the irreducible representationsDl

g(u). An important problem is to perform the
reduction in such a way that the tensors would have specific permutation symmetry. It can be achieved
using the full symmetry group of the tensorG×Pn. Taking into regard thatG is a subgroup ofO3 group
andPn is a subgroup ofSn group, it is sufficient to consider only the groupO3 × Sn. The irreducible
representations of theO3 × Sn group are simple productsDl

g(u) × [λ], where[λ] is the Young table
uniquely characterizing the irreducible representation of theSn group. For a fourth rank tensor we get

C(4) = D0
g × [4] + D0

g × [22] + D1
g × [2 12] + D1

g × [31] + D2
g × [4] + D2

g × [22] +

D2
g × [31] + D3

g × [31] + D4
g × [4] (1)

The problem of symmetrization can be approached in two ways. The first is based on the application
of the Young operators. The second is analogous to the calculation of the atomic wave-function proposed
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by Racah. He introduced into the atom theory very useful genealogical coefficients that can be used
for finding the symmetrized irreducible bases of tensors. Let’s denote byd

(k)
m (n[λ]r) a unit base tensor

attributed to the irreducible representationDl
g(u)) of the tensor groupO3 × Sn. m andr number the

rows of theD(k)
g(u) and[λ] representation. Let’s assume that we know the symmetrized irreducible bases

of a tensor of rankn − 1 and using them we want to find the bases of a tensor of rankn. We will do it
with the help of the genealogical coefficients〈n − 1[λ

′

] k
′

, 1; k|n[λ] k〉 being elements of the matrix of
the transformation

d (k)
m (n[λ] r) =

∑

k′

d (k
′

, k)
m (n − 1 [λ

′

] r
′

, 1) 〈n − 1[λ
′

] k
′

, 1; k|n[λ] k〉 (2)

The genealogical coefficients〈n− 1[λ
′

] k
′

, 1; k|n[λ] k〉 do not depend on the values ofm andr. Similar
considerations lead us to higher rank basis.

The first tensorCi;jkl of relevance to us is the one that is symmetric in its last three indices. The tensor
with the above index permutation symmetry apply e.g. to the Kerr effect, intensity-dependent refractive
index phenomena, four wave mixing, third harmonic generation, third harmonic Raman and Rayleigh
scattering [16]. In general this tensor has 81 nonzero components. Since this tensor is symmetric to the
last three indices it is easy to write its reduction spectrum

1 ⊗ (1 ⊕ 3) = (0 ⊕ 1 ⊕ 2) + (2 ⊕ 3 ⊕ 4) (3)

We note that we have one scalar, one vector, double-degenerate deviator, one septor and one nonor. Far
from the absorption region the dispersion is negligible and theC tensor becomes invariant under its all
four indices. It is interesting to note that the spectrum of the totally index symmetric fourth rank tensor
reads

(0 ⊕ 2 ⊕ 4) (4)

In our Tables we denote the irreducible tensors specific only toCi;jkl (C̃1, C̃2 andC̃3) by tilde (see and
compare Eqs (1) and (2)). The tensor considered has been symmetrized in such a way that theC̃1, C̃2

andC̃3 components specific of tensorCi;jkl are reduced to zero if tensorC becomes fully symmetric.
We write the following transformation from Cartesian tensor to the spherical one:

Ci;jkl =
∑

J M

a
(J M)
i;jkl CJ

M (5)

In this paper the transformation coefficientsa
(J M)
i;jkl are calculated and completed in the Table 1. As

relation (5) is a unitary transformation the reverse transformation is thus uniquely defined.
As a first example let us calculate the laboratory frameCxxxx component of the second hyperpolariz-

ability tensor responsible for the polarized component of the third-harmonic scattered radiation. Using
the results of Table 1 we obtain

Cx;xxx =
1

4

(
C4

4 + C4
−4

)
− 1

2
√

7

(
C4

2 + C4
−2

)
+

3

2
√

70
C4

0

−
√

3

14

(
C2

2 + C2
−2)

)
+

1√
7

C2
0 +

1√
5

C0
0 (6)



132 T. Bancewicz and Z. Ȯzgo / Irreducible spherical representation of some fourth-rank tensors

Table 1
The spherical components of the fourth order tensor Ci;jkl, fully-symmetric to its three last indicesjkl

Type l m coeff. xxxx(1) xyyy(1) xzzz(1) xxyy(3) xxzz(3) xyzz(3) xyxx(3) xzxx(3) xzyy(3) xxyz(6)

C4

m 4 4 1

4
1 -i . -1 . . i . .

4 -4 1

4
1 i . 1 . . -i . . .

4 3 1

4
√

2
. . . . . . . -1 1 -i

4 -3 1

4
√

2
. . . . . . . 1 -1 -i

4 2 1

4
√

7
-2 -i . . 2 -2 i -i . . .

4 -2 1

4
√

7
-2 i . . 2 -2 i i . . .

4 1 1

4
√

14
. . -4 . . . . 3 1 i

4 -1 1

4
√

14
. . 4 . . . . -3 -1 i

4 0 1

2
√

70
. . -4 . . . . 3 1 i

C̃3

m 3 3 1

4
√

6
. . . . . . . 1 -1 i

3 -3 1

4
√

6
. . . . . . . 1 -1 -i

3 2 1

12
. 3 i . 2 -2 -2 i -i . . 3i

3 -2 1

12
. 3 i . -2 2 -2 i -i . . 3i

3 1 1

12
√

10
. . 12 . . . . -1 -11 5i

3 -1 1

12
√

10
. . 12 . . . . -1 -11 -5i

3 0 1

2
√

30
. 3 i . . . -4 i i . . .

C2

m 2 2 1

6
√

35
-9 6 i . 7 2 2 i -8 i . . .

2 -2 1

6
√

35
-9 6 i . 7 2 -2 i 8 i . . .

2 1 1

6
√

35
. . -6 . . . . 8 -2 5 i

2 -1 1

6
√

35
. . 6 . . . . -8 2 5 i

2 0 1
√

210
3 . . 1 -4 . . . . .

C̃2

m 2 2 1

6
√

2
. 3 i . 2 1 i -i . . .

2 -2 1

6
√

2
. -3 i . 2 1 -i 8 i . . .

2 1 1

6
√

2
. . -3 . . . . 1 -1 i

2 -1 1

6
√

35
. . 3 . . . . 1 1 i

2 0 1
√

210
. . . . -1 . . . . .

C̃1

m 1 1 1

2
√

15
. . -3 . . . . -1 -1 .

1 -1 1

2
√

15
. . -3 . . . . -1 -1 .

1 0 1
√

30
. 3 i . . . i i . . .

0 0 1

3
√

5
3 . . 1 1 . . . . .

Type l m coeff. yxxx(1) yyyy(1) yzzz(1) yxyy(3) yxzz(3) yyzz(3) yyxx(3) yzxx(3) yzyy(3) yxyz(6)

C4

m 4 4 1

4
i 1 . -i . . -1 . . .

4 -4 1

4
-i 1 . i . . -1 . . .

4 3 1

4
√

2
. . . . . . . -i i 1

4 -3 1

4
√

2
. . . . . . . -i i -1

4 2 1

4
√

7
-i 2 . -i 2 i -2 . . . .

4 -2 1

4
√

7
i 2 . i -2 i -2 . . . .

4 1 1

4
√

14
. . -4 i . . . . i 3 i 1

4 -1 1

4
√

14
. . 4 i . . . . i 3 i -1

4 0 1

2
√

70
. 3 . . . -4 1 . . .

C̃3

m 3 3 1

4
√

6
. . . . . . . i -i -1

3 -3 1

4
√

6
. . . . . . . -i i -1

3 2 1

12
3i . . -i -2 i 2 -2 . . .

3 -2 1

12
3i . . -i 2 i -2 2 . . .

3 1 1

12
√

10
. . 12 i . . . . -11 i -i 5
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Table 1, continued

3 -1 1

12
√

10
. . 12 i . . . . 11 i i 5

3 0 1

2
√

30
-3 i . . -i . . . . . .

C2

m 2 2 1

6
√

35
6i 9 . -8 i 2 i -2 -7 . . .

2 -2 1

6
√

35
-6 i 9 . 8 i 2 i -2 -7 . . .

2 1 1

6
√

35
. . -6ı . . . . -2 i 8 i 5

2 -1 1

6
√

35
. . -6 i . . . . -2 i 8 i -5

2 0 1
√

210
. 3 . . . -4 1 . . .

C̃2

m 2 2 1

6
√

2
3i . . -i i -1 -2 . . .

2 -2 1

6
√

2
-3 i . . i -i -1 -2 . . .

2 1 1

6
√

2
. . -3ı . . . . -i i 1

2 -1 1

6
√

2
. . -3 i . . . . -i i -1

2 0 1
√

2
. 3 . . . -1 . . . .

C̃1

m 1 1 1

2
√

15
. . -3 i . . . . -i -i .

1 -1 1

2
√

15
. . 3 i . . . . i i .

1 0 1
√

30
-3 i . . -i -i . . . . .

C0 0 0 1

3
√

5
. 3 . . . 1 1 . . .

Type l m Coefficient zxxx(1) zyyy(1) zzzz(1) zxyy(3) zxzz(3) zyzz(3) zyxx(3) zzxx(3) zzyy(3) zxyz(6)

C4

m 4 4 1

4
. . . . . . . . . .

4 -4 1

4
. . . . . . . . . .

4 3 1

4
√

2
-1 i . 1 . . -i . . .

4 -3 1

4
√

2
1 i . -1 . . -i . . .

4 2 1

4
√

7
. . . . . . . 2 -2 2 i

4 -2 1

4
√

7
. . . . . . . 2 -2 -2 i

4 1 1

4
√

14
3 3 i . 1 -4 -4 i i . . .

4 -1 1

4
√

14
-3 3 i . -1 4 -4 i i . . .

4 0 1

2
√

70
. . 8 . . . . -4 -4 .

C̃3

m 3 3 1

4
√

6
-3 3 i . 3 . . 3 i . . .

3 -3 1

4
√

6
-3 -3 i . 3 . . 3 i . . .

3 2 1

12
. . . . . . . 2 -2 2 i

3 -2 1

12
. . . . . . . -2 2 2 i

3 1 1

12
√

10
3 3 i . 1 -4 -4i i . . .

3 -1 1

12
√

10
3 -3 i . 1 -4 4 i -i . . .

3 0 1

2
√

30
. . . -i . . . . . .

C2

m 2 2 1

6
√

35
. . . . . . . -5 5 -5 i

2 -2 1

6
√

35
. . . . . . . -5 5 5 i

2 1 1

6
√

35
6 -6 i . -2 8 8 i -2 i . . .

2 -1 1

6
√

35
6 6 i . 2 -8 8 i -2 i . . .

2 0 1
√

210
. . -6 . . . . 3 3 .

C̃2

m 2 2 1

6
√

2
. . . . . . . -1 1 -i

2 -2 1

6
√

2
. . . . . . . 1 1 i

2 1 1

6
√

2
-3 -3 i . -1 1 i -i . . .

2 -1 1

6
√

2
3 -3 i . 1 -1 i -i . . .

2 0 1
√

2
. . . . . . . 1 . .

C̃1

m 1 1 1

2
√

15
3 3 i . 1 1 i i . . .

1 -1 1

2
√

15
3 -3 i . 1 1 -i -i . . .

1 0 1
√

30
. . . . . . . . . .

C0 0 0 1

3
√

5
. . 3 . . . . 1 1 .
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We note that for this configuration asymmetric components of theC does not intervene. However for
the depolarized component we have

Cz;xxx =
1

4
√

2

(
C3

4 − C4
−3

)
− 3

4
√

14

(
C4

1 − C4
−1

)
+

√
3

56

(
C2

1 − C2
−1)

)

− 3

4
√

6

(
C̃3

3 + C̃3
−3

)
+

1

4
√

10

(
C̃3

1 + C̃3
−1

)
− 1

2
√

2

(
C̃2

1 − C̃2
−1

)

+
3

2
√

15

(
C̃1

1 + C̃1
−1

)
(7)

We note here the visible influence of the antisymmetric components of the second hyperpolarizability
tensor.

Moreover Table 1 allows us to calculate the following very useful molecular parameters defined as

|CJ |2 =
∑

M

|CJ
M |2 (8)

It is convenient to express them also in Cartesian components:

|C0|2 =
1

5
(Ciikk Cjjll)

|C2|2 =
2

7
(3Cijkk Cijll − Ciikk Cjjll)

|C4| =
1

35
(35Cijkl Cijkl

− 30Cijkk Cijll + 3Ciikk Cjjll) (9)

3. The Dipole-octopole multipolar polarizability fourth rank tensor

Another fourth rank tensor appears in molecular spectroscopy and plays an important role especially
when multipolar interactions are considered. The tensor in question results when the dipole momentµ
is coupled with the octopole momentΩ. Then matrix elements of the type< i|µ|k >< k|Ω|i > are
present [2,4,45]. The tensor is usually denoted as the dipole-octopoleE multipolar polarizability fourth
rank tensor. Since octopole moment is symmetric to its indices and traceless the same applies to theE
tensor. Sometimes this tensor is denoted more explicitly asE(1,3). It is easy to show that this tensor in
general has 3× 7 = 21 independent components. Further reduction depends on the molecular symmetry
of the system. Let us first to consider the dipole and octopole moments in a spherical basis. Then we
obtain [4,46]:

for the dipole moment

Q0
1 = µz

Q±1
1 = ∓(µx ± i µy)√

2
(10)
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and, for the octopole moment

Q0
3 = Ωzzz

Q±1
3 = ∓

√
3

4
(Ωzzx ± iΩzzy)

Q±2
3 =

√
3

10
(Ωzxx − Ωzyy ± 2 iΩxyz)

Q±3
3 = ∓ 1√

20
(Ωxxx ± 3 iΩxxy − 3Ωxyy ∓ iΩyyy) (11)

Then we calculate all 21 spherical reducibleEm1 m2

l1 l2
components of theE tensor as the following

combinations of its Cartesian components (l1 andl2 are equal to 1 or 3):

E0 0
1 3 = E0 0

3 1 = Ez,zzz

E1 0
1 3 = E0 1

3 1 = − 1√
2
(Ex,zzz + iEy,zzz)

E−1 0
1 3 = E0−1

3 1 =
1√
2

(Ex,zzz − iEy,zzz)

E0 2
1 3 = E2 0

3 1 =

√
3

10
(2 iEz,xyz + Ez,zxx − Ez,zyy)

E0−2
1 3 = E−2 0

3 1 =

√
3

10
(−2 iEz,xyz + Ez,zxx − Ez,zyy)

E0 3
1 3 = E3 0

3 1 = − 1

2
√

5
(Ez,xxx + 3 iEz,xxy − 3Ez,xyy − iEz,yyy)

E0−3
1 3 = E−3 0

3 1 =
1

2
√

5
(Ez,xxx − 3 iEz,xxy − 3Ez,xyy + iEz,yyy)

E0 1
1 3 = E1 0

3 1 = −1

2

√
3 (Ez,zzx + iEz,zzy)

E0 1
1 3 = E1 0

3 1 =
1

2

√
3 (Ez,zzx − iEz,zzy) (12)

E1 1
3 1 = E1 1

1 3 =
1

2

√
3

2
(Ex,zzx + iEx,zzy + iEy,zzx − Ey,zzy)

E−1−1
3 1 = E−1−1

1 3 =
1

2

√
3

2
(Ex,zzx − iEx,zzy − iEy,zzx − Ey,zzy)

E−1 1
3 1 = E1−1

1 3 = − 1

2

√
3

2
(Ex,zzx − iEx,zzy + iEy,zzx + Ey,zzy)

E1−1
3 1 = E−1 1

1 3 = − 1

2

√
3

2
(Ex,zzx + iEx,zzy − iEy,zzx + Ey,zzy) (13)
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E2 1
3 1 = E1 2

1 3 =
1

2

√
3

5
(−2 iEx,xyz − Ex,zxx + Ex,zyy + 2Ey,xyz − iEy,zxx + iEy,zyy)

E−2−1
3 1 = E−1−2

1 3 =
1

2

√
3

5
(−2 iEx,xyz + Ex,zxx − Ex,zyy − 2Ey,xyz − iEy,zxx + iEy,zyy)

E−2 1
3 1 = E1−2

1 3 =
1

2

√
3

5
(2 iEx,xyz − Ex,zxx + Ex,zyy − 2Ey,xyz − iEy,zxx + iEy,zyy)

E2−1
3 1 = E−1 2

1 3 =
1

2

√
3

5
(2 iEx,xyz + Ex,zxx − Ex,zyy + 2Ey,xyz − iEy,zxx + iEy,zyy) (14)

E1 3
1 3 = E3 1

3 1 =
1

2
√

10
(Ex,xxx + 3 iEx,xxy − 3Ex,xyy − iEx,yyy

+ iEy,xxx − 3Ey,xxy − 3 iEy,xyy + Ey,yyy)

E−1 3
1 3 = E3−1

3 1 = − 1

2
√

10
(Ex,xxx + 3 iEx,xxy − 3Ex,xyy − iEx,yyy

− iEy,xxx + 3Ey,xxy + 3 iEy,xyy − Ey,yyy)

E−1−3
1 3 = E−3−1

3 1 = − 1

2
√

10
(Ex,xxx − 3 iEx,xxy − 3Ex,xyy + iEx,yyy

− iEy,xxx − 3Ey,xxy + 3 iEy,xyy + Ey,yyy)

E1−3
1 3 = E−3 1

3 1 = − 1

2
√

10
(Ex,xxx − 3 iEx,xxy − 3Ex,xyy − iEx,yyy

+ iEy,xxx + 3Ey,xxy − 3 iEy,xyy − Ey,yyy) (15)

The irreducible multipolar polarizability tensors are constructed from the above relations by standard
coupling methods:

E
(1,3)
j m =

∑

m1,m2,l1,l2

Cj m
l1 m1 l2 m2

Em1 m2

l1 l2
(16)

whereCj m
j1 m1 j2 m2

stands for the Clebsch-Gordan coefficient andm = m1 + m2.
We illustrate this method considering tetrahedral molecule. For the Td symmetry molecule there

are 21 nonzero elements for this tensorEx,xyy = Ex,yxy = Ex,yyx = Ex,xzz = Ex,zxz = Ex,zzx =
Ey,yyx = Ey,yxy = Ey,xyy = Ey,yzz = Ey,zyz = Ex,zzy = Ez,zxx = Ez,xzx = Ez,xxz = Ez,zyy =
Ez,yzy = Ez,yyz = −1

2 Ex,xxx = −1
2Ey,yyy = −1

2Ez,zzz ≡ E [47], but there is only one independent
component. Using the projection operator [44,48] we find the following linear combination of spherical
reducible dipole-octopoleEm1 m2

1 3 polarizability tensor components transforming as the totally symmetric
representation of the molecular point group Td

√
10 E−1−3

1 3 +
√

6 E−11
13 + 4E00

13 +
√

6 E1−1
13 +

√
10 E13

1 3. (17)

The above formula allows us to find the following relative values ofEm1 m2

1 3 [13,44]:

E0 0
1 3 : E 1 3

1 3 : E −1−3
1 3 : E−1 1

1 3 : E1−1
1 3 = 1 :

√
3

8
:

√
3

8
:

√
10

4
:

√
10

4
. (18)
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Then, using Eqs (12) – (15) and Eq. (16) for spherical irreducible components of the dipole-octopole
polarizability tensor we obtain

E
(1,3)
4 0 =

√
7

2
E (19)

E
(1,3)
4±4 =

1

2

√
5

2
E. (20)

The second example concerns the dipole–octopole tensorE
(1,3) for a D∞h symmetry molecule like

N2, CO2 etc. We note that for this type of microsystem only components ofE
(1,3)
j m with m = 0 survive

(m = m1 + m2). The isotropic and vector-like components of such tensor withj = 0 andj = 1 are
also excluded since form Eq. (16) it results that2 6 j 6 4. Assuming the Cartesian componentsEz,zzz

andEx,xxx as mutually independent [47] from Eqs (12)–(15) we obtain [46]:

E0 0
1 3 = Ez,zzz (21)

E1−1
1 3 = E−1 1

1 3 =

√
8

3
Ex,xxx (22)

Then using Eq. (16)

E
(13)
j 0 =

∑

m

Cj 0
1 m 3−m Em−m

1 3 (23)

we obtain that for theD∞h symmetry molecule in the frame of its principal axes theE
(1,3) tensor has

two independent irreducible spherical components connected with the Cartesian ones as follows:

E
(1,3)
20 =

1√
21

(8Ex,xxx − 3Ez,zzz) (24)

E
(1,3)
40 =

2√
7
(Ez,zzz + 2Ex,xxx) (25)

4. Conclusion

A vast number of physical processes are described by fourth-rank tensors. They are important for
describing the susceptibility of various materials especially because third-rank susceptibility tensors
vanish for isotropic systems. The fourth-rank tensors intervene in a number of very important nonlinear
optics processes like Kerr effect, intensity-dependent refractive index phenomena, four wave mixing,
third harmonic generation [5,18] and several other effects. Tensors of this kind are also very important
in piezo-electric phenomena and in elasticity studies [1]. We have presented in this paper a process of
decomposition of the fourth-rank tensors into parts irreducible with reference to the continuous group of
rotation. Various fourth-rank tensors with regard to their Cartesian index symmetry exist. We focused
our attention to the purely dipolar 4-rank tensorC symmetric to its last three indices and the dipole-
octopole 4-rank multipolar polarizability tensorE. Tables of transformation matrices between Cartesian
and irreducible spherical form of these tensors are given. Several examples utilizing these results have
been proposed.
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Abstract. In this work, we present the structural and the spectroscopic properties of the alkaline earth BeLi2+ ion for all the
electronic states dissociating into Be+(2s, 2p, 3s, 3p, 3d, 4s, 4p, and 4d) + Li+ and Be2+ + Li (2s and 2p). We have used
an ab initio approach involving a non-empirical pseudopoential for the Li+ and Be2+ cores and core-core and core-valence
correlation corrections. For our best knoweledge, the adiabatic potential energy curves and the spectroscopic constants for
nearly 18 electronic states of2Σ+, 2Π and 2∆ symmetries are determined here for the first time. As neither experimental
nor theoretical data are available for BeLi2+, our results are discussed and compared with similar systems such as BeH2+.
Numerous avoided crossings between the electronic states of2Σ+ and2Π symmetries have been localised and analysed. Their
existences are related to the interaction between the potential energy curves and the charge transfer process between the two
ionic systems Be(2+)Li and Be+Li+. Furthermore, we have calculated the adiabatic transition dipole moments from X2Σ+,
22Σ+ and 32Σ+ states to the higher electronic states of the same symmetry. This study represents the necessary initial step
towards the investigation of the charge transfer processes in collision between Be+-Li+ and Be2+-Li.

Keywords:Ab initio, pseudopotentials, potential energy curves, spectroscopic constants, avoided crossing, transition dipole
moments

1. Introduction

The study of the charge transfer processes in collisions between atoms and ions play an important
role in the different areas of astrophysical, physics, and chemistry of low density plasma and ionized
gases. These collisions provide detailed informations about long-range interatomic potentials, scattering
length [1], and excited-state radioactive life times. The collision between the Be2+ ion and the hydrogen
or lithium atoms could be of great importance. The Be2+-H collision has been studied by Shingal [2]
(in 1986) and Allan et al. [3] (in 1987). Nicolaides et al. [4] have performed a theoretical study on the
stability and physicochemical properties of light dications (BeH2+, BH2+, BeHe2+ and Be2+2 ) in order
to investigate thermodynamically stability of the system. Despite the great interest of the collisional
processes, the comprehensive of the theoretical structure and spectroscopic properties for the alkaline
earth BeLi2+ ion is still missing. We extend in this work ourab initio study of the alkaline earth
ion BeH2+ [5] to the BeLi2+ ionic system. Accurate potential energy curves and their molecular
spectroscopic constants for numerous electronic states of2Σ+, 2Π and2∆ symmetries dissociating up
to Be+(4d)+ Li+ and Be2++ Li (2p) have been performed. In addition, the transition dipole moments

∗Corresponding author. E-mails: hamid.berriche@fsm.rnu.tn, hamidberriche@yahoo.fr.

1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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from the ground state (X2Σ+) and the first excited states (22Σ+ and 32Σ+) to the higher excited states
of 2Σ+ and2Π symmetries have been calculated. To our best knowledge, the results of the alkaline
earth BeLi2+ ion are presented here for the first time. In the following section, we briefly recall theab
initio approach and give numerical details. Section 3 is devoted to the presentation and discussion of
our results: the potential energy curves and their spectroscopic constants, the vibrational energy levels
for the metastable state 32Σ+ and the transition dipole moments between the neighbour states of2Σ+

symmetry. Finally, we summarize our conclusion in Section 4.

2. Method of calculations

As in our previous works on XY+ (X and Y = H, Li, Na, K, Rb and Cs) [6–14], the alkaline earth
BeLi2+ ion is treated as a one-electron system using the non-empirical pseudopotential of Barthelat and
Durand [15], in its semilocal form and used in many previous works [6–14,16–20]. For the simulation of
the interaction between the polarizable Be2+ and Li+ cores with the valence electrons, a core polarization
potentialVCPP is used, according to the operator formulation of Müller, Flesh and Meyer [21]:

VCPP = −1

2

∑

λ

αλ
~fλ. ~fλ

whereαλ is the dipole polarizability of the coreλ and ~fλ is the electric field produced by valence
electrons and all other cores on the coreλ.

~fλ =
∑

i

~riλ

r3
iλ

F (riλ, ρλ) −
∑

λ′ 6=λ

~Rλ′λ

R3
λ′λ

Zλ

whereriλ is a core-electron vector and~Rλ′λ is a core-core vector.
According to the formulation of Foucrault et al. [22] the cutoff functionF (riλ, ρλ) is taken to be

a function ofl to consider in a different way the interaction of valence electrons of different spatial
symmetry with core electrons. For the lithuim, we use the Gaussian basis set (9s8p5d1f /8s6p3d1f ) of
Ref. 7, while for the beryllium we use the Gaussian basis set (7s9p10d/7s9p9d) of ref. 17. The cuttoff
radii for the lowests, p, d andf , one electron states are reported in Table 1. The core dipole polarizability
of the ionic atoms Li+ and Be2+, have been taken equal to the experimental ones, respectively, 0.1915 [21]
and 0.052 a30 [21]. We present in table 2 the calculated dissociation energies for all the electronic states
dissociating into Be+(2s, 2p, 3s, 3p, 3d, 4s, 4p and 4d) + Li+ and Be2+ + Li (2s and 2p). These
values are compared with the available theoretical [23] and experimental [24] data. As can be seen, our
dissociation energies are in good agreement with the experimental values. The difference between our
values and the experimental ones does not exceed 46.30 cm−1 found for Be+(2p) atomic limit. This
represents the accuracy of the present calculation at the atomic levels, which will be transmitted to the
molecular energy.

3. Results and discussion

3.1. Potential energy curves and spectroscopic constants

The potential energy curves for the electronic states dissociating up to Be+(4d)+ Li+ and Be2++ Li
(2p) have been calculated for a large and dense grid of internuclear distances ranging from 2.1 to 200 a.
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Table 1
l-dependant cut-off
radii (in bohr) for Li
and Be atoms

l Li Be
s 1.434 0.889
p 0.982 0.882
d 0.600 1.14
f 0.400 1.14

Fig. 1. Potential energy curves for the lowest 1–102Σ+ electronic states of the alkaline earth BeLi2+ ion dissociating into
Be+(2s, 2p, 3s, 3p, 3d, 4s, 4p and 4d) + Li+ and Be+++ Li (2s and 2p).

u. The potential curves are displayed in Fig. 1 for the2Σ+ electronic states and Fig. 2 for the2Π and
2∆ electronic states. As neither experimental nor theoretical data are available, the similarity with other
ionic systems such as BeH2+ will be discussed. Figure 1 shows that the ground (X2Σ+) and the first
(22Σ+) excited states dissociating respectively into Be+(2s)+ Li+ and Be+(2p)+ Li+ are repulsive.
In contrast, the second excited state (32Σ+) dissociating into Be+ (3s) + Li+ is thermodynamically
unstable and presents a similar behaviour than that of the ground states of BeH2+ [4,5], Be2+2 [4] and
BH2+ [4]. This state presents a minimum located at 9.43 a. u. and a high potentail barrier of 11813 cm−1

located at 16.5 a. u. due to the interaction with the upper excited state. This state traps thirty one
vibrationnal levels. Their energy spacings are reported in Table 3. In addition, an important general
behaviour can be observed in the potential energy curves for the higher excited states. It corresponds to
spectacular undulations due to the presence of the avoided crossings between neighbor states for a given
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Table 2
Asymptotic energy of alkaline earth BeLi2+ ion (in cm−1): comparison between our en-
ergies, Errea et al. [23] theoretical energies and the experimental dissociation ones [24].
∆E is the difference between the experimental and the theoretical dissociations energies

Asymptotic limit Our work Errea et al. [23] Exp. [24] ∆E ∆E [23]

Be+(2s)+ Li+ −146887.6 −147169.1 −146881.5 6.145 287.6
Be+(2p)+ Li+ −114905.9 −114906.1 −114952.2 46.30 46.1
Be+(3s)+ Li+ −58633 −58633.1 −58648.1 15.143 15
Be+(3p)+ Li+ −50352.8 −50353 −50384.9 32.04 31.9
Be+(3d)+ Li+ −48802 −48802.2 −48828.8 26.77 26.6
Be2++ Li(2s) −43487 −43487 0
Be+ (4s)+ Li+ −31381.2 −31413.4 32.26
Be2++ Li(2p) −28581.4 −28583.3 1.9
Be+(4p)+ Li+ −28094.5 −28119.1 24.58
Be+(4d)+ Li+ −27441.6 −27460.7 19.094

Fig. 2. Potential energy curves for the 1–62Π (solid line) and 1-22∆ (dashed line) electronic states of the alkaline earth BeLi2+

ion dissociating into Be+(2p, 3p, 3d, 4p and 4d) + Li+ and Be2++ Li (2p).

symmetry. In particular, we mention the avoided crossings among2Σ+ electronic states, namely those
between 32Σ+ and 42Σ+ located at 16.72 a. u., between 42Σ+ and 52Σ+ around 6.45 and 31.65 a. u.,
between 52Σ+ and 62Σ+ states at 41.87 a. u., and 72Σ+ and 82Σ+ states at 74.87 a. u. The avoided
crossings between the 32Σ+−42Σ+, 42Σ+−52Σ+ and 52Σ+−62Σ+ states are due to the charge transfer
processes between the two ionic structures Be+Li+ and Be(2+)Li.

The spectroscopic information of the 32Σ+, 42Σ+, 52Σ+ and 72Σ+ states, which are thermodynami-
cally unstable, are collected in Table 4. The minimum for the 32Σ+, 42Σ+, 52Σ+ and 72Σ+ are located
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Table 3
Vibrational energy level spacing (E(υ)-E(υ-1))
(in cm−1) for the 32Σ+ electronic state of the
alkaline earth BeLi2+ ion

υ 32Σ+

0
1 172.903
2 170.980
3 169.043
4 167.128
5 165.243
6 163.276
7 161.380
8 159.430
9 157.443
10 155.453
11 153.461
12 151.421
13 149.349
14 147.273
15 145.111
16 142.927
17 140.701
18 138.400
19 136.028
20 133.560
21 131.024
22 128.334
23 125.499
24 122.447
25 119.159
26 115.535
27 111.399
28 106.485
29 100.261
30 90.832

Table 4
Spectroscopic informations for the 32Σ+, 42Σ+, 52Σ+ and 72Σ+ elec-
tronic states of the alkaline earth BeLi2+ ion

State Rmin (a. u.) Rmax (a. u.) ∆E1 (cm−1) ∆E2 (cm−1)

32Σ+ 9.46 15.94 4369 −7351.7
42Σ+ 16.72 31.65 809 −5985.2
52Σ+ 32.04 41.47 46 −5244
72Σ+ 19.38 72.70 1103 −1681.1

∆E1 = Emax–Emin.
∆E2 = EAL–Emin where EAL is the energy at asymptotic limit.

respectively, at Rmin = 9.46, 16.72, 32.04 and 19.28 a. u. The maximum for the same electronic states
are located respectively at Rmax = 15.94, 31.65, 41.47 and 72.70 a. u. The difference of energy between
the maxim and minimum∆E1(∆E1 = Emax–Emin) are respectively, 4369, 809, 46 and 1103 cm−1 for
the 32Σ+, 42Σ+, 52Σ+ and 72Σ+ states. The well depths of the weakly bound excited states 62Σ+,
82Σ+ and 42Π are, respectively, 25, 13 and 6 cm−1 located at very large internuclear distances of 43.00,
75.00 and 17.31 a. u.
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Fig. 3. Transition dipole moments from the ground state X2Σ+ to the 2–72Σ+ higher excited states of the alkaline earth BeLi2+

ion.

3.2. Transition dipole moments

To supplement this work on the alkaline earth BeLi2+ ion we have determined the transition dipole
moment, which is necessary for the formation prediction of ultracold dipolar heteronuclear alkali and
alkaline earth ionic and neutral molecules. Furthermore, dipole function is considered as the sensitive test
for the accuracy of the calculated electronic wavefunctions and energies. The transition dipole moments
have been determined between the X2Σ+, 22Σ+ and 32Σ+ states and several higher electronic states
for the same large and dense grid of internuclear distances, varying from 2.1 to 200 a. u. To our best
knowledge, neither experimental nor theoretical studies have been determined for the transition dipole
moments. The transition dipole moments from X2Σ+, 22Σ+ and 32Σ+ states to higher electronic states
are presented, respectively, in Figs 3, 4 and 5. Figure 3 presents the transition dipole moments from the
ground state X2Σ+dissociating into Be+(2s)+ Li+ to the 2–72Σ+ states of the alkaline earth BeLi2+ ion.
We remark that the most significant transition dipole moments is related to the transition between X2Σ+

and 22Σ+ states; it increases between 3.00 and 6.30 a.u. and finally becomes a constant equal to 1.32
a. u., corresponding exactly to the atomic transition dipole moments between Be+(2s) and Be+(2p).
For the transition from X2Σ+ to the higher excited states, we remark the presence of two brisk changes
between the X2Σ+-42Σ+ and X2Σ+-52Σ+ transition dipole moments located at particular internuclear
distances very close to the avoided crossing positions between 42Σ+ and 52Σ+ states mentioned earlier
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Fig. 4. Transition dipole moments from the 22Σ+ to the 3–72Σ+ higher excited states of the alkaline earth BeLi2+ ion.

(6.50 and 31.78 a. u.). In addition, we note the local change between the X2Σ+-52Σ+ and X2Σ+-62Σ+

transition dipole moments around 41.87 a. u., which is related to the avoided crossing between 52Σ+

and 62Σ+ electronic states.
Figures 3 and 4 show, respectively, the transition dipole moments from the first excited state (22Σ+)

dissociating into Be+(2p)+ Li+ and the second excited state (32Σ+) dissociating into Be+(3s)+ Li+ to
the higher excited states of the same symmetry of the alkaline earth ion BeLi2+. The same behaviour,
seen below for the transition between the ground state (X2Σ+) and the higher excited states2Σ+ is
observed also here. Brisk changes between the transition dipole moments are localized at particular
distances corresponding to the avoided crossings between neighbour electronic states.

4. Conclusion

We have performed an accurateab initio investigation for the ground and many excited states of the
alkaline earth BeLi2+ ion using the pseudopotentials approach. The electronic structure of the alkaline
earth BeLi2+ ion, including the potential energy curves for2Σ+, 2Π and2∆ states, their spectroscopic
constants, and the transition dipole moments from the ground (X2Σ+), the first (22Σ+) and second
(32Σ+) states to the higher excited states of the same symmetry have been determined. Only our
spectroscopic data are presented here as neither experimental nor theoretical results exist for this ionic
system. A similar behaviour between the 32Σ+ state of the BeLi2+ ionic system and the ground state of
the BeH2+ [5] is observed. This state is thermodynamically unstable; however it presents a minimum
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Fig. 5. Transition dipole moments from 32Σ+ to the 4–72Σ+ higher excited states of the alkaline earth BeLi++ ion.

and a high barrier due to the interaction with the upper state related to charge transfer process. Numerous
avoided crossings between the higher electronic states and undulations have been observed for the2Σ+

and 2Π symmetries. Their existences are related to the interaction between the electronic states and
to the charge transfer process between the two ionic systems Be(2+)Li and Be+Li+. The calculated
transition dipole moments are significant at particular distances corresponding to the avoided crossings
between the electronic states. This work extends our recent study on the alkaline earth BeH2+ ion [5]
and represents the necessary initial step towards the charge transfer processes in collisions of ions with
atoms.
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Abstract. Ab-initio finite field SCF calculations with split valence double zeta basis set indicate that 9, 10- donor-acceptor
substituted anthracene derivatives have large quadratic hyperpolarizabilities for suitable combinations of donor and acceptor
moieties. A difference in the first hyperpolarizabilities (βtotal) of isomeric organic chromophores containing the same donor
and acceptor groups indicate the possible role of intramolecular charge transfer (ICT) in shaping the NLO response in these
π-conjugated molecular chromophores. A correlation is sought to be established among calculatedβtotal on one hand and the
donor strength, the strength of the acceptor, donor-acceptor interaction and the donor-acceptor separation, on the other by using
Genetic Algorithm (GA) to search through the relevant parameter space. It appears thatβtotal of a molecule is dominantly
determined by additive contributions from the donors and the acceptors. The results might be helpful in designing new NLO
materials using the bichromophoric anthracene derivatives.

1. Introduction

There exist a class of materials, the so called NLO materials, that interact with applied electromagnetic
fields generating new ones having altered frequency or phase or some other physical properties. The
demand for such materials has been growing steadily due to the phenomenal progress in the fields
of optical computing and communications, dynamic image processing, all optical switching devices,
second or higher harmonic generations, etc [1–12]. Traditionally, inorganic solids likeFeNbO3 and
KH2PO4 have been the most used NLO materials. Later on, multilayered semiconductor structures
and macromolecularπ – electron assemblies became hotly pursued alternatives [13,14]. Of the three
classes of generic alternatives of NLO materials,viz., multilayered semi-conductor structures, molecular
based macroscopic assemblies and traditional inorganic solids, the molecule-based macroscopicπ –
electron assemblies are endowed with several attractive features. We note here that the NLO response
of molecule based materials is ultimately shaped by the NLO properties of the building blocks – the
molecular chromophores [15,16]. The task of designing of the molecule based macromolecularπ –
assemblies therefore boils down to the designing of molecules or molecular assemblies with desirable
NLO characteristics. Over the years, the rudimentary design clues or thumb rules have been upgraded –
thanks to the availability of reliable computational techniques and the availability of the user friendly
quantum chemistry softwares for computing NLO responses [17–19]. It has now reached a stage where
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experimentalists can sharpen their chemical intuition with the insight and the understanding provided
by the computational analysis leading to efficient targeting of optimal chromophore structures capable
of generating the desired level of NLO response. The origin of NLO response from a donor-acceptor
based charge transfer molecules has been an intense area of research in molecular sciences [5,20–22].
The strength of conjugation, or more precisely the extent of charge transfer plays a crucial role in
determining the efficiency of charge transfer, hence, the NLO response. Recently, Nandi et al. [23]
have shown that two isomeric molecular chromophores with equal length of conjugation differs in
their NLO response due to the difference in the extent of longitudinal charge transfer interaction. A
difference in first hyperpolarizability in three isomeric buckministerfullarenes have been studied by Fanti
et al. [24]. They have concluded that the conjugation and inductive effect together contribute at the same
time to determine the value ofβtotal in the molecules referred to. Substituted anthracene derivatives
have attracted attention of the scientific community due to their potential use as fluoroscent probes and
application in methane uptake [25,26]. These molecules are well establised as intramolecular charge
transfer (ICT) chromophores but little seems to be known about their NLO response. Substitution at
9th and 10th positions of an anthracene ring are easier to achieve as the resulting loss of resonance
energy is minimum, these molecules are easy to synthesize. These molecules have relatively low dipole
moments which make them good potential candidates for designing non-centrosymmertic NLO crystals.
Muralidharan et al. [27] measured the ground and excited state dipole moments of 9,10 disubstituted
anthracene derivatives and concluded that∆ µge values are generally much smaller compared to their
benzene counterpart. Nevertheless, the∆ µge values does not appear to be too small to make the
anthracene derivatives silent to nonlinear optical polarization.

In this contribution we explore theoretically the possibility of using 9,10 substituted anthracene
derivatives (Fig. 1A–AD) as potential molecular chromophores for fabricating new NLO materials. The
idea behind exploring these molecular chromophores lies in the fact that these molecules allow charge to
be transferred from the donor to the acceptor moiety in the excited state resulting in generation of higher
excited state dipole moment compared to the ground state [17]. A Zwitterionic species is expected to be
formed as shown in Fig. 2. So, from a two state point of view [28] we can anticipate fairly highβtotal

values for the aforesaid molecules. Unsubstituted anthracene ring hasβtotal = 0, as expected on grounds
of symmetry. A donor at C9 and an acceptor at C10 destroy the symmetry and create a ‘push-pull’ kind
of polarizedπ – electronic structure that can, in principle, have large quadratic hyperpolarizability (β).
To the best of our knowledge, such molecules have not so far been either experimentally or theoretically
investigated for their NLO response. Our primary aim has been to investigate theoretically if such
structures can lead to the emergence of large first hyperpolarizability and if so, what kind of donor-
acceptor combinations could maximize it. The charge transfer-governed parameters for controlling the
NLO response at our disposal are – (i) the strength of the donor, (εd), (ii) the acceptor strength, (εa),
(iii) the distance (l) over which the donor to acceptor transfer of charge takes place (l), and the type of
l-dependance (power law)thatβtotal could have. We plan to correlate the theoretically computedβtotal

with εd, εa andln using a simple Genetic Algorithm (GA). A cross-term involvingεd andεa will also
be introduced to model any non-linearity in the donor-acceptor interaction. The 9, 10 di-substituted
anthracene derivatives chosen for the study are depicted in Fig. 1. There are essentially four types of
molecules, viz., Fig. 1A, 1B, 1C and 1D of which molecules 1B and 1C are structural isomers. They
have been chosen to provide a wide range of variation in donor-acceptor strengths and disposition, and
a limited amount of variability in the conjugativeπ – electron network across which charge transfer
takes place. The NLO response of a few isomeric systems have also been analyzed with a view to
understanding the role of intramolecular charge transfer in the emergence of largeβtotal.
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Fig. 1. The chemical structures of the molecules studied. Thenumberings of selected atoms are done for ready reference.

2. Computational method

2.1. Calculation of dipole moment, polarizability and first hyperpolarizability

We have computed linear and nonlinear polarizabilities of all the thirty two anthracene derivatives
at their theoretically computed equilibrium geometries using Gaussian 03 [29] quantum mechanical
software package on a LINUX computational platform. The geometry optimization was carried out in
two steps: (i) closed shell restricted Hartree-Fock (RHF) method at Austin Model 1 (AM1) level of
approximation was first employed to compute the equilibrium structural parameters of each; (ii) those
optimized structural parameters obtained from AM1 level of calculations were used as input to the
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A

B

Fig. 2. (a)The mechanism of intramolecular charge transfer in the molecules studied (b) charge transfer mechanism in two pairs
of isomeric NLO molecules.

Gaussian 03 and the geometry was re-optimized accurately at the Hatree-Fock level with 6-31G** basis
set for all atoms. This split valence double zeta basis set uses linear combination of 6 primitive gaussians
to describe the core electrons and linear combinations of 3 and 1 primitive gaussians to represent two
basis functions of the valence electrons. Two asterisk denote polarization function added to both the
heavy and light atoms in the molecule [30]. The level of theory used here has been reported to be
adequate in describing the trends of the NLO response in organic chromophores [31–33]. Geometry
optimization was carried out fully and linear and the first nonlinear optical response properties of the
molecules were calculated using those optimized geometries. We have used the MOLDEN [34] software
for the visualization of the optimized structures. CI singles (CIS) calculations were performed using
the ground state optimized geometries of the molecules, whenever needed. The dipole moment of the
molecules under investigation has been calculated using the following equation-

µ = (µx
2 + µy

2 + µz
2)1/2 (1)



R. Misra et al. / Exploring NLO response of Bichromophoric Anthracene Derivatives 153

The components of linear polarizability appear in the Gaussiaon03 output in lower triangular order as
follows: αxx, αxy, αyy, αxz, αyz andαzz. The average polarizability (α) of the molecules has been
computed using the relation –

α = (αxx + αyy + αzz)/3 (2)

The first hyperpolarizability,β is a tensor of rank 3 with 27 components which can be reduced to 10
by virtue of Kleinman symmetry of the (3× 3 × 3) matrix representing theβ tensor. The Gaussian
03 output provide these 10 components of the (3× 3 × 3) matrix as lower tetrahedral order, i.e.,βxxx,
βxxy, βxyy, βyyy, βxxz, βxyz, βyyz , βxzz,βyzz andβzzz, respectively. These components have been used
to define different types of hyperpolarizabilities in literature, such asβvector, i.e., theβ projected in the
direction of the dipole moment of the molecule;βparallel, that means, the components of theβparallel to
the direction of the charge transfer in the ground state andβtotal which is computed [31] by using –

βtotal =
[
(βx)2

+ (βy)2

+ (βz)
2
]1/2

(3)

In general components ofβ appearing in Eq. (3) can be computed by using

βi = βiii

+ (1/3)
[∑

i6=j
β2

ijj + β2
jij

+ β2
jji

] 1

2 (4)

Expressed in terms of Cartesian components it leads to

βtotal =
[
(βxxx + βxyy + βxzz)

2

+ (βyyy + βyzz + βyxx)2

+ (βzzz + βzxx + βzyy)
2
]1/2

(5)

All the components ofα andβ reported here are in the atomic system of units.

2.2. Modeling the first hyperpolarizabilities of the molecules by using Genetic Algorithms(GA)

Theβtotal obtained in the manner described in the preceding paragraph has been sought to be repre-
sented as

βtotal = β0 + aεd + bεa + cεdεa + dln (6)

where,β0 is supposed to represent the additive part ofβ coming from the anthracene ring structure
itself in the presence of symmetry breaking substituents; the second, third and the fourth terms represent
the donor contribution, the acceptor contribution and contribution coming from the nonlinear donor-
acceptor interaction, respectively. The last term represents contribution from theπ – electron network
across which the intramolecular charge transfer takes place.εd andεa are parameters representing donor
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Fig. 3. The optimized geometry of 9-amino-10-nitroanthracene as calculated by using Restricted Hartree-Fock (RHF) method
employing 6-31G** basis set in Gaussian03.

and acceptor strengths, respectively while l is the length of the conjugative electron transfer path. The
εd and theεa are taken from references [35,36] and the ‘l’ has been calculated by adding the equilibrium
lengths of bonds making up theπ – electron transfer network. It is possible that strong electron demand
created by the acceptor at C10 position would modify the electron releasing ability of the donor. This
interaction between the donor and the acceptor can be incorporated in the modeling by introducing an
electron demand parameter ‘g’ in the non-linear donor-acceptor interaction term. With this additional
parameter, we have –

βtotal = β0 + aεd + bεa + cεd/(1 − gεa) + dln (7)

After introducing the idea that the donor strength can be modified by the strength of the acceptor [37],
we have fitted the calculatedβtotal values to the following equation –

βtotal = β0 + aεd + cεd/(1 − gεa) + dln (8)

β0, a, b, c, d, g and n are the free parameters that are optimized by a floating point GA developed
locally [38,39]. The GA uses a population ofnp strings, each of which encodes ‘m’ floating point
numbers representing the parametersβ0, a, b, c, d, g and n, which are randomly chosen from a wide
range of possible values of each parameter. The range is user specified. The ‘fitness’,fi of the i-th string
Si (β0

i, ai, bi, ci, gi, li, di, ni) is defined as follows :
fi = e−Oi where,

Oi =
∑

j
[{βtotal(j) − (β0j

i + aiεd,j + biεa,j + ciεd,jεa,j/(1 − giεa,j) + diljni)}2]
1

2 (9)
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Table 1
The ground state interatomic distances (in Angstrom) between pairs
of atoms in Molecules A1 – A13 as calculated by Restricted Hartree-
Fock (RHF) theory employing 6-31G** basis set in Gaussian 03. The
numberings of atoms are similar to those shown in Fig. 1. The 6–7
refers to the length of the relevant bond in the acceptor (N= O for
nitro and nitroso, for example)

Compound 1–2 2–3 3–4 4–5 5–6 6–7
Molecule A1 1.382 1.408 1.422 1.396 1.459 1.196
Molecule A2 1.371 1.418 1.422 1.419 1.400 1.192
Molecule A3 1.379 1.410 1.420 1.401 1.437 1.138
Molecule A4 1.379 1.407 1.423 1.412 1.478 1.197
Molecule A5 1.357 1.394 1.424 1.394 1.462 1.194
Molecule A6 1.355 1.400 1.425 1.416 1.414 1.186
Molecule A7 1.356 1.395 1.422 1.401 1.441 1.138
Molecule A8 1.360 1.390 1.420 1.410 1.490 1.190
Molecule A9 1.422 1.401 1.426 1.389 1.465 1.194
Molecule A10 1.422 1.407 1.427 1.414 1.419 1.185
Molecule A11 1.422 1.402 1.424 1.398 1.443 1.137
Molecule A12 1.423 1.400 1.426 1.406 1.490 1.193
Molecule A13 1.077 1.386 1.426 1.411 1.489 1.193

Table 2
The ground state interatomic distances (in Angstrom) between pairs of atoms of
Molecules B1–B12 as calculated by Restricted Hartree-Fock (RHF) theory employing
6-31G** basis set in Gaussian 03. The numberings of atoms are similar to those shown
in Fig. 1. The 8–9 refers to the length of the corresponding bond in the acceptor (N=
O for nitro and nitroso, for example)

Compound 1–2 2–3 3–4 4–5 5–6 6–7 7–8 8–9
Molecule B1 1.386 1.405 1.427 1.404 1.479 1.320 1.446 1.197
Molecule B2 1.389 1.404 1.426 1.403 1.480 1.326 1.416 1.185
Molecule B3 1.383 1.405 1.426 1.401 1.486 1.327 1.441 1.137
Molecule B4 1.390 1.403 1.427 1.403 1.484 1.327 1.473 1.191
Molecule B5 1.359 1.391 1.427 1.403 1.484 1.318 1.448 1.196
Molecule B6 1.360 1.391 1.427 1.403 1.483 1.325 1.418 1.184
Molecule B7 1.360 1.391 1.428 1.402 1.487 1.325 1.441 1.137
Molecule B8 1.359 1.391 1.427 1.403 1.484 1.328 1.448 1.192
Molecule B9 1.423 1.401 1.423 1.401 1.486 1.317 1.449 1.196
Molecule B10 1.424 1.399 1.429 1.400 1.486 1.324 1.419 1.184
Molecule B11 1.424 1.399 1.429 1.400 1.489 1.324 1.44 1 1.137
Molecule B12 1.424 1.401 1.424 1.402 1.488 1.325 1.475 1.191

assuming that the form of the fitting function described in theEq. (7) is used. The summation runs over
all the molecules studied in the set. The strings were allowed to evolve under the action of the genetic
operators, viz., selection, crossover, mutation and diversification. Tournament selection was used with
arithmetic crossover, mutation and diversification in every generation. For the crossover operation, the
crossover probabilitypc was kept fixed at 0.8, the mixing parameterfc at 0.75± 0.25r (r is a random
number with 06 r 6 1). The mutation probabilitypm also was kept fixed at 0.3, and the mutation
amplitude was gradually and uniformly damped from an initial value offm = 10 to fm = 10−12.
The diversification probabilitypd was held fixed atpd = 0.01 and the diversification amplitudefd was
damped gradually fromfd = 10 tofd = 10−12. From the pool of parents and offsprings, the two best
strings were chosen after every generation while the remaining eight strings were randomly chosen from
the offsprings. In all the calculations reported, population sizenp = 10 has been used.
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Table 3
The ground state interatomic distances (in Angstrom) between pairs of atoms of
Molecules C1–C4 and D1–D4 as calculated by Restricted Hartree-Fock (RHF) theory
employing 6-31G** basis set in Gaussian 03. The numberings of atoms are similar to
those shown in Fig. 1. The 8–9 refers to the length of the relevent bond in the acceptor
(N = O for nitro and nitroso, for example)

Compound 1–2 2–3 3–4 4–5 5–6 6–7 7–8 8–9
Molecule C1 1.384 1.326 1.491 1.406 1.424 1.391 1.465 1.194
Molecule C2 1.382 1.326 1.488 1.413 1.425 1.416 1.416 1.187
Molecule C3 1.383 1.326 1.489 1.408 1.421 1.400 1.442 1.138
Molecule C4 1.385 1.325 1.492 1.404 1.424 1.408 1.489 1.194
Molecule D1 1.357 1.334 1.453 1.406 1.428 1.394 1.459 1.196
Molecule D2 1.351 1.340 1.446 1.413 1.432 1.420 1.390 1.194
Compound D3 1.356 1.333 1.450 1.407 1.425 1.401 1.437 1.138
Compound D4 1.353 1.336 1.450 1.407 1.430 1.416 1.475 1.198

Table 4
The values of dipole moments (Debye),αaverage (in a.u.) andβtotal (in
a.u.) of Molecules A1–A13 as calculated by Restricted Hatree Fock (RHF)
theory employing 6-31G** basis set in Gaussian 03

Molecule Dipole Moment (debye) αaverage(a.u.) βtotal(a.u.)

molecule A1 2.44 163.93 21.21
molecule A2 2.37 164.66 342.00
molecule A3 2.56 165.66 65.60
molecule A4 1.97 164.00 219.79
molecule A5 2.02 169.94 148.89
molecule A6 1.70 170.89 181.39
molecule A7 2.00 172.08 142.00
molecule A8 1.69 170.97 182.26
molecule A9 2.04 184.43 192.38
molecule A10 1.82 185.95 286.13
molecule A11 2.20 187.09 143.90
molecule A12 1.54 185.00 186.45
molecule A13 0.00 156.00 163.30

3. Results and Discussion

3.1. The structure and properties of the molecules studied

The computed structure of 9-amino-10-nitroanthracene has been displayed in Fig. 3. The predicted
equilibrium bond lengths and bond angles are reported in Tables 1–3. It has been found that all
the molecules are practically planar. There are notable changes in the ground state bond lengths of
the anthracene moiety following substitution. The C2-C3 bond (Fig. 1) length, for example, varies
from 1.386 angstroms to 1.418 angstroms for the molecules A1-A12, depending on the donor-acceptor
combinations. The calculated dipole moments (in Debye) of the molecules studied has been reported in
Tables 4–6. It has been observed that the dipole moments of these molecules are rather low, the lowest
being 1.54 Debye (Molecule A12) and the highest one is 3.35 Debye (Molecule D3). The low dipole
moment values decrease the tendency of these molecules to crystallize in centrosymmetric morphology,
thereby increasing the possibility of using these chromophores for fabricating NLO materials. The
(α) values computed by us for all the 33 molecules are reported in Tables 4–6. There is only a small
dispersion in the computed (α) values, as expected. The (α) varies from 163.93 a.u. to 187.09 a.u. for
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Table 5
The values of dipole moments (Debye),αaverage (in a.u.) andβtotal (in
a.u.) of Molecules B1–B12 as calculated by Restricted Hatree Fock (RHF)
theory employing 6-31G** basis set in Gaussian 03

Molecule Dipole Moment (debye) αaverage(a.u.) βtotal(a.u.)

molecule B1 2.87 193.33 841.29
molecule B2 2.34 192.00 889.77
molecule B3 2.62 192.30 327.00
molecule B4 1.98 192.85 628.36
molecule B5 2.34 197.56 432.05
molecule B6 1.66 197.00 561.60
molecule B7 2.12 197.56 136.75
molecule B8 2.45 196.82 142.00
molecule B9 2.50 211.89 319.99
molecule B10 1.86 211.50 457.00
molecule B11 2.25 212.00 89.85
molecule B12 1.75 212.25 289.53

Table 6
The values of dipole moments (Debye),αaverage (in a.u.) andβtotal (in
a.u.) of Molecules C1–C4 and D1–D4 as calculated by Restricted Hatree
Fock (RHF) theory employing 6-31G** basis set in Gaussian 03

Molecule Dipole Moment (debye) αaverage(a.u.) βtotal(a.u.)

molecule C1 2.67 188.07 143.37
molecule C2 2.42 190.98 689.87
molecule C3 2.77 191.59 283.44
molecule C4 2.16 189.66 398.00
molecule D1 3.24 187.05 245.12
molecule D2 3.22 190.21 326.03
molecule D3 3.35 190.00 402.00
molecule D4 2.70 189.55 412.26

the molecules of series A. It varies from 192 a.u. to 212 a.u, 188.07 a.u. to 191.59 a.u. and 187.05 a.u.
to 190.21 a.u. for molecules of series B, C and D, respectively.

The computed values ofβtotal are also reported in Tables 4–6. The predictedβtotal values show a large
dispersion, the lowest value being 21.21 a.u. (molecule A1) and the highest being 889.77 a.u. (molecule
B2). The highestβtotal is exhibited by molecule- B2 which has−NH2 as donor and -NO as acceptor
and the length of the conjugativeΠ – electron transfer is maximum (l= 20.85 a.u.). If we compare
theβtotal values for molecule – B2 and molecule – B3, molecule – B4, molecule – C4, we can clearly
detect a maximization ofβtotal as a function of the acceptor strength as both the donor strength (εNH2

)
and the length of the electron transfer path (l) remains the same for these four molecules. It appears
therefore, that every donor may have an optimum acceptor for maximizing the first hyperpolarizability
in a structurally similar set of molecules. Similarly, comparison ofβtotal of molecules – B2 and B10
would tend to suggest that for the -NO moiety as acceptor, a better donor is provided by−NH2 and
not−N(CH3)2 for maximizing theβtotal. The effect of the length of theΠ- electron transfer path can
be easily noticed by comparingβtotal of molecules A2 and B2, molecules A3 and B3 and molecules
A4 and B4. That the -NO group could be a good acceptor group that tends to maximize the quadratic
NLO response can be once again noticed while comparing theβtotal of molecule C2 and C3 which have
the the same donor group[−N(CH3)2] and identical ‘l’ value, but different acceptor groups (-CN and
-NO). This feature was also noticed previously [35]. However, when all the factors are allowed to vary,
the simple picture no longer works. The intramolecular charge transfer process in anthracene derivatives
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Table 7
The excited state (S1) dipole moments (µE) (in Debye) of two pairs of isomeric molecules and the first three vertical transitions
energies (∆ E1, ∆ E2 and∆ E3) (in eV) and oscillator strengths (fS0−S1, fS0−S2 andfS0−S3) calculated by CIS theory
and employing 6-31G** basis set in Gaussian03. The ground state dipole moment (µG) (in Debye) has been reported for
comparison

Molecule βtotal (a.u.) µE (Debye) µG (Debye) ∆ (eV)E1 ∆ E2 (eV) ∆ E3 (eV) fS0−S1 fS0−S2 fS0−S3

Molecule B1 841.29 9.05 2.87 3.84 4.62 4.67 0.4322 0.0547 0.0617
Molecule C1 143.37 8.40 2.67 3.98 4.70 4.98 0.3583 0.0077 0.0003
Molecule B4 628.36 5.76 1.98 3.76 4.56 4.63 0.4019 0.0107 0.0064
Molecule C4 398.00 4.87 2.16 3.87 4.60 4.63 0.3939 0.0162 0.0459

has been studied experimentally by Muralidharan [40,41]andZachariasse [42]. Muralidharan [40]
and coworkers have studied the photophysical properties of a series of 9,10-donor-acceptor substituted
anthracene molecules. Dual fluoroscence has been detected for 9-amino-10-cyanoanthracene and its
N-methyl and N,N-dimethyl analogues in polar solvents. The authors have argued that the dual emission
originates from a locally excited (LE) and intramolecular charge transfer (ICT) states, which form in the
excited state. To understand the role played by the ICT state, we have performed CIS calculations on
two pairs of isomeric anthracene derivatives. The dipole moment (Debye)of the first excited state has
been reported in Table 7. The ground state dipole moment has also been reported for comparison. It
appears that a large change in dipole moment in the excited may be responsible for higherβtotal in the
molecules B1 and B4 compared to their corresponding isomers. The computed transition energies (in
eV) alongwith the oscillator strengths of first three transitions(S0 −S1, S0 −S2 andS0 −S3) have been
reported in Table 7. The oscillator strengths suggest that the absorption mainly populates theS1 state,
indicating that a two state model will suffice to explain the role of charge transfer, if any, in determining
the value ofβtotal.

3.2. The NLO response of isomeric molecules

We have observed that the first hyperpolarizability of a molecule may be notably different from its
structural isomer (Fig. 1). The molecules in the B and C series of Fig. 1 are corresponding structural
isomers of each other, but their NLO responses are remarkably different. For example, theβtotal value
of Molecule B1 is 841.29 a.u. vis-a-vis 143.37 a.u. for Molecule C3, a structural isomer of the former.
A difference in the first hyperpolarizability values shown by two isomeric molecular chromophores
underscores the importance of the extent of charge transfer in these systems in determining the possible
NLO response. A schematic diagram of charge transfer in two pairs of structural isomers, viz., B1
and C1 and B4 and C4 has been shown in Fig. 2b. The CIS calculations have been performed and
the S1 state dipole moment alongwith the transition energies and oscillator strengths of the first three
vertical transitions have been reported in Table 7. It can be observed that higherβtotal values have been
associated with higher increase in dipole moment in the excited stateS1 compared to ground stateS0. It
is also clearly seen that the isomer with the lower energy of the first excited singlet and higher oscillator
strength of theS0 − S1 transition has much higherβtotal. It would be interesting to check this feature
for a much larger number of structurally isomeric pairs. We hope to return to the topic in the near future.

3.3. Modeling the NLO response in the anthracene derivatives

From the preceding discussion, it seems worthwhile to try to fit the predictedβtotal values either as
functions of the seven parameters of Eq. (7) or the six parameters of Eq. (8) and then examine how
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Table 8
All the free parameters obtained
from GA couple fitting forβ.total

using Eqs (7) and (8)

Parameters Eq. (7) Eq. (8)
β0 0.00 0.00
a 22.01 98.38
b 272.94 −

c −20.41 −57.10
d 8.44 0.82
n 1.33 1.95
g −1.25 −1.18

Table 9
The computedβtotal (in atomic unit) of Molecules A1–A13 and theβtotal obtained
from fitting functions with parameters optimized by GA

Molecule βtotal(a.u.) βtotal(GA)eqn.7 (a.u.) βtotal(GA)eqn.8 (a.u.)
molecule A1 21.21 21.21 21.21
molecule A2 342.00 284.44 195.23
molecule A3 65.60 124.74 122.69
molecule A4 219.79 128.35 125.62
molecule A5 148.89 407.91 51.01
molecule A6 181.39 282.52 190.14
molecule A7 142.00 141.99 141.99
molecule A8 182.26 135.03 136.30
molecule A9 192.38 82.52 110.18
molecule A10 286.13 286.12 186.61
molecule A11 143.90 176.91 153.25
molecule A12 186.45 151.08 158.91
molecule A13 163.30 145.18 163.28

the two equations perform in correlatingβtotal of molecules outside the training set. The GA based
search predicts the optimal values of the six parameters of Eq. (6) or the seven parameters of the Eq. (7),
depending upon the model used. However, we have setβ0 = 0 in each case as actual calculation with
symmetry broken bare anthracene ring (donor and acceptor replaced by H-atom after full geometry
optimization) indicate thatβ0 is very small are varies from 0 a.u. to 5 a.u., when calculated at the present
level. The optimized parameters are shown in Table 8. Theβtotal values predicted by the respective
optimal fitting functions along with the computedβtotal are displayed in Tables 9–11 for the A, B, C
and D series of molecules. Figure 4a shows the evolution of the fitness of the best fit individual during
the GA-driven optimization of the parameters of the model represented by Eq. (7) while the Fig. 4b
shows the evolution of various parameters during the search. The values ofβtotal predicted by the 7
parameter model have been compared with the quantum chemically predicted values ofβtotal in Fig. 4c.
It is clear that the model works fairly well, but fails to reproduce the exaltedβtotal values of some of
the molecules. Figures 5 (a–c) display similar profiles for the 6 parameter model. There are no major
differences in the performances of the seven parameter model vis-a-vis its six parameter counterpart. It
appears that the dominant contributions are the additive ones. The contribution from the chain-length
dependent part of the response and that arising from the nonlinear donor-acceptor interaction are rather
small. The predicted optimal value of the index (n) of the power law dependence ofβtotal on ’l’ turns out
to be rather low in the 7 parameter model compared to what is predicted by a uniform gas model [43].
The value of ’n’ predicted by the 6 parameter model appears to be more realistic. The general quality
of the fit is good, but too high values (B1 and B2, for example) are not reproduced. However, the fitting
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Fig. 4. GA evolution profiles withβtotal = 0 in Eq. (7). (a) fitness evolution during the search (b) variations in the parameters
of the model during the GA search (c)βtotal predicted by the 7 parameter model compared with quantum chemically computed
βtotal values. In the figure the molecules numbered 1–13, 14–25, 26–19 and 30–33 refer to molecules A1-A13, molecules
B1-B12, molecules C1-C4 and molecule D1-D4 of Fig. 1, respectively.
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Fig. 5. GA evolution profiles withβtotal = 0 in Eq. (8). (a) fitness evolution during the search (b) variations in the parameters
of the model during the GA search (c)βtotal predicted by the 6 parameter model compared with quantum chemically computed
βtotal values. In the figure the molecules numbered 1–13, 14–25, 26–19 and 30–33 refer to molecules A1–A13, molecules
B1–B12, molecules C1–C4 and molecule D1–D4 of Fig. 1, respectively.
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Table 10
The computedβtotal (in atomic unit) of Molecules B1–B12 and theβtotal obtained
from different fitting functions with parameters optimized by GA

Molecule βtotal(a.u.) βtotal(GA)eqn.7 (a.u.) βtotal(GA)eqn.8 (a.u.)
molecule B1 841.29 175.39 159.38
molecule B2 889.77 281.49 293.78
molecule B3 327.00 280.86 262.44
molecule B4 628.36 283.92 265.45
molecule B5 432.05 194.52 188.53
molecule B6 561.60 437.06 328.25
molecule B7 136.75 296.74 282.13
molecule B8 142.00 129.76 132.03
molecule B9 319.99 236.92 248.94
molecule B10 457.00 442.20 326.73
molecule B11 89.85 300.92 293.75
molecule B12 289.53 304.29 297.04

Table 11
The computedβtotal (in atomic unit) of Molecules C1–C4 and D1–D4 and the
βtotal obtained from different fitting functions with parameters optimized by GA

Molecule βtotal(a.u.) βtotal(GA)eqn.7(a.u.) βtotal(GA)eqn.8 (a.u.)
molecule C1 143.37 144.13 160.87
molecule C2 689.87 438.28 333.04
molecule C3 283.44 277.81 259.46
molecule C4 398.00 285.45 266.92
molecule D1 245.12 173.25 157.30
molecule D2 326.03 435.84 330.66
molecule D3 402.00 277.50 259.17
molecule D4 412.26 280.86 262.44

function can still be used for quick screening of molecules for their suitability for fabricating new NLO
materials.

4. Conclusion

We have taken a step-wise approach to model the non-linear optical (NLO) response properties
of a series of new charge transfer based organic chromophores that can be potential candidates for
experimental screening. Our investigation shows that 9,10-substituted anthracene derivatives display
large first hyperpolarizability (βtotal) which can be maximized by the judicious selection of donor-
acceptor pairs. Theβtotal has been modeled by a six or seven parameter function by GA. The dominant
contributions toβtotal are additive and are primarily from the donor and the acceptor moeities. The
emergence of largeβtotal for some of the molecules indicate the creation of resonance condition not
reproduced by the fitting equations.
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Abstract. The asymptotic model of exchange interactions for calculation of the polarizability of van der Waals complexes is
discussed. The model is employed for description of the polarizability of interacting systems when their valence electron shells
are weakly overlapped. The analytical expressions for the interaction polarizabilities that include induction, dispersion and
exchange contributions have been obtained for X-Y and X-Y2 complexes. The calculation of the interaction polarizabilities of
the complexes He-He, Ar-Ar, Kr-Xe, Xe-Xe, and Ar-H2 have been carried out.

Keywords: Polarizability, exchange interactions, van der Waals complexes

1. Introduction

An interest to the polarizability tensor of interacting atoms and molecules arose many years ago and
it continues to be actual one up today. The polarizability tensor of interacting atoms is of importance
because of its fundamental significance for a wide range of optical and dielectric properties of real gases
and their complexes [1–3]. Interactions between the components of such complexes lead to distortion
of their charge distributions and, as a result, the polarizability of a complex is not a simple sum of
polarizabilities of its components.

At long separations between atoms and molecules in the complex, the methods of classical electro-
dynamics considering the multipole induction and dispersion effects are effectively applied to describe
the polarizability surface of interacting atom-molecular systems [4–21]. However, when the interacting
atoms (or molecules) approach each other up to a distance where overlap and exchange effects are
significant, the classical methods are not effective and, at present, correct values of the polarizability are
obtained only fromab initio calculations. Usuallyab initio calculations of the polarizability of inter-
acting systems are carried out for the equilibrium configurations of complexes (see [22,23] and quoted
there references). However, there areab initio calculations of polarizability functions for a wide range
of intermolecular separations an the most of them have been carried out for pairs of rare-gas atoms in
the ground states (see, for example [21,24–38]). In spite of significant progress inab initio calculations,
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the last have the disadvantage caused by the fact that the polarizability functions (or surfaces) can be
calculated only at single points. As a result, the analytical methods for calculations of polarizability
functions of complexes are of interest until now. Presently, a lot of efforts is being made to improve
the analytical calculation schemes for the polarizability functions both for long and for shorter range of
R [39–46]. Nevertheless, the analytical expressions obtained in these works are difficult to be applied to
practical calculations especially for molecular complexes.

In this work, the asymptotic method proposed in [47,48] has been used to include in the simple
analytical form the exchange effect between interacting atoms (or molecules) for the polarizability
calculations of binary complexes. Such description of the exchange effect is possible when a small
overlap of electron shells occurs in interacting systems of a complex [49,50]. The asymptotic method
is applied to calculate the polarizabilities of the van der Waals complexes where the small electron
overlapping is common.

2. Theoretical treatment

Within the framework of the long-range approximation [1,51], when the molecules are presented as
the point objects keeping their anisotropic electrical properties, the electronic polarizabilityαAB

αβ of two
interacting systems may be written in the form

αAB
αβ = αA

αβ + αB
αβ + ∆αAB

αβ , (1)

whereαA
αβ andαB

αβ are the dipole polarizabilities of the atom-molecular systemsA andB, and∆αAB
αβ is

the interaction polarizability. The interaction polarizability∆αAB
αβ appears here due to different effects

and may be written as

∆αAB
αβ = αind

αβ + αdisp
αβ + αexch

αβ , (2)

whereαind
αβ ,αdisp

αβ andαexch
αβ are the induction, dispersive and exchange contributions to the polarizability

of interacting systems. When the interacting systems are well separated, the interaction polarizability
∆αAB

αβ is determined entirely by well known induction and dispersive contributionsαind
αβ andαdisp

αβ [8–
10,12–14,46]. At shorter range, when the charge distributions of interacting systems overlap, the
contribution ofαexch

αβ , caused by the exchange effects, appears.
In this work, to take into account the exchange effects, the asymptotic methods [49,50] are used.

These methods may be applied in a range ofR where a weak overlapping of the valence electron shells
of interacting systems takes places. Let us consider a case of two interacting atoms with the valence
s-electrons. In this case, the exchange interaction of atoms can be approximately considered as an
exchange interaction of two valence electrons (by one from each atom). Then the two-electron (one
electron from atomA and one from atomB) molecular wave function of the staten can be written in
the form:

Ψn(r1, r2, R) = c(1)n ψ(1)
n (r1, r2, R) + c(2)n ψ(2)

n (r1, r2, R), (3)

where

ψ(1)
n (r1, r2, R) =

[
ϕ(A)(r1, R)ϕ(B)(r2, R)χI(r1, r2, R)

]
n
,

(4)
ψ(2)

n (r1, r2, R) =
[
ϕ(A)(r2, R)ϕ(B)(r1, R)χII(r1, r2, R)

]

n
.
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Hereϕ(A)(r1, R), ϕ(B)(r1, R) andϕ(A)(r2, R), ϕ(B)(r2, R) are asymptotic wave functions of the first
and of the second electrons located near corresponding atom cores. Equations (3) and (4) are written in
the molecular coordinate system in which the interacting atoms are located on the axisz, and the center
of the interatomic separation is taken as the origin of coordinates. In this coordinate systemr1 andr2
are coordinates of the first and of the second electrons. The functionsχI(r1, r2, R) andχII(r1, r2, R)
accounting for the interaction of electrons with each other and with extraneous nuclei have complicated
forms and are given in [50].

The asymptotic radial wave function of a valence electron of a neutral atom used in Eqs (3) and (4) in
the coordinate system with the origin in the atom nuclear has the form [49]:

ϕ(r) = A0r
1/β−1 exp(−rβ), (5)

whereβ2/2 is the atom ionization potential and the value of the asymptotic coefficientA0 depends on
the electron distribution in the internal zone of the atom.

To calculate the exchange contributions to the static polarizability of a pair of interacting atoms we
employ the well known form for tensor components of the electron polarizability

αAB
αβ (R) = 2

∑

m6=n

〈n| dα |m〉 〈m| dβ |n〉
Em − En

, (6)

where the dipole matrix elements of dipole moments〈n| dγ |m〉 and the electronic energy levelsEk

are the functions ofR. The exchange contributions to the polarizability show itself mainly through its
contribution into the matrix element of the dipole moment in Eq. (6). In the approximation applied
the exchange interaction is the most substantial in the matrix element of the componentzof the electron
transition dipole moment and, as a result, in the polarizability tensor componentαAB

zz (R). The exchange
interaction contribution intoz-component of the dipole moment calculated by means of Eqs (4) and (5)
for two interacting atoms may be represented as

〈
ψ(1)

n (r1, r2, R)
∣∣∣ dz

∣∣∣ψ(2)
m (r1, r2, R)

〉exch
= BnmR

δ exp(−ηR), (7)

where

δ =
1

βA
+

1

βB
+

1

βm
+

3

2 (βA + βB)
− 1

βA + βB + 2βm
+ 1, (8)

η =
3

4
βA +

3

4
βB +

1

2
βm. (9)

Hereβ2
A

/
2 andβ2

B

/
2 are the ionization potentials of the atoms A and B at the ground electron state

(n = 0) and the parameterBnm ≡ Bnm(βA, βB , βm, R) is the function weakly dependent onR in the
region of small electron shells overlapping. The use of the effective excited electron statem̄ allows us
to apply a two-level model to calculate the polarizability functions of a complex and so the procedure
of summation over the excited electron statesm of atoms in the expression for polarizability may be
excluded. Then, substituting Eq. (7) into Eq. (6) and replacingβm by some effective valuēβ for the
effective electron statēm, the expression for the exchange contributions into polarizability of interacting
atoms takes the form

αexch
zz (R) = B1(βA, βB , β̄, R)Rδ exp(−ηR) +B2(βA, βB , β̄, R)R2δ exp(−2ηR), (10)
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Fig. 1. Dependence of the van der Waals radiirw of the noble gas atoms on the position of the maximum of the atomic electron
densityrmax = 1/β2. All values are in a.u.

where the parametersB1 andB2 are also the functions weakly dependent onR. The values of the
parameter̄β may be estimated taking into account probabilities of radiation transitions of the atoms A
and B, and the energy levels structure of these atoms. The first term in Eq. (10) gives the asymptotic
behavior of the exchange polarizabilityαexch

zz (R) atR→ ∞ and has the form similar the expression for
exchange polarizability of the pair of hydrogen atoms [42].

In the approximation used the matrix elements
〈
ψ

(1)
n (r1, r2, R)

∣∣∣ dx,y

∣∣∣ψ(2)
m (r1, r2, R)

〉
equal zero and

the exchange contributionsαexch
xx andαexch

yy as well equal zero. However, in a more strict approximation
these contributions are to be appeared.

The results obtained for atoms with the valences-electrons can also be applied after minimal changes
to interacting atoms having the valence electrons of nonzero orbital momentl. Indeed, the exchange
interaction occurs in the range of electron coordinates near the axisz where the angular wave functions
of the electrons vary slightly and so may be substituted by their values on the axisz. Therefore, for this
case taking into account the exchange interaction reduces to the problem considered above with the only
difference that the coefficientA0 in Eq. (5) should be multiplied by

√
2l + 1 [50].

The exchange interactions in a range of weak overlapping of the valence electron shells due to their
physical nature should depend on the sizes of interacting atoms. Within the framework of the asymptotic
model of exchange polarizabilityαexch

zz (R) the sizes of interacting atoms are taken into account by
means of the parametersβA andβB . In fact, the position of the maximum of the atomic electron density
rmax = 1/β2 calculated using the asymptotic radial wave function of a valence electron Eq. (5) reflects
the size of an atom as illustrated in Fig. 1.

The results obtained for interacting atoms may be generalized for the case of interacting molecules.
For this case the functional dependence ofαexch

zz (R) has the form Eq. (10) whereβA, βB andβ̄ are the
molecular parameters having the same physical meaning. Moreover, there is a need to take into account
the configurations of interacting molecules.
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Table 1
Atomic properties (in a.u.) used in calculating com-
plex polarizabilities

Property He Ar Kr Xe

α 1.383a 11.080a 16.476b 27.71c

γ 41.9a 1329a 2260b 6913c

β 1.344d 1.076d 1.014d 0.944d

aThe values are given in Ref. 10.
bReference 52.
cReference 32.
dThe values are calculated using the ionization po-
tentials from [53].

3. Results and discussion

In this work the exchange contributions to the interaction polarizability∆αAB
αβ were considered for

some atom-molecular binary complexes. At that, the values of the exchange contributions were calculated
as

αexch
αβ (R) = ∆αAB

αβ (R) − αind
αβ (R) − αdisp

αβ (R), (11)

where the values of∆αAB
αβ (R) areab intio calculations of the interaction polarizability of complexes,

αind
αβ (R) andαdisp

αβ (R) were calculated using analytical methods.

3.1. Atomic complexes

In this work the pairs of the noble gas atoms being at the ground states have been considered (the
atoms are on the z-axis of the Cartesian coordinate system). In this case, the induction contributions into
∆αAB

αβ (R) up to terms∼ R−6 inclusive have the well known forms

αind
zz (R) =

4αAαB

R3
+

4αAαB(αA + αB)

R6
, (12)

αind
xx (R) = αind

yy (R) = −2αAαB

R3
+
αAαB(αA + αB)

R6
, (13)

whereαA andαB are the polarizabilities of the interacting atoms A and B. The dispersion contributions
to ∆αAB

αβ (R) up to terms∼ R−6 inclusive as well may be written, following to [9], as

αdisp
zz (R) =

7

18

(
γA

αA
+
γB

αB

)
C0

6

R6
, (14)

αdisp
xx (R) = αdisp

yy (R) =
2

9

(
γA

αA
+
γB

αB

)
C0

6

R6
, (15)

whereγA andγB are the second polarizabilities of the interacting atoms (γ = γzzzz), andC0
6 is their

isotropic dispersion coefficient.
Equatioins (11)–(15) were used to calculate the exchange contributions to the interaction polarizabil-

ities of the atomic complexes He-He, Ar-Ar, Kr-Xe, and Xe-Xe. The required values of the atomic
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Table 2
Equilibrium distancesRe, isotropic dispersion coefficientsC0

6 ,
and the parameters used to calculate the exchange polarizabil-
ity of the complexes (in a.u.)

Parameter He-He Ar-Ar Kr-Xe Xe-Xe
Re 5.612a 7.102a 7.899a 8.241a

C6 1.458b 64.543c 201.27c 302.29c

β̄ 0.35 0.31 0.29 0.27
δ 5.6081 6.4208 6.8659 7.2050
η 2.1910 1.7690 1.6135 1.5510
B1 −0.0469 −0.0739 −0.00752 −0.00118
B2 −0.5506 −0.1237 −0.02383 −0.00588
aReference 54.
bReference 55.
cReference 56.

Fig. 2. The interaction polarizabilities∆αAB
zz (R) (a) and∆αAB

xx (R) (b) of the complex Ar-Ar. Solid line – analytical
calculation taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; circles –ab initio calculation [27]. All values are in a.u.

polarizabilitiesα, γ and the isotropic dispersion coefficientsC0
6 are given in Tables 1 and 2. The pa-

rametersB1 andB2 (see, Eq. (10)) were determined by fitting to the exchange polarizabilitiesαexch
zz (R).

The fitting parametersB1 andB2 together with the parametersβ, β̄, δ, andη, required to describe the
exchange polarizabilityαexch

zz (R) of the complexes, are given also in Tables 1 and 2.
The calculation results of the interaction polarizability∆αAB

zz (R) and∆αAB
xx (R) of the complexes

Ar-Ar and He-He are given in Figs 2 and 3. It’s seen that the interaction polarizability∆αAB
xx (R) is

described with a good accuracy in the framework of the classical theory when using only induction and
dispersive contributionsαind

xx (R) andαdisp
xx (R). In contrast to∆αAB

xx (R), for the interaction polarizabil-
ities ∆αAB

zz (R) there are significant differences between the polarizabilities calculated byab initio and
classical methods in a vicinity of the equilibrium distances of the complexes. These discrepancies are
caused by the exchange interactions being neglected in a classical approach. Taking into account the
exchange polarizabilityαexch

zz (R) allows us to reach very good agreement withab initio results [27,28]
for a wide range ofR.
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Fig. 3. The interaction polarizabilities∆αAB
zz (R) (a) and∆αAB

xx (R) (b) of the complex He-He. Solid line – analytical
calculation taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; circles –ab initio calculation [28]. All values are in a.u.

a b

Fig. 4. The exchange polarizabilityαexch
zz (R) of the complexes Ar-Ar (a) and He-He (b). Solid lines – analytical calculations

taking into account the both terms of Eq. (10); dotted lines – analytical calculations taking into account the first term of Eq. (10);
dashed lines – analytical calculations taking into account the second term of Eq. (10); circles –ab initio calculation [27];
squares –ab initio calculation [28]. All values are in a.u.

It is of interest to estimate the role of the first and the second terms ofαexch
zz (R) in Eq. (10) for different

range ofR. The calculation results of these contributions are given in Fig. 4 for the complexes Ar-Ar and
He-He. As follows from the figure the behavior of the exchange polarizabilityαexch

zz (R) are determined
in the range ofR > Re mainly by the first term in Eq. (10). In the range ofR < Re the second term in
Eq. (10) has more significance in describing the exchange polarizabilityαexch

zz (R).
The interaction polarizability∆αAB

zz (R) and∆αAB
xx (R) calculated for the heavier complexes Kr-Xe

and Xe-Xe are given in Figs 5 and 6. The regularities of behavior of the exchange polarizabilities
αexch

ββ (R) found for the complexes He-He and Ar-Ar are also fulfilled both for the complex Xe-Xe and



172 M.A. Buldakov and V.N. Cherepanov / Asymptotic model of exchange interactions for polarizability calculation

Fig. 5. The interaction polarizabilities∆αAB
zz (R) (a) and∆αAB

xx (R) (b) of the complex Xe-Xe. Solid line – analytical
calculation taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; dotted line – analytical calculation taking into account only the induction polarizability; circles –ab
initio calculation [32]. All values are in a.u.

Fig. 6. The interaction polarizabilities∆αAB
zz (R) (a) and∆αAB

xx (R) (b) of the complex Kr-Xe. Solid line – analytical
calculation taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; dotted line – analytical calculation taking into account only the induction polarizability; circles –ab
initio calculation [34]. All values are in a.u.

for the heteroatomic complex Kr-Xe. It should be noted that the dispersion polarizabilityαdisp
xx (R) is

important, as seen from Figs 5 and 6, for describing the interaction polarizability∆αAB
xx (R) in the range

of R < Re.
To describe spectra of collision-induced light scattering the interaction mean polarizability∆α(R)

and the interaction polarizability anisotropy∆γ(R) are important and have the forms

∆α(R)=
1

3
(∆αzz(R)+2∆αxx(R)) =

2αAαB(αA+αB)

R6
+

5

18

(
γA

αA
+
γB

αB

)
C6

R6
+

1

3
αexch

zz (R),(16)
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Fig. 7. The interaction polarizability invariants∆α(R) of the complexes Xe-Xe (a) and He-He (b). Solid lines – analytical
calculations taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; circles –ab initio calculation [32]; squares –ab initio calculation [28]. All values are in a.u.

Fig. 8. The interaction polarizability invariants∆γ(R) of the complexes Xe-Xe (a) and He-He (b). Solid lines – analytical
calculations taking into account the exchange polarizability; dashed lines – analytical calculations without considering the
exchange polarizability; circles –ab initio calculation [32]; squares –ab initio calculation [28]. All values are in a.u.

∆γ(R)=∆αzz(R)−∆αxx(R)=
6αAαB

R3
+

3αAαB(αA + αB)

R6
+

1

6

(
γA

αA
+
γB

αB

)
C6

R6
+αexch

zz (R).(17)

The calculated polarizability invariants∆α(R) and∆γ(R) for the heavy complex Xe-Xe and for the
light complex He-He are given in Figs 7 and 8. As can be seen from Fig. 7 the exchange polarizability
αexch

zz (R) gives very significant contribution to the interaction mean polarizability∆α(R) because of
the term∼ R−3 is absent in Eq. (16). It should be noted that taking into account the terms∼ R−8 in
αind

αβ (R) andαdisp
αβ (R) [12] for the complex He-He doesn’t improve the agreement between the interaction
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polarizabilities calculated byab initio and classical methods for the range ofR < 7 a.u. The exchange
contribution to∆γ(R) is of less importance than to∆α(R). Nevertheless, taking into consideration the
exchange contributionαexch

zz (R) allows us to improve the accuracy of analytical calculations of∆γ(R).
As a whole, we can conclude that analytical calculations of∆α(R) and∆γ(R) using the simple Eqs (16)
and (17) are in a good agreement withab initio calculations for long range ofR including a vicinity of
equilibrium distances of the considered complexes.

3.2. Ar-H2 complex

To calculate the polarizability of the complex Ar-H2 the Cartesian coordinate system was used where
the z-axis is directed from the atom Ar to the mass center of H2 molecule. The molecule H2 is fixed in
the xz plane and its orientation is given by the angleθ between z-axis and H-H bond axis. The distance
from the atom Ar to the mass center of H2 molecule is denoted asR.

For considered complex the induction contributions to∆αAB
αβ (R) up to terms∼ R−6 inclusive have

the form [10]

αind
αβ = αA

αγTγδα
B
δβ + αB

αγTγδα
A
δβ +

1

15
αA

αγTγδεϕE
B
β,δεϕ +

1

15
EB

α,γδεTγδεϕα
A
ϕβ−

− 1

9
BA

αβ,γδTγδεϕΘB
εϕ + αA

αγTγδα
B
δεTεϕα

A
ϕβ + αB

αγTγδα
A
δεTεϕα

B
ϕβ , (18)

whereαA
αγ andBA

αβ,γδ are the dipole and dipole-dipole-quadrupole polarizabilities of the atom Ar,
αB

αγ , EB
β,δεϕ, andΘB

δε are the dipole and dipole-octupole polarizabilities and the quadrupole moment of
the molecule H2, andTγδ...ϕ = ∇γ∇δ . . .∇ϕ(R−1) is the tensor, symmetric about the permutation of
any pair of symbols. Here and after the Greek subscripts denote Cartesian components x, y, z, and a
summation over the repeated subscripts is effected.

Dispersion contribution into∆αAB
αβ (R) is calculated in the framework of the method [46]. In that

case, the expression for the dispersion contribution with accuracy up to the leading term∼ R−6 comes
on the form

αdisp
αβ =

1

2π

∞∫

0

dω
[
Tγδγ

B
δεαβ(iω, 0, 0)Tεηα

A
ηγ(iω) + Tγδγ

A
δεαβ(iω, 0, 0)Tεηα

B
ηγ(iω)

]
, (19)

whereαηγ(iω) andγδεαβ(iω, 0, 0) are the polarizability and the second hyperpolarizability at the imag-
inary frequencyiω. The dispersion contributionαdisp

αβ has been calculated using a “constant ratio”
approximation (see, for example, [9]) where

IA,B
δεαβ =

γA,B
δεαβ(iω, 0, 0)

ᾱA,B(iω)
(20)

is a frequency-independent ratio,ᾱA,B(iω) is a mean polarizability ofA atom (orB molecule) at the
imaginary frequencyiω. Assuming, as in [13], that the relationship betweenIA,B

δεαβ and static values of

γA,B
δεαβ(0, 0, 0) andαA,B(0) is the same as in the Unsöld approximation, we can write

IA,B
δεαβ =

γA,B
δεαβ(0, 0, 0)

2ᾱA,B(0)
. (21)
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Table 3
Parameters used to calculate the interaction po-
larizability of the complex Ar-H2 (in a.u.)

Parameter Ar H2

αxx 11.19a 4.79a

αzz 11.19a 6.81a

Θzz 0 0.49a

Ex,xxx 0 −1.71a

Ez,zzz 0 4.41a

Bx,x,xx −166b −74a

Bx,z,xz −125c −67a

Bx,x,zz 83c 42a

Bz,z,zz −166b −101a

γxxxx 1211b 638a

γzxzx 404d 233a

γzzzz 1211b 753a

β 1.076e 1.065f

aReference 37.
bReference 58.
cBx,z,xz = 3 Bz,z,zz/4, Bx,x,zz =
−Bz,z,zz/2.
dγzxzx = γzzzz/3.
eThe value is calculated using the ionization po-
tential from [53].
fThe value is calculated using the ionization po-
tential from [54].

Thus, in view of the Eqs (20) and (21) the expression (19) can be rewritten as follows

αdisp
αβ =

Tγδγ
B
δεαβ(0, 0, 0)TεηCηγ

2ᾱB(0)
+
Tγδγ

A
δεαβ(0, 0, 0)TεηDηγ

2ᾱA(0)
, (22)

where

Cηγ = 1
2π

∞∫
0

ᾱB(iω)αA
ηγ (iω)dω,

Dηγ = 1
2π

∞∫
0

ᾱA(iω)αB
ηγ(iω)dω.

(23)

The tensorCηγ is not depended on the orientation of the molecule H2 and is related to the isotropic
dispersion coefficientC0

6 by the simple relationCηγ = 1
6C

0
6δηγ . The tensorDηγ is depended on the

orientation of the molecule H2 and can be expressed through the isotropic and anisotropic dispersion
coefficientsC0

6 andC2
6 . In a case when the molecule H2 is fixed on z-axis the tensorDηγ has only

three nonzero elements:Dxx = Dyy = 1
6

(
C0

6 − C2
6

)
andDzz = 1

6

(
C0

6 + 2C2
6

)
. The explicit ana-

lytical expressions for the interaction polarizability of the complex X-Y2 taking into account exchange
polarizability are given in Appendix.

The exchange contributions into the interaction polarizabilities for three configurations (θ = 0, π/4,
π/2) of the complex Ar-H2 were calculated using Eq. (11), Eq. (A3) from Appendix andab initio
calculations of polarizabilities [37,38]. The parameters of the atom Ar and the molecule H2 required to
calculate the induction and dispersive contributions into the interaction polarizability of the complex are
given in Table 3 and the dispersion coefficientsC0

6 = 27.63 a.u. andC2
6 = 2.62 a.u. were taken from [57].
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Table 4
Parameters used to calculate the exchange polarizability of the complex
Ar-H2 (in a.u.)

Parameter Value Parameter Value Parameter Value

β̄ 0.41 B
(0)
1 −0.3355 B

(0)
1 −0.6439

δ 5.6702 B
(2)
1 0.0418 B

(2)
1 −0.1158

η 1.8108 B
(4)
1 0.0150 B

(4)
1 −0.0162

Fig. 9. The interaction polarizability∆αAB
zz (R) (a) and the exchange polarizabilityαexch

zz (R) (b) for L configuration (θ = 0)
of the complex Ar-H2. Solid line in (a) – analytical calculation taking into account the exchange polarizability; dashed line
in (a) – analytical calculation without considering the exchange polarizability; solid line in (b) – analytical calculation taking
into account the both terms of Eq. (10); dotted line in (b) – analytical calculation taking into account the first term of Eq. (10);
dashed line in (b) – analytical calculation taking into account the second term of Eq. (10); circles –ab initio calculation [37,
38]. All values are in a.u.

For considered complex the parametersB1 andB2 in the exchange polarizability (see, Eq. (10)) are the
functions of the angleθ and can be written as

Bi = B
(0)
i +B

(2)
i P2(cos θ) +B

(4)
i P4(cos θ), (24)

wherePλ(cos θ) is the Legendre polynomial. The fitting parametersB
(λ)
i and the parameters̄β, δ, andη,

required to describe the exchange polarizabilityαexch
zz (R, θ) of the complex Ar-H2, are given in Table 4.

It should be noted that the parametersB
(λ)
i reflect the H-H bond length.

The calculation results of the interaction polarizability∆αAB
zz (R, θ) and of the exchange polarizability

αexch
zz (R, θ) for L configuration (θ = 0) of the complex Ar-H2 are given in Fig. 9. The interaction

polarizabilities∆αAB
zz (R, θ) for T configuration (θ = π/2) and for S configuration (θ = π/4) of the

same complex are given in Fig. 10. It can be seen that, as for atomic complexes considered above, the
exchange contributions are appreciable for the interaction polarizability∆αAB

zz (R, θ). The exchange
polarizability αexch

zz (R, θ) for L configuration of the complex has the same behavior as for atomic
complexes. The exchange polarizabilities for the configurations T and S have the analogical form
and are not given. The exchange contribution into the components of the interaction polarizabilities
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Fig. 10. The interaction polarizabilities∆αAB
zz (R) for T configuration (θ = π/2) (a) and S configuration (θ = π/4) of the

complex Ar-H2. Solid lines – analytical calculations taking into account the exchange polarizability; dashed lines – analytical
calculations without considering the exchange polarizability; circles –ab initio calculation [37,38]. All values are in a.u.

Fig. 11. The interaction polarizabilities∆αAB
xx (R) (a) and∆αAB

xz (R) for S configuration (θ = π/4) (b) of the complex Ar-H2.
Solid lines – analytical calculations without considering the exchange polarizability; circles –ab initio calculation [37,38]. All
values are in a.u.

∆αAB
xx (R, θ), ∆αAB

yy (R, θ) and∆αAB
zx (R, θ) is of negligible quantity that’s illustrated in Fig. 11.

The proposed approach allows us to describe analytically the surface of the interaction polarizability
∆αAB

αβ (R, θ) of the complex Ar-H2 for the considered range ofR. For an example, the surfaces of
the interaction polarizabilitiesαAB

zz (R, θ) with and without considering the exchange polarizabilities are
given in Fig. 12. This figure gives the general representation of the exchange polarizability role for
different orientations of the molecule H2 in the complex Ar-H2.
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Fig. 12. The surface of the interaction polarizabilities∆αAB
zz (R, θ) of the complex Ar-H2 with (lower surface) and without

(upper surface) taking into account the exchange polarizability. The values of∆αAB
zz andR are in a.u., the angleθ is in rad.

4. Conclusion

In this work, to describe the polarizability of interacting atom-molecular systems the model considering
both long-range and exchange contributions as an arithmetic sum has been used. In fact, the correlation
between long-range and exchange contributions even in a range of weak overlap of the valence electron
shells of interacting systems has a more complicated form. In addition to the exchange contribution, other
effects that take place due to overlapping of the electron shells of interacting systems are to contribute
into the polarizability. Nevertheless, the proposed model allows us to describe with a good accuracy the
polarizability of interacting systems for a long-range ofR including the vicinity ofRe for the simple van
der Waals complexes using the simple analytical expressions. So, this model can be used for describing
of different collision-induced effects.

Appendix

Analytical expressions for the interaction polarizability of X-Y2 complex

∆αAB
xx (R, θ) = −2αA

(
αB

xx cos2 θ + αB
zz sin2 θ

)

R3
+

3BA
z,z,zzΘ

B
zz

(
7 cos2 θ − 3

)

4R5

+
2αAEB

x,xxx cos2 θ
(
15 cos2 θ − 11

)

R5
−

3αAEB
z,zzz sin2 θ

(
5 cos2 θ − 1

)

R5
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+
αA

(
αB

zz

)2
sin2 θ

(
3 cos2 θ + 1

)

R6
− αA

(
αB

xx

)2
cos2 θ

(
3 cos2 θ − 4

)

R6
(A1)

−6αAαB
xxα

B
zz sin2 θ cos2 θ

R6
+

(
αA

)2 (
αB

xx cos2 θ + αB
zz sin2 θ

)

R6
+
γA

[
8C0

6 + C2
6

(
3 cos2 θ + 1

)]

36αAR6

+
C0

6

[
3γB

zzzz sin2 θ
(
3 cos2 θ+1

)
+3γB

zxzx

(
18 cos4 θ−19 cos2 θ+5

)
−γB

xxxx cos2 θ
(
9 cos2 θ−13

)]

12 (αB
zz+2αB

xx)R6
,

∆αAB
yy (R, θ) = −2αAαB

xx

R3
+

3BA
z,z,zzΘ

B
zz

(
5 cos2 θ − 1

)

4R5
+

2αAEB
x,xxx

(
5 cos2 θ − 1

)

R5

+
2αAαB

xx

(
αA + αB

xx

)

R6
+
γA

[
8C0

6 + C2
6

(
9 cos2 θ − 5

)]

36αAR6
(A2)

+
C0

6

[
3γB

zxzx

(
3 cos2 θ + 1

)
− γB

xxxx

(
3 cos2 θ − 7

)]

12 (αB
zz + 2αB

xx)R6
,

∆αAB
zz (R, θ) =

4αA
(
αB

xx sin2 θ + αB
zz cos2 θ

)

R3
−

3BA
z,z,zzΘ

B
zz

(
3 cos2 θ − 1

)

R5

−
8αAEB

x,xxx sin2 θ
(
5 cos2 θ − 1

)

R5
+

4αAEB
z,zzz cos2 θ

(
5 cos2 θ − 3

)

R5

+
αA

(
αB

zz

)2
cos2 θ

(
3 cos2 θ + 1

)

R6
− αA

(
αB

xx

)2
sin2 θ

(
3 cos2 θ − 4

)

R6
(A3)

+
6αAαB

xxα
B
zz sin2 θ cos2 θ

R6
+

4
(
αA

)2 (
αB

xx sin2 θ + αB
zz cos2 θ

)

R6
+
γA

[
14C0

6 + 11C2
6

(
3 cos2 θ − 1

)]

36αAR6

+
C0

6

[
3γB

zzzz cos2 θ
(
3 cos2 θ + 1

)
−3γB

zxzx

(
18 cos4 θ − 19 cos2 θ − 1

)
−γB

xxxx sin2 θ
(
9 cos2 θ − 13

)]

12 (αB
zz+2αB

xx)R6

+





∑

λ=0,2,4

B
(λ)
1 Pλ(cos θ)



Rδ exp(−ηR)+





∑

λ=0,2,4

B
(λ)
2 Pλ(cos θ)



R2δ exp(−2ηR),

∆αAB
zx (R, θ) = ∆αAB

xz (R, θ) = sin2 θ cos2 θ

{
αA

(
αB

zz − αB
xx

)

R3
+

6BA
z,z,zzΘ

B
zz

R5

+
αAEB

x,xxx

(
5 cos2 θ + 7

)

R5
+
αAEB

z,zzz

(
5 cos2 θ − 9

)

2R5
(A4)

+
αA

(
αB

zz − αB
xx

) [
αB

zz

(
3 cos2 θ + 1

)
− αB

xx

(
3 cos2 θ − 4

)
− 2αA

]

R6
− γAC2

6

3αAR6
+

+
C0

6

[
3γB

zzzz

(
3 cos2 θ + 1

)
− 6γB

zxzx

(
9 cos2 θ − 5

)
+ γB

xxxx

(
9 cos2 θ − 13

)]

12 (αB
zz + 2αB

xx)R6

}
,



180 M.A. Buldakov and V.N. Cherepanov / Asymptotic model of exchange interactions for polarizability calculation

∆αAB
xy (R, θ) = ∆αAB

yx (R, θ) = ∆αAB
zy (R, θ) = ∆αAB

yz (R, θ) = 0. (A5)

References

[1] S. Kielich,Molekularna Optyka Nieliniowa(Nonlinear Molecular Optics), Naukowe, Warszawa-Poznan, 1977.
[2] G. Birnbaum, ed.,Phenomena Induced by Intermolecular Interactions, Plenum, New York, 1985.
[3] G.C. Tabitz and M.N. Neuman, eds,Collision- and Interaction-Induced Spectroscopy, Kluwer, Dordrecht, 1995.
[4] L. Silberstein, Molecular refractivity and atomic interaction. 1,Phil Mag 33 (1917), 92–128.
[5] L. Silberstein, Molecular refractivity and atomic interaction. 2,Phil Mag 33 (1917), 521–533.
[6] A.D. Buckingham, The polarizability of a pair of interacting atoms,Trans Faraday Soc52 (1956), 1035–1041.
[7] K.R. Sundberg, A group-dipole interaction model of the molecular polarizability and the molecular first and second

hyperpolarizabilities,J Chem Phys66 (1977), 114–118.
[8] A.D. Buckingham and K.L. Clarke, Long-range effects of molecular interactions on the polarizability of atoms,Chem

Phys Lett57 (1978), 321–325.
[9] K.L.C. Hunt, B.A. Zilles and J.E. Bohr, Effects of van der Waals interactions on the polarizability of atoms, oscillators,

and dipolar rotors at long range,J Chem Phys75 (1981), 3079–3086.
[10] K.L.C. Hunt, Y.Q. Liang and S. Sethuraman, Transient, collision-induced changes in polarizability for atoms interacting

with linear, centrosymmetric molecules at long range,J Chem Phys89 (1988), 7126–7138.
[11] D.M. Bishop and J. Pipin, Calculation of the polarizability and hyperpolarizability tensors, at imaginary frequency, for

H, He, and H2 and the dispersion polarizability coefficients for interactions between them,J Chem Phys97 (1992),
3375–3381.

[12] P.W. Fowler, K.L.C. Hunt, H.M. Kelly and A.J. Sadley, Multipole polarizabilities of the helium atom and collision-induced
polarizabilities of pairs containing He and H atoms,J Chem Phys100 (1994), 2932–2935.

[13] X. Li and K.L.C. Hunt, Transient changes in polarizability for centrosymmetric linear molecules interacting at long
range: Theory and numerical results for H...

2 H2, H...
2 N2, and N...

2 N2, J Chem Phys100 (1994), 7875–7889.
[14] S.M. El-Sheikh, G.C. Tabisz and A.D. Buckingham, Collision-induced light scattering by isotropic molecules: The role

of the quadrupole polarizability,Chem Phys247 (1999), 407–412.
[15] C. Domene, P.W. Fowler, P.J̈emmer and P.A. Madden, Dipole-induced-dipole polarizabilities of symmetric clusters,Mol

Phys98 (2000), 1391–1407.
[16] L. Jensen, P.-O. Åstrand, A. Osted, J. Kongsted and K.V. Mikkelsen, Polarizability of molecular clusters as calculated by

a dipole interaction model,J Chem Phys116 (2002), 4001–4010.
[17] M.A. Buldakov, B.V. Korolev, I.I. Matrosov and V.N. Cherepanov, Polarizability of two interacting molecules N2 and

O2, Optics and Spectroscopy94 (2003), 185–190.
[18] M.A. Buldakov, V.N. Cherepanov and N.S. Nagornova, Polarizability of the van der Waals complexes N...

2 Y and O...
2 Y

(Y = He, Ne, Ar, Kr, Xe). Part 1. Stable configurations,Atmos Oceanic Opt18 (2005), 12–17.
[19] M.A. Buldakov, V.N. Cherepanov and N.S. Nagornova, Polarizability of the van der Waals complexes N...

2 Y and O...
2 Y

(Y = He, Ne, Ar, Kr, Xe). Part 2. Unstable configurations,Atmos Oceanic Opt18 (2005), 18–22.
[20] M.A. Buldakov, V.N. Cherepanov and N.S. Nagornova, Polarizability of the van der Waals complexes N...

2 Y and O...
2 Y

(Y = He, Ne, Ar, Kr, Xe). Part 3. Frequency dependence,Atmos Oceanic Opt19 (2006), 33–37.
[21] X. Li, C. Ahuja, J.F. Harrison and K.L.C. Hunt, The collision-induced polarizability of a pair of hydrogen molecules,J

Chem Phys126 (2007), 214302.
[22] G. Maroulis, ed., Atoms, Molecules and Clusters in Electric Fields. Theoretical Approaches to the Calculation of Electric

Polarizability, Singapore, Imperial College Press, 2006.
[23] G. Maroulis, ed.,Computational Aspects of Electric Polarizability Calculations: Atoms, Molecules and Clusters,

Amsterdam, IOS Press, 2006.
[24] D.G. Bounds, The interaction polarizability of two hydrogen molecules,Mol Phys38 (1979), 2099–2106.
[25] D.G. Bounds, A. Hinchliffe and C.J. Spicer, The interaction polarizability of two nitrogen molecules,Mol Phys42 (1981),

73–82.
[26] C.E. Dykstra and S.-Y. Liu, The hydrogen bonding influence on polarizability and hyperpolarizability. A derivative

hartree-fock study of the electric properties of hydrogen fluoride and the hydrogen fluoride dimer,J Mol Structure:
THEOCHEM135 (1986), 357–368.
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Abstract. Anomalous diffusion is considered in the context of fractional dynamics applied to dielectric relaxation of polyelec-
trolyte solutions. The approach starts from a fractional Smoluchowski equation in configuration space of molecular orientations
of macroions and displacements of couterions. By using a perturbation procedure, we derive analytic expressions for the buildup
and reversing field processes of the electric polarization given by the expectation value of the product of the first Legendre
polynomial by the first Hermite polynomial. The first harmonic component of the ac dielectric response is also calculated. All
these results are illustrated by plots demonstrating the effect of both the coupling (rotation-translation) parametera and the
critical exponentα (subdiffusion).

1. Introduction

Among many techniques for investigating macromolecular systems such as colloı̈dal suspensions,
biopolymers and polyelectrolytic solutions, dielectric measurements remain still a matter of topical
interest [1]. In particular, the relaxation processes can be studied over a very broad range either in
time or frequency [2]. The problem of getting a better understanding of the complex behavior of
polyelectrolytes [3–10] takes on special importance because of many applications in molecular biology
(nucleic acids, peptides, proteins) or in industry (paper production, water filtration, absorbers). For
such systems, all the question consists of describing the dynamic evolution of charged groups, namely
macroions (with negative charges) surrounded by a ionic cloud of counterions (with positive charges).
To follow the orientational motion of the molecules acted on by an electric field, one needs to consider
the coupling between the vibration of the small cations and the rotation of the macroion. A theoretical
approach taking into account this coupling effect was proposed by Szabo et al. [11] who derived a
Smoluchowski equation for the probability distribution functionW (ϑ, x, t) of orientations(ϑ) and
displacements(x) of Brownian particles in configuration space. The solution of this partial differential
equation led them to obtain analytic expressions for the linear Kerr effect response (low field limit). On
using this method, we have also established in a previous paper [12] literal relations for the nonlinear
dielectric increment of an assembly of nonpolar rodlike macroions.

The purpose of this paper is to deal with the problem of anomalous diffusion occurring in the dielectric
response of polyelectrolytes composed of an ensemble of noninteracting polyion molecules with no
permanent dipole moments. To our knowledge, this aspect has not been tackled yet. It is indeed

∗Corresponding author. E-mail: dejardin@univ-perp.fr.
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observed that the relaxation phenomena in complex fluids do not obey an exponential law in the time
domain but rather a Mittag-Leffler functionEα [− (t/τ)α], whereτα plays the role of a specific waiting
time scale andα is a fractional parameter different from unity (α = 1 corresponds to the Brownian
diffusion limit) [13–16]. In what follows, we shall consider the subdiffusion processes where 06 α 6

1.

2. Theory

We briefly recall [11,12] the one-dimensional Smoluchowski equation for a memoryless process of a
symmetric-top charged particle under the action of an electric fieldE (t). We have

∂

∂t
W (ϑ, x, t) =

Dr

sin ϑ

∂

∂ϑ

[
sin ϑ

(
∂

∂ϑ
W (ϑ, x, t) +

W (ϑ, x, t)

kT

∂

∂ϑ
V (ϑ, x, t)

)]

(1)

+Dt
∂

∂x

[
∂

∂x
W (ϑ, x, t) +

W (ϑ, x, t)

kT

∂

∂x
V (ϑ, x, t)

]
,

whereDr = (2τ )−1 is the rotational diffusion coefficient with respect to the axis perpendicular to the
symmetry axis of the macroion,Dt is the translational diffusion coefficient of the counterions,k is the
Boltzmann constant, andT is the absolute temperature. The total potential energy of the macroion
carrying an instantaneous dipole momentm induced by the application of the electric fieldE (t) is

V (ϑ, x, t) =
n2e2

2σ
x2 − nexE (t) cos ϑ, (2)

wheren is the number of charged groups on the macroion,e is the electron charge,σ is the polarizability
of the macroion, andm = nex. Oosawa [17] showed that the mean square dipole moment

〈
m2

〉
equals

kTσ, and defined a single relaxation timeτt for the dynamics of the ion atmosphere related toDt by

τt = (bDt)
−1 , (3)

whereb = n2e2/
〈
m2

〉
.

From the Debye’s theory, the electric polarization of the polyelectrolyte solution can be defined by
P (t) = N 〈m cos ϑ〉 (t), where the value of the momentm, unlike usual polar liquids, is no longer
constant but depends on the displacement coordinatex andN is the number of macromolecules per unit
volume. Hence, the physical quantity appropriate to dielectric relaxation of a polyion in dilute solution,
having only an instantaneous dipole momentm, will be given by the expectation value of the product
of the first Legendre polynomial by the first Hermite polynomial [12], namely〈P1 (u) H1 (y)〉 (t). The
angular brackets stand for ensemble averages such that

ql,n (t) = 〈Pl (u) Hn (y)〉 (t) =

∫ +1

−1

∫ +∞

−∞

W (u, y, t)Pl (u)Hn (y) dudy, (4)

whereu = cos ϑ = P1 (u) andy = (b/2)1/2 x = H1 (y) /2. Multiplying both sides of Eq. (1) by
Pl (u)Hn (y) and integrating from−1 to +1 over the variableu and from−∞ to +∞ over the variable
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y, we obtain the following infinite hierarchy of differential-recurrence relations for theql,n (t)

q̇l,n (t) = − [l (l + 1) Dr + n/τt] ql,n (t)

+

(
2σ

kT

)1/2

E (t)Dr
l (l + 1)

2 (2l + 1)
[ql−1,n+1 (t) − ql+1,n+1 (t)]

+

(
2σ

kT

)1/2

E (t)
l + 1

2l + 1
(1/τt − lDr)nql+1,n−1 (t) (5)

+

(
2σ

kT

)1/2

E (t)
l

2l + 1
[(l + 1) Dr + 1/τt] nql−1,n−1 (t) .

Now, in order to take account of anomalous diffusion, we apply the Riemann-Liouville operator [14,18]
to the right-hand side of Eq. (5) given by

0D
1−α
t f (t) =

d

dt
0D

−α
t f (t) =

d

dt

[
1

Γ (α)

∫ t

0

f (t′)

(t − t′)1−α dt′
]

. (6)

Since we have to determine the dielectric response, we need to calculateq1,1 (t), (l = 1,n = 1), the time
evolution of which is

τ0D
α
t q1,1 (t) + (1 + 1/a) q1,1 (t) =

Ẽ

3
(1 + 1/a) , (7)

if we restrict ourselves to the first order in the electric field strength, and wherea = τt/τ , and

Ẽ (t) =

(
2σ

kT

)1/2

E (t) .

3. Results and discussion

3.1. Transients for the rise process and the reversing field

For such processes, the electric fieldE (t) is constant,E (t) = E. By taking the Laplace transform
(denoted by the symbol “L”) of Eq. (7), we obtain

Q1,1 (s) =
Ẽ

3
(1 + 1/a)

1

s [(sτ)α + (1 + 1/a)]
, (8)

where

Q1,1 (s) = L [q1,1 (t)] =

∫ ∞

0
exp (−st)q1,1 (t) dt. (9)

By noting that the Laplace transform of the Mittag-Leffler function is

L {Eα [− (t/τ)α]} =
1

s
[
1 + (sτ)−α] , (10)
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Fig. 1. Comparison of the rise processes of the electric polarization for different values of the fractional parameterα. From the
bottom to the top :α = 0.5, 0.67, 0.75, 1. The coupling parametera is fixed to 10.

whereEα [− (t)α] =
∞∑

j=0

(−1)j(t)j

Γ(αj+1) , and using the following property of the Riemann-Liouville operator

L [0D
α
t f (t)] = sαF (s) − sα−1f (0) , (11)

whereF (s) = L [f (t)], we obtain

q1,1 (t) =
Ẽ

3
{1 − Eα [− (1 + 1/a) (t/τ)α]} (12)

for the buildup process where att = 0, q1,1 (0) = 0, and

[q1,1 (t)]r =
Ẽ

3
{−1 + 2Eα [− (1 + 1/a) (t/τ)α]} (13)

for the reversing field with initial condition[q1,1 (0)]r = Ẽ/3.
Whena → ∞ (τ ≫ τt) andα = 1, the well-known Debye’s result of purely polar (permanent moment)

is recovered [19], the Mittag-Leffler function reducing itself to the exponential functionexp (−t/τ). In
Fig. 1, givena = 10, we have plotted the rise regime ofq1,1 (t) as a function oft/τ for different values
of the fractional parameterα (0.5 6 α 6 1). We remark that the smallerα is, the steeper is the initial
slope of the curves. The same considerations can be done in Fig. 2 about the variations of[q1,1 (t)]r.

3.2. Dielectric response to an alternating field

We are here concerned with the derivation of an analytic expression for the dielectric relaxation
of an assembly of noninteracting rodlike macroions acted on by an ac external electric fieldE (t) =
E0 cos (ωt). In the stationary regime, the system has removed all the transient effects and the stationary
ac dielectric response which is independent of the initial conditions can be obtained by seeking all the
ql,n (t) as a Fourier series

ql,n (t) =
+∞∑

k=−∞

Qk
l,n (ω) exp (ikωt) , (14)
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Fig. 2. Comparison of the decay processes (reversing field) ofthe electric polarization for different values of the fractional
parameterα. From the top to the bottom :α = 0.5, 0.67, 0.75, 1. The coupling parametera is fixed to 10.

where the Fourier amplitudes satisfy the conditionQ−k
l,n (ω) =

[
Qk

l,n (ω)
]∗

(the asterisk denotes the

complex conjugate). In particular, the solution forq1,1 (t) can be presented in the form (“Re” stands for
“the real part of”)

q1,1 (t) = 2
∞∑

k=1

Re
[
Qk

1,1 (ω) exp (ikωt)
]
. (15)

For the linear response, we havek = 1 which yields

Q1,1 (ω) =
Ẽ1

6

1 + 1/a

(1 + 1/a) + (iωτ)α , Ẽ1 =

(
2σ

kT

)1/2

E0. (16)

In the limit case ofa → ∞ (permanent dipole moment) andα = 1 (normal diffusion), the well-known
Debye’s result [19] is recovered [1/ (1 + iωτ)]. Figure 3 presents a series of Cole-Cole-like diagrams
illustrating Eq. (16). We have introduced a reduced angular frequency variableΩ = ωτ = ω/ (2Dr), so
that

Q1,1 (a,Ω) = Re [Q1,1 (a,Ω)] − iIm [Q1,1 (a,Ω)] , (17)

where Re and Im stand for the real and imaginary parts ofQ1,1 (a,Ω), respectively. In this figure, we
have fixed to 1 the coupling parametera (= τt/τ ) and chosen four different values of the fractional
parameterα. Given a, the amplitudes of the arcs increase in proportion toα. Similarly, we could
observe that givenα, the amplitudes of the arcs would increase with increasing values ofa.

To conclude, this paper contains some new features about dielectric relaxation in polyelectrolytes by
considering the subdiffusion regime able to occur in such complex liquids. The analytic expressions are
derived both for the transient and the stationary processes of a nonpolar macromolecular system in dilute
solution. The results we have obtained demonstrate the influence of the coupling parametera together
with the fractional exponentα on the dielectric response.
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Fig. 3. Cole-Cole plots of the linear complex electric polarizationQ1,1 (a, Ω) for different values of the fractional parameter
α. From the bottom to the top :α = 0.5, 0.67, 0.8, 1. The coupling parametera is fixed to 1.
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Abstract. DFT and NMR calculations performed on isophlorin (1) and their derivatives (2–10) show that the 4O and thetrans
2O, 2S derivatives (2 and5) are anti-aromatic. The presence of strong S. . . S pπ-pπ bonding interactions stabilizes the planar
structure (5) compared to the non-planar cis-isomer (8). Isophlorins are predicted to have very low electron reorganization
energies (λelectron ∼ 0.10 eV) which remain unaffected by puckering through steric interactions or solvation in aqueous media.
We predict isophlorins to be the ideal candidates for n-Channel organic conductors.

Porphyrins and their structurally similar analogues are probably the most well-studied molecules in
bio-inorganic chemistry [1,2]. Apart from their interest in bio-mimetic studies and redox processes in
biological systems, porphyrin derivatives have many interesting applications in solar-energy harvesting
devices, material chemistry and solid – state organic electronics [3–5]. Isophlorins are the latest addition
to the increasing list of porphyrin derivatives [6]. Isophlorins have been predicted by Woodward to be
the key intermediate in the bio-synthesis of chlorophylls [7]. The difficulty in synthesis of isophlorins
can be understood on the basis of favorable structural rearrangement of the antiaromatic 20π electron
system (amine), into an aromatic 18π electron system (imine). However, the propensity for such an
isomerism is overcomed in synthesis by substituting the X= –NH groups by –O or –S.6 Thus, the only
existing synthesized planar isophlorins are the core modified ones with X= –O and –S. A mechanistic
understanding of the trade-off between planarity/stability/substitution is yet to arrive in these interesting
set of molecules. In this communication, we have studied the role of substitutions in X= NH, O, S
and Se towards the planarity, conformation and anti-aromatic behavior. Based on the calculations for
reorganization energies for hole and electron transport (λhole andλelectron), isophlorins are predicted to
be excellent candidates for n-channel organic conductors quite independent of their planarity although
in aqueous medium, even the planar molecules are predicted to pucker.

Our calculations were performed using the B3LYP exchange-correlation functional of DFT, which is
comprised of Becke’s hybrid, three-parameter, functional and the correlation functional of Lee, Yang,
and Parr [8].

The 6-31G(d) basis set was employed [9,10]. All the geometries were subjected to frequency cal-
culations for removal of vibrational instabilities. The ring-currents are calculated using the Gauge –
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Independent Atomic Orbitals (GIAO), nucleus independent chemical shift (NICS) method [11]. The
reorganization energies,λ are calculated asλhole [λelectron] = Ionization Energy (vertical) – Ionization
Energy (adiabatic) [|Electron Affinity (vertical) – Electron Affinity (adiabatic)|]. Effects of hydration on
the planar isophlorins is studied by enclosing the molecules in periodic cubic box filled with TIP3P water
molecules [12] with a minimum distance of 2.3 Å between the solute and the solvent. After removal
of the ‘bad’ van – der – Waals contact pairs between the water molecules at the edges of the periodic
cubes, dimensions of the boxes were fixed at 20.68× 20.68× 20.68 Å3 (with 293 H2O) and 21.65×
21.65× 21.65 Å3 (with 336 H2O) for 4O-isophlorin (2) andtrans, 2O, 2S-isophlorin (5) respectively.
The mixtures were subject to simulated annealing at 600 K for 10 ps using the CHARMM potentials [13]
followed by an additional 30 ps simulation for equilibration at 300 K.

Scheme 1 shows the molecules for which geometry optimizations were performed. All but2 and5
were found to be non-planar. Crystal structures for F-phenyl-isophlorins of2 and5 are in harmony with
the planarity of the four heterocyclic rings.6 The origin for non-planarity of all other systems is traced to
the small cavity size in isophlorins that leads to puckering due to small van der Waals contact distances
between X, X or X, Y (see Supp. Info. File for structures). The sensitivity of planarity to the cavity
size can be understood by the fact that while thetrans-isomer of the 2O, 2S-compound,5 is planar,
the cis-isomer,8 is not. Substituting O/S by Se/NH leads to puckering in the core. For all the X, Y
systems, thetrans isomers are more stable than thecis-isomers to minimize the dipolar repulsions with
the exception of X= S and Y= Se (7 and10). Se being less electronegative allows stabilization of10
in comparison to7 (by 1.0 kcal/mol) through Se. . . Se weak van der Waals attraction that overwhelms
the weaker dipolar repulsion.

Scheme 1.

Based on structural planarity and formal 20π electrons count,2 and5 are expected to be anti-aromatic.
Assignment of anti-aromaticity for these molecules is also justified from the strong bond-length alteration
(BLA, ∆r) in the C-C bonds along the perimeter of the macrocycles [∆r = 0.07 Å (expt.∆r = 0.10)6

and 0.08 Å (expt.∆r = 0.08)6] for 2 and5 respectively). For a quantitative estimation of aromaticity,
NICS have been calculated for these two molecules along the perpendicular path of the center-of-mass
of the rings Fig. 1(A). The high and positive value of NICS confirms anti-aromaticity for these rings.
Interestingly, for all⊥r distances from the center-of-mass,2 is more anti-aromatic than5. This is
understood on the basis of the smalltransS. . . S contact distance= 3.13 Å (expt. S. . . S= 3.10 Å) that
facilitates cross-conjugation along the ring. Figure 1 (B) (HOMO-3) clearly shows the extended pπ-pπ

interactions between the trans S atoms in5 that is absent in2. Suchπ-conjugation explains the unusually
large stabilization in5 over8 (19.1 kcal/mol) [14].
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Fig. 1. (A) Profile for variation in NICS (in ppm) with increasing perpendicular distance (in Å) from the center-of-mass (C. M)
for 2 and5. (B) Orbital showing pππ-pππ interactions between the trans S-atoms in5.

Motivated by the fact that porphyrin derivates are nature’s own optoelectronic materials, we calculated
the electron and hole reorganization energies for these molecules. In Table 1, we report the computed
magnitudes forλelectron andλhole. λelectron are smaller thanλhole for all the systems due the presence
of four highly electronegative atoms that stabilize the electron-rich molecules.λelectron for most of these
molecules are even lower than the smallest reorganization values reported till now in organic electronics
for CN-substituted penta-azapentacenes (∼0.13 eV) [15].

An interesting observation from the computedλelectron andλhole is that the reorganization energies
are not dependent on the planarity and thus anti-aromaticity of the isophlorins. This is important because
in aqueous media, even2 and5 undergo puckering to accommodate the water molecules near the surface
(Fig. 2).
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Table 1
Hole (λhole) and electron
(λelectron) reorganization en-
ergies (in eV)

Molecule λhole λelectron

1 0.12 0.10
2 0.11 0.09
3 0.20 0.10
4 0.24 0.03
5 0.11 0.08
6 0.13 0.09
7 0.24 0.23
8 0.16 0.09
9 0.14 0.10
10 0.22 0.21

Scheme 2.

Fig. 2. Comparison of the gas-phase optimized planar structures (back) and their non-planar structures in aqueous medium
(front) for (A) = 2 and (B)= 5.

The average distortions in the four O plane and 2S+2O plane are 5.5 and 5.3 degrees for2 and5
respectively. However, such distortions are much smaller than that for any of the other distorted gas-
phase structures, thereby suggesting solvation is not predicted to adversely affect the low reorganization
energies.

Small λelectron is only one molecular property that increases the electron mobility (µelectron). In
a molecular solid,µelectron is also dependent on the transfer integral (Hm,n) between two pairs (m
and n) [16] which within a good-approximation (coherent hopping model) is restricted between nearest
neighbor-pairs [17]. Thus, small intermolecular distances (< 4 Å) created as a result of supramolecular
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forces like C-H. . . π and C-H. . . X (X = F) favor largeµelectron. Indeed, the crystal structure for the
experimental analogues for isophorin derivatives show distinct patterns of such forces in their various
modes of aggregations [6].

In summary, we have shown that isophlorin derivatives show an interesting diversity in their structures
and anti-aromaticity is established unequivocally for2 and 5. We are encouraged by the very low
reorganization energies for electron transport in these molecules (with very little effects of the aqueous
medium) along-with the short inter-molecular contact distances in their molecular solids. Therefore,
our calculations predict very large electron mobilities in crystals of isophlorins. We look forward to an
experimental test to our computational predictions.
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1. X = NH

Atomic Coordinates (Angstroms)
Number X Y Z

6 −2.892377 1.156495 −0.177880
6 −4.230148 0.678648 −0.465527
6 −4.230148 −0.678496 −0.465723
6 −2.892398 −1.156396 −0.178052
1 −5.069658 1.333112 −0.664237
1 −5.069646 −1.332919 −0.664621
6 −2.480140 2.446832 −0.036244
6 −0.706514 4.197501 0.548107
6 1.140204 2.929231 0.169487
6 0.706735 4.197449 0.548129
1 −1.356066 5.021472 0.812507
1 1.356339 5.021382 0.812531
1 −3.250349 3.210957 −0.078230
6 2.480265 2.446767 −0.036510
1 3.250496 3.210861 −0.078654
6 4.230148 0.678496 −0.465723
6 4.230148 −0.678648 −0.465527
1 5.069646 1.332919 −0.664621
6 2.892377 −1.156495 −0.177880
1 5.069658 −1.333112 −0.664237
6 2.480140 −2.446832 −0.036244
1 3.250349 −3.210957 −0.078230
6 0.706514 −4.197501 0.548107
6 −0.706735 −4.197449 0.548129
1 1.356066 −5.021472 0.812507
6 −1.140204 −2.929231 0.169487
1 −1.356339 −5.021382 0.812531
6 1.140037 −2.929248 0.169608
6 2.892398 1.156396 −0.178052
6 −1.140037 2.929248 0.169608
6 −2.480265 −2.446767 −0.036510
1 −3.250496 −3.210861 −0.078654
7 0.000062 2.152864 −0.014774
7 2.069376 −0.000016 −0.080438
7 −0.000062 −2.152864 −0.014774
7 −2.069376 0.000016 −0.080438
1 −1.384279 −0.000050 0.668779
1 −0.000028 1.323326 −0.593963
1 1.384279 0.000050 0.668779
1 0.000028 −1.323326 −0.593963

E[RB3LYP/6-31G(d)]= −1070.14631560 Hartree;
Low frequencies (cm−1): 38.8236 62.0772 93.7052 98.3879 101.8871 122.5752 138.3143 163.8924 173.6048
205.7350 277.1711 284.4113.
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2. X = O

Atomic Coordinates (Angstroms)
Number X Y Z

6 0.000000 1.104575 2.934760
6 0.000000 0.707653 4.257132
6 0.000000 −0.707653 4.257132
6 0.000000 −1.104575 2.934760
1 0.000000 1.367658 5.113716
1 0.000000 −1.367658 5.113716
6 0.000000 2.430332 2.397205
6 0.000000 4.259801 0.676690
6 0.000000 2.883628 −1.117802
6 0.000000 4.259801 −0.676690
1 0.000000 5.110794 1.345103
1 0.000000 5.110794 −1.345103
1 0.000000 3.207916 3.155434
6 0.000000 2.430332 −2.397205
1 0.000000 3.207916 −3.155434
6 0.000000 0.707653 −4.257132
6 0.000000 −0.707653 −4.257132
1 0.000000 1.367658 −5.113716
6 0.000000 −1.104575 −2.934760
1 0.000000 −1.367658 −5.113716
6 0.000000 −2.430332 −2.397205
1 0.000000 −3.207916 −3.155434
6 0.000000 −4.259801 −0.676690
6 0.000000 −4.259801 0.676690
1 0.000000 −5.110794 −1.345103
6 0.000000 −2.883628 1.117802
1 0.000000 −5.110794 1.345103
6 0.000000 −2.883628 −1.117802
6 0.000000 1.104575 −2.934760
6 0.000000 2.883628 1.117802
6 0.000000 −2.430332 2.397205
1 0.000000 −3.207916 3.155434
8 0.000000 0.000000 2.123663
8 0.000000 −2.070228 0.000000
8 0.000000 0.000000 −2.123663
8 0.000000 2.070228 0.000000

E[RB3LYP/6-31G(d)]= −990.717530355 Hartree
Low frequencies (cm−1): 51.2833 63.7874 92.2803 102.8785 122.0459 135.4876 146.4029 188.7732 193.1475
210.9916 285.1215 287.2806.
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3. X = S

Atomic Coordinates (Angstroms)
Number X Y Z

6 −2.193862 −1.909171 1.719981
6 −2.192791 −1.910514 3.104755
6 −0.894272 −1.910205 3.682567
6 0.135020 −1.902664 2.750273
1 −3.101997 −1.818528 3.690452
1 −0.718895 −1.807635 4.748780
6 −3.270816 −1.678546 0.753861
6 −4.093156 −0.556919 −1.382734
6 −2.317450 0.857410 −2.082224
6 −3.649072 0.324302 −2.318371
1 −5.039861 −1.084329 −1.449453
1 −4.207933 0.589632 −3.210900
1 −4.213253 −2.206487 0.893042
6 −1.538162 1.579802 −2.945837
1 −1.961357 1.817255 −3.920754
6 0.894272 1.910205 −3.682567
6 2.192791 1.910514 −3.104755
1 0.718895 1.807635 −4.748780
6 2.193862 1.909171 −1.719981
1 3.101997 1.818528 −3.690452
6 3.270816 1.678546 −0.753861
1 4.213253 2.206487 −0.893042
6 4.093156 0.556919 1.382734
6 3.649072 −0.324302 2.318371
1 5.039861 1.084329 1.449453
6 2.317450 −0.857410 2.082224
1 4.207933 −0.589632 3.210900
6 3.164862 0.809925 0.294522
6 −0.135020 1.902664 −2.750273
6 −3.164862 −0.809925 −0.294522
6 1.538162 −1.579802 2.945837
1 1.961357 −1.817255 3.920754
16 −1.747997 0.255559 −0.509343
16 −0.545507 −2.065386 1.148466
16 1.747997 −0.255559 0.509343
16 0.545507 2.065386 −1.148466

E[RB3LYP/6-31G(d)]= −2361.99976696 Hartree
Low frequencies (cm−1): 33.0320 40.9690 45.4770 71.2046 86.9553 101.1001 115.0773 141.0576 170.2404
210.6821 236.1583 242.1607.
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4. X = Se

Atomic Coordinates (Angstroms)
Number X Y Z

6 0.225281 −3.126511 1.324961
6 1.247195 −3.813891 0.714842
6 1.247195 −3.813891 −0.714842
6 0.225281 −3.126511 −1.324961
1 2.076800 −4.224529 1.283830
1 2.076800 −4.224529 −1.283830
6 0.115263 −2.660670 2.712498
6 0.000000 −0.680415 4.307287
6 −0.016221 1.336838 3.011592
6 0.000000 0.680415 4.307287
1 0.001028 −1.267810 5.221994
1 −0.001028 1.267810 5.221994
1 0.217037 −3.381063 3.524133
6 −0.115263 2.660670 2.712498
1 −0.217037 3.381063 3.524133
6 −1.247195 3.813891 0.714842
6 −1.247195 3.813891 −0.714842
1 −2.076800 4.224529 1.283830
6 −0.225281 3.126511 −1.324961
1 −2.076800 4.224529 −1.283830
6 −0.115263 2.660670 −2.712498
1 −0.217037 3.381063 −3.524133
6 0.000000 0.680415 −4.307287
6 0.000000 −0.680415 −4.307287
1 −0.001028 1.267810 −5.221994
6 0.016221 −1.336838 −3.011592
1 0.001028 −1.267810 −5.221994
6 −0.016221 1.336838 −3.011592
6 −0.225281 3.126511 1.324961
6 0.016221 −1.336838 3.011592
6 0.115263 −2.660670 −2.712498
1 0.217037 −3.381063 −3.524133
34 0.000000 0.000000 1.643723
34 1.003460 2.546504 0.000000
34 0.000000 0.000000 −1.643723
34 −1.003460 −2.546504 0.000000

E[RB3LYP/6-31G(d)]= −10366.7820549 Hartree
Low frequencies (cm−1): 9.2821 27.4630 43.4013 65.6960 77.6021 90.6019 98.0452 103.8485 140.4183 165.7495
167.5601 176.2506
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5. X = O; Y = S

Atomic Coordinates (Angstroms)
Number X Y Z

6 0.000000 2.765728 1.264969
6 0.000000 4.039234 0.708265
6 0.000000 4.039234 −0.708265
6 0.000000 2.765728 −1.264969
1 0.000000 4.942916 1.309981
1 0.000000 4.942916 −1.309981
6 0.000000 2.389365 2.658085
6 0.000000 0.679307 4.554541
6 0.000000 −1.132180 3.184164
6 0.000000 −0.679307 4.554541
1 0.000000 1.338951 5.412375
1 0.000000 −1.338951 5.412375
1 0.000000 3.204225 3.377374
6 0.000000 −2.389365 2.658085
1 0.000000 −3.204225 3.377374
6 0.000000 −4.039234 0.708265
6 0.000000 −4.039234 −0.708265
1 0.000000 −4.942916 1.309981
6 0.000000 −2.765728 −1.264969
1 0.000000 −4.942916 −1.309981
6 0.000000 −2.389365 −2.658085
1 0.000000 −3.204225 −3.377374
6 0.000000 −0.679307 −4.554541
6 0.000000 0.679307 −4.554541
1 0.000000 −1.338951 −5.412375
6 0.000000 1.132180 −3.184164
1 0.000000 1.338951 −5.412375
6 0.000000 −1.132180 −3.184164
6 0.000000 −2.765728 1.264969
6 0.000000 1.132180 3.184164
6 0.000000 2.389365 −2.658085
1 0.000000 3.204225 −3.377374
8 0.000000 0.000000 −2.379590
8 0.000000 0.000000 2.379590
16 0.000000 1.566376 0.000000
16 0.000000 −1.566376 0.000000

E[RB3LYP/6-31G(d)]= −1716.09677468 Hartree
Low frequencies (cm−1): 36.6753 52.0769 61.4629 81.2450 115.3463 120.5890 141.5636 163.8766 179.8199
189.2034 260.4585 274.5759
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6. X = O; Y = Se

Atomic Coordinates (Angstroms)
Number X Y Z

6 −1.075511 −0.080508 3.256858
6 −0.675727 −0.059319 4.577908
6 0.742702 0.000000 4.589334
6 1.160316 0.000000 3.272751
1 −1.334034 −0.085411 5.435617
1 1.388269 0.034359 5.456304
6 −2.366513 −0.233863 2.634388
6 −3.910224 −0.547235 0.678600
6 −2.704964 −0.052414 −1.326169
6 −3.910224 −0.547235 −0.678600
1 −4.710318 −0.982085 1.271530
1 −4.710318 −0.982085 −1.271530
1 −3.142015 −0.612632 3.298730
6 −2.366513 −0.233863 −2.634388
1 −3.142015 −0.612632 −3.298730
6 −0.675727 −0.059319 −4.577908
6 0.742702 0.000000 −4.589334
1 −1.334034 −0.085411 −5.435617
6 1.160316 0.000000 −3.272751
1 1.388269 0.034359 −5.456304
6 2.459927 0.055364 −2.659290
1 3.287327 0.224475 −3.345566
6 4.020894 0.147246 −0.679868
6 4.020894 0.147246 0.679868
1 4.911693 0.340272 −1.271731
6 2.738390 −0.058982 1.327983
1 4.911693 0.340272 1.271731
6 2.738390 −0.058982 −1.327983
6 −1.075511 −0.080508 −3.256858
6 −2.704964 −0.052414 1.326169
6 2.459927 0.055364 2.659290
1 3.287327 0.224475 3.345566
34 −1.603301 0.763922 0.000000
34 1.419469 −0.395207 0.000000
8 0.048560 −0.035838 −2.464105
8 0.048560 −0.035838 2.464105

E[RB3LYP/6-31G(d)]= −5718.47740059 Hartree
Low frequencies (cm−1): 25.3849 46.3145 80.2679 81.9983 82.1725 97.8985 117.9848 136.1300 169.9151 210.4992 213.1755
226.4770
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7. X = S; Y = Se

Atomic Coordinates (Angstroms)
Number X Y Z

6 1.439656 3.083439 −0.078136
6 2.533109 3.326944 0.739369
6 3.514796 2.297298 0.711350
6 3.206955 1.246170 −0.130348
1 2.571077 4.163009 1.430538
1 4.378069 2.284395 1.369129
6 0.120750 3.693512 −0.016959
6 −2.387851 3.525456 0.210128
6 −3.035221 1.222740 0.100987
6 −3.389065 2.612491 0.331451
1 −2.533146 4.583543 0.413002
1 −4.394200 2.880711 0.645825
1 0.082107 4.736988 0.295413
6 −3.788096 0.098635 0.258044
1 −4.851306 0.201907 0.474474
6 −3.532397 −2.312386 −0.691625
6 −2.549904 −3.340566 −0.718858
1 −4.404406 −2.309897 −1.337918
6 −1.444308 −3.083210 0.079063
1 −2.596209 −4.186188 −1.397806
6 −0.124586 −3.686355 0.004231
1 −0.085696 −4.725051 −0.323817
6 2.380125 −3.521212 −0.241508
6 3.383642 −2.611154 −0.362742
1 2.517859 −4.576761 −0.462123
6 3.037078 −1.223145 −0.110541
1 4.383119 −2.878451 −0.695252
6 1.062245 −3.016811 0.108050
6 −3.212441 −1.246673 0.128174
6 −1.064348 3.021551 −0.117668
6 3.785388 −0.098001 −0.275709
1 4.842390 −0.198347 −0.522012
34 −1.203115 1.147891 −0.469948
34 1.215002 −1.150398 0.492731
16 −1.736963 −1.626668 1.005215
16 1.741526 1.637733 −1.019252

E[RB3LYP/6-31G(d)]= −6364.389317 Hartree
Low frequencies (cm−1): 23.1652 38.7046 45.5006 74.9887 82.3959 104.5919 111.1692 119.2187 163.6189
200.7413 201.1848 205.5668
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8. X = O; Y = S

Atomic Coordinates (Angstroms)
Number X Y Z

6 −3.195997 −0.345156 −0.019551
6 −3.803512 −1.351847 −0.749747
6 −3.107903 −2.592114 −0.689647
6 −1.965843 −2.552955 0.088310
1 −4.665292 −1.179977 −1.386598
1 −3.385356 −3.459526 −1.280273
6 −3.456268 1.081642 −0.002981
6 −2.736620 3.503573 0.017406
6 −0.506811 3.078241 0.022917
6 −1.523597 4.105260 0.018844
1 −3.712325 3.971102 0.007656
1 −1.309718 5.166163 0.003862
1 −4.488317 1.410636 −0.095590
6 0.840034 3.297891 −0.013140
1 1.084695 4.357306 −0.016881
6 3.342938 2.916051 −0.060360
6 4.155603 1.760946 −0.099820
1 3.670892 3.946484 −0.036036
6 3.305573 0.669914 −0.113873
1 5.236019 1.718157 −0.109327
6 3.564652 −0.740452 −0.109824
1 4.615517 −1.017848 −0.089538
6 2.818546 −3.166627 0.013988
6 1.669268 −3.886333 0.111856
1 3.812755 −3.603381 0.026290
6 0.454061 −3.091708 0.078914
1 1.635198 −4.966297 0.217279
6 2.624956 −1.732001 −0.091636
6 2.023430 2.492649 −0.052261
6 −2.525130 2.074830 0.028145
6 −0.845837 −3.493598 0.155629
1 −1.064009 −4.559412 0.195629
8 −1.148972 1.852402 0.044683
16 −1.840696 −0.985037 0.860837
8 2.003646 1.123597 −0.090570
16 0.899651 −1.375002 −0.127610

E[RB3LYP/6-31G(d)]= −1716.07355928 Hartree
Low frequencies (cm−1): 33.9485 44.6348 67.1405 77.2005 102.4403 121.5092 133.0060 142.9845 176.8948
211.4966 257.4308 260.9271
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9. X = O; Y = Se

Atomic Coordinates (Angstroms)
Number X Y Z

6 −0.772401 −2.803813 −0.099025
6 −0.046200 −3.969381 −0.275777
6 1.366948 −3.823673 −0.319870
6 1.829289 −2.521043 −0.211157
1 −0.529855 −4.936069 −0.393373
1 2.036949 −4.672576 −0.429821
6 −2.198088 −2.589905 −0.241468
6 −4.013806 −0.891186 −0.687654
6 −2.889341 1.177853 −0.280689
6 −4.023050 0.456496 −0.855213
1 −4.721788 −1.553843 −1.178371
1 −4.746411 0.972842 −1.480485
1 −2.757128 −3.376971 −0.751230
6 −2.420407 2.401623 −0.624793
1 −3.059197 3.018930 −1.256550
6 −0.780578 4.335668 −0.342883
6 0.615645 4.396081 −0.132134
1 −1.460657 5.164275 −0.486039
6 1.068301 3.094124 −0.020660
1 1.236090 5.280854 −0.088807
6 2.440704 2.687870 0.102018
1 3.098653 3.549039 0.187124
6 4.547504 1.297973 0.089385
6 4.785906 −0.036096 −0.023850
1 5.276133 2.094095 0.169438
6 3.517775 −0.710082 −0.101350
1 5.744708 −0.536675 −0.050114
6 3.118484 1.506120 0.066084
6 −1.135535 3.005253 −0.332635
6 −2.850991 −1.423289 0.012712
6 3.176001 −2.028209 −0.200692
1 3.988886 −2.746840 −0.269181
34 −2.054829 0.037327 0.993189
8 −0.002963 2.235660 −0.125145
8 2.529788 0.264523 −0.040969
34 0.397831 −1.320645 0.013700

E[RB3LYP/6-31G(d)]= −5718.45268244 Hartree
Low frequencies (cm−1): 41.8541 48.2129 68.9185 75.6031 97.1331 115.8761 122.8442 135.3420 170.9553
193.6990 205.5085 227.4534
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10. X = O; Y = Se

Atomic Coordinates (Angstroms)
Number X Y Z

6 3.135167 −0.507198 −0.098214
6 3.595364 0.211828 −1.172570
6 3.235900 1.594938 −1.214124
6 2.443130 2.048197 −0.185618
1 4.127441 −0.265159 −1.990936
1 3.478600 2.223902 −2.066037
6 3.046181 −1.966768 0.108919
6 1.428522 −3.947115 0.272071
6 −0.783820 −3.080314 −0.102345
6 0.093384 −4.198473 0.201277
1 2.156862 −4.700750 0.558613
1 −0.329729 −5.175421 0.422257
1 3.935559 −2.545765 0.356326
6 −2.146962 −3.061326 0.027371
1 −2.630774 −3.984888 0.345223
6 −4.122524 −1.575359 0.709897
6 −4.451308 −0.196216 0.711443
1 −4.636721 −2.308385 1.323419
6 −3.576720 0.595121 −0.022782
1 −5.245938 0.223194 1.320471
6 −3.395973 2.035595 −0.047563
1 −4.286412 2.657910 0.030786
6 −1.914815 4.092609 −0.073839
6 −0.599919 4.437578 −0.039579
1 −2.727027 4.812253 −0.117997
6 0.321631 3.315654 −0.015975
1 −0.241035 5.462215 −0.047470
6 −2.179720 2.665714 −0.064266
6 −2.983569 −1.882688 −0.027675
6 1.838568 −2.579147 0.011059
6 1.681226 3.300327 −0.105349
1 2.208476 4.246505 −0.219351
34 0.299685 −1.549344 −0.480235
16 −2.449819 −0.445280 −0.867753
34 2.210278 0.660722 1.077323
16 −0.620839 1.804644 0.027183

E[RB3LYP/6-31G(d)]= −6364.39099041 Hartree
Low frequencies (cm−1): 30.6762 40.9430 44.0453 68.0845 78.5991 96.3687 107.8472 116.7636 150.6931 180.9952 208.6299
211.8604
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Abstract. The modelling of the diethynylsilane derivatives reveals large magnitudes of the first hyperpolarizability (β). The
electron donor (D) and acceptor (A) groups are attached at both ends of the oligomers that containing up to ten heterocyclic
rings. Several D/A pairs with different strengths were tested in this investigation. The magnitude of static and dynamicβ was
computed using the AM1/TDHF methodology. The presence of the alkyl donor groups containing heteroatom in the oligomers
investigated contributes most for the largest values of theβ hyperpolarizability observed. The effect of the oligomer chain
length on theβ magnitude is also investigated. The results demonstrate that the diethynylsilane derivatives are promising as
second-order nonlinear optical materials.

Keywords:β Hyperpolarizabilty, AM1/TDHF methodology, diethynylsilane oligomers

1. Introduction

Organic polymers and oligomers have been investigated for the improvement of the nonlinear co-
efficients in order to allow for applications in optoelectronic and photonic [1–4]. Oligomers present
solubility and easier processability, not exhibited by the polymer itself, which make these compounds in-
teresting for the devices manufacture. Polydiethynylsilane (PDES) is a conjugated polymer that displays
large third-order optical susceptibility with exceptionally fast optical response. Wong et al. [5] showed
that this material is a promising candidate for nonlinear optical devices in the sub-THz frequency range.

Experimental and theoretical studies demonstrated that PDES polymer has a four-membered backbone
Si-ring structure, which presents two isomeric forms (PDES(I) and PDES(II)) that are almost degenerate
in energy (Fig. 1) [6,7]. An earlier study indicated that the electrical and optical properties of PDES
must be due toπ-electrons in their structure of carbon since that the silicon atoms are in sp3-hybridized
state [8]. Another study performed calculations with the finite-field (FF) method, at level of the Møller-
Plesset second-order perturbation theory (MP2), and demonstrated that polydiethynylsilane with the
substituents at the silicon atom of the heterocyclic ring has the largest values of the longitudinal second
hyperpolarizability (γ) among other polymers [9].

The second-order nonlinearities require a non-centrosymmetric molecular material [1,2]. In addition,
large magnitude values of the first hyperpolarizability (β) are needed for applications as the eletrooptic
modulation and frequency doubling. The strategy of introducing donor (D) and/or acceptor (A) groups
of electron as well as the increasing of oligomer chain size successfuly worked to improve the nonlinear
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Fig. 1. Diethynylsilane oligomers structures investigated, wheren show the values range from 1 to 10.

responseβ for thiophene [4] and aniline [10–12]. For the polyenic derivatives was found that large
β values can also be obtained by using this approach [13]. Furthermore, the modelling of polyenic
derivatives with efficient D/A pairs, having bridges with mesoionic rings and polyenic moieties, showed
very largeβ values [14,15]. Also, earlier theoretical and experimental results for novel functionalized
oligo-vinylthiophene molecules containing the silicon atom in the spacer display largeβ magnitudes
in contrast with the observed to other spacers [16]. The silicon atom itself presents a large nonlinear
coefficient [17,18]. These results demonstrated that the electronic asymmetry and length of conjugation,
as well as the nature of the conjugation, is fundamental to optimizeβ for these classes of nonlinear
materials. Hence, several donor-acceptor diethynylsilane oligomers containing up to ten Si-rings were
modeled in the present work to test their use as second-order nonlinear optical material.

The methyl, ethyl, propyl, butyl donor groups and their equivalent alkoxides were selected to further
increasing of the polarization in diethynylsilane oligomers. These groups contributed to largeβ and
γ hyperpolarizabilities of the aniline disubstituted octamers [11,12]. The dicyanoethenyl group is the
acceptor of the systems investigated. Hence, different D/A pairs were incorporated in the designed
diethynylsilane oligomers. The nonlinear chromophores containing the dicyano group present large first
and second hyperpolarizabilities according to theoretical and experimental studies [10–12,14,15,19–22].
The effect of chain length on the magnitude of theβ hyperpolarizability was also investigated by studying
donor-acceptor PDES oligomers containing up to ten Si-rings in the chain.

The magnitudes of the static and dynamicβ hyperpolarizability were calculated with the variational
time dependent Hartree-Fock (TDHF) approach [23]. The presence of the oxygen heteroatom in the
alkoxides groups contributes significantly for the higher values obtained ofβ for both PDES(I) and
PDES(II) structures. The best performance relative for the first hyperpolarizability was obtained for the
donor-acceptordecamers of PDES(II), and the nonsaturation of the response was observed according with
the AM1/TDHF calculations. The butoxi (D8) and dicyanoethenyl (A) substituents groups contribute for
the largest value ofβ (51,864.10−30 esu) obtained for the second harmonic generation (SHG) at 1060 nm.
The large values of theβ hyperpolarizability obtained in this work demonstrate that the donor-acceptor
diethynylsilane oligomers can be used as active materials in second-order nonlinear optical media.

2. Methodology

The magnitudes of static and dynamicβ hyperpolarizability for the second harmonic generation
(SHG) were calculated using the time dependent Hartree-Fock (TDHF) approach [23] with the AM1
hamiltonian [24]. The calculations were performed using the MOPAC2000 computational code [25].

The donor-acceptor oligomeric systems investigated containing the methyl (D1), methoxi (D2), ethyl
(D3), ethoxi (D4), propyl (D5), propoxi (D6), butyl (D7) and butoxi (D8) donor groups matched with the
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Table 1
Calculated properties for the trimers and decamers of PDES(I)

system β0(10−30esu) β1060(10−30esu) µ (D) ∆H−L(eV) IP (eV)
trimer 6 13 1.79 7.37 8.17
D1-Tri-A 47 193 4.58 6.83 8.41
D2-Tri-A 60 262 4.58 6.63 8.20
D3-Tri-A 62 340 4.78 6.69 8.33
D4−Tri-A 95 701 5.20 6.42 8.04
D5-Tri-A 61 314 4.74 6.71 8.34
D6-Tri-A 98 751 5.32 6.40 8.04
D7-Tri-A 70 432 4.89 6.61 8.25
D8-Tri-A 96 698 5.26 6.42 8.04
decamer 13 268 8.75 6.94 7.81
D1-Dec-A 50 168 4.04 6.12 7.78
D2-Dec-A 65 286 3.58 6.06 7.72
D3-Dec-A 51 178 4.05 6.12 7.78
D4-Dec-A 69 312 3.29 6.05 7.70
D5−Dec-A 51 180 4.06 6.13 7.79
D6-Dec-A 70 326 3.28 6.03 7.70
D7-Dec-A 52 190 4.06 6.14 7.80
D8-Dec-A 71 327 3.25 6.02 7.70

β0 is the static value,β1060 is the dynamic(SHG) value at 1060 nm,µ is the ground
state dipole moment in Debye (D),∆H−L is the HOMO-LUMO energy gap in
electronVolt (eV), Tri (Dec) is relative to the substituted trimer (decamer), where
the donor groups are the methyl (D1), ethyl (D3), propyl (D5), butyl (D7) and their
alkoxides equivalents (D2, D4, D6, and D8), respectively; A is the dicyanoethenyl
group.

dicyanoethenyl as the electron acceptor (A) group. Several donor-acceptor derivatives were studied of
both PDES(I) and PDES(II) isomeric forms containing up to ten Si-rings in the chain.

The correspondent experimental values must be superior for the theoretical ones computed with
the AM1/TDHF methodology as reported in the literature, since that utilize a minimal basis, and the
correlation effect as well as the role of solvent is not included in this semiempirical approach [1–3].
Vibrational effects can also be important for the nonlinear molecules investigated [2]. The semiempirical
methodology has the advantage of requiring less computational time in contrast with more rigorous
techniques as observed in the calculations of the nonlinear coefficients for large molecules carry out with
theab initio and DFT methods. Therefore, it may be assumed that the AM1/TDHF methodology is an
useful instrument to indicate large systems belonging to a series of chemically related compounds having
potential applications in nonlinear optics. The results of the second hyperpolarizability for the model
trimers of neutral forms of polyaniline obtained using the AM1/TDHF methodology are in agreement
with the experimental trends observed for the polymer [3]. For theβ hyperpolarizability, the smallest
value is estimated to the leucoemeraldine form, while the largest values are due to the pernigraniline and
emeraldine, with fully oxidized and semioxidized structures, respectively.

3. Results and discussion

The selected AM1/TDHF results for the PDES trimers and decamers of the static and dynamic (SHG)
β are shown in Tables 1–2. The ground state dipole moment (µ), the HOMO-LUMO energy gap (∆H−L)
and the ionization potential (IP) also are reported.

The donor (D) and acceptor (A) groups of electron investigated are efficient to promoting the en-
hancement of theβ magnitudes for PDES oligomers. In particular, the donor groups with the oxygen
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Table 2
Calculated properties for the trimers and decamers of PDES(II)

system β0(10−30esu) β1060(10−30esu) µ (D) ∆H−L(eV) IP (eV)
trimer 2 2.2 1.10 7.36 8.06
D1-Tri-A 57 470 8.67 6.79 8.30
D2-Tri-A 69 614 8.40 6.73 8.22
D3-Tri-A 58 475 8.66 6.80 8.30
D4-Tri-A 78 731 10.86 6.70 8.13
D5-Tri-A 58 484 8.70 6.80 8.30
D6-Tri-A 80 742 10.90 6.70 8.13
D7-Tri-A 59 488 8.71 6.80 8.30
D8-Tri-A 81 749 10.93 6.70 8.13
decamer 51 3579 5.97 6.52 7.65
D1-Dec-A 208 36030 14.47 6.26 7.75
D2-Dec-A 237 48289 16.37 6.22 7.70
D3-Dec-A 208 36268 14.46 6.26 7.75
D4-Dec-A 243 51055 16.67 6.21 7.70
D5-Dec-A 209 36663 14.49 6.26 7.75
D6-Dec-A 244 51545 16.71 6.21 7.70
D7-Dec-A 209 36836 14.50 6.26 7.75
D8-Dec-A 245 51864 16.73 6.21 7.70

β0 is the static value,β1060 is the dynamic (SHG) value at 1060 nm,µ is the ground
state dipole moment in Debye (D),∆H−L is the HOMO-LUMO energy gap in
electronVolt (eV), Tri (Dec) is relative to the substituted trimer (decamer), where
the donor groups are the methyl (D1), ethyl (D3), propyl (D5), butyl (D7) and their
alkoxides equivalents (D2, D4, D6 and D8), respectively; A is the dicyanoethenyl
group.

heteroatom contribute for the higher values ofβ in contrast with the observed to the equivalent alkyls
groups considering all oligomers studied (Figs 2–3). This effect is more significant for the extended
derivatives of PDES(II). The butoxi (D8), propoxi (D6), ethoxi (D4), methoxi (D2) donor groups con-
tribute for the highest values ofβ obtained in this investigation (Fig. 3). The best performance is obtained
for the decamer of PDES(II) structure, which presents the butoxi and dicyanoethenyl groups as the donor
and acceptor, respectively, with the value ofβ (SHG) to be 51,864.10−30 esu at 1060 nm (Table 2).
All oligomers chains of PDES(II) have planar structures. Therefore, the resonance contributes for the
enhanced values ofβ observed as is also verified for the alyciclic conjugated systems [1,2].

Must be emphasized that the saturation of the response is not observed until the size of the oligomer
investigated for the derivatives of PDES(II) structure in contrast with the observed for PDES(I). In
this case, the largest results of theβ nonlinear coefficient are exhibited by the donor-acceptor trimers
(Table 1). The butoxi (D8) and propoxi (D6) donor groups associated with the dicyanoethenyl acceptor
contribute for the higher values ofβ obtained for the trimers of PDES(I) (Fig. 2). It is verified that the
shorter oligomers chains of PDES(I) have planar geometries, while that the increasing the chain makes
to appear the torsions between the rings, resulting in a nonplanar geometry and therefore reducing the
π-conjugation length. Therefore, the mobility of electrons is decreased and consequently the polarization
of these systems. The saturation at short chain length is also observed for oligomeric polyphenyl series
according with experimental and theoretical results [26–28]. The absence of saturation of theβ nonlinear
response is observed for the donor-acceptor substituted thiophene oligomers with eight double bonds
that were reported in the literature [4].

Furthermore, it is observed that the HOMO-LUMO energy gap decreases with the increasing of
the oligomer chain for both structures of PDES. The PDES(II) decamer with the highest value ofβ
has the least value of the Homo-Lumo energy gap among all oligomers investigated. Therefore in
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Fig. 2. Evolution of theβ(SHG) hyperpolarizability at 1060 nm with the increasing of the number of Si-rings (N) for the
donor-acceptor PDES(I) oligomers, where the donor groups are the methyl (D1), methoxi (D2), ethyl (D3), ethoxi (D4), propyl
(D5), propoxi (D6), butyl (D7), butoxi (D8), and the dicyanoethenyl group is the electron acceptor of the systems investigated.

Fig. 3. Evolution of theβ (SHG) hyperpolarizability at 1060 nm with the increasing of the number of Si-rings (N) for the
donor-acceptor PDES(II) oligomers, where the donor groups are the methyl (D1), methoxi (D2), ethyl (D3), ethoxi (D4), propyl
(D5), propoxi (D6), butyl (D7), butoxi (D8) and the dicyanoethenyl group is the electron acceptor of the systems investigated.
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agreement with the simple two-level model based on perturbation theory, that relates the magnitude of
β hyperpolarizability with the inverse of the energy gap [1,2]. Also, all systems derivatives investigated
of PDES with alkoxides groups have a least HOMO-LUMO energy gap in contrast with ones where is
missing the heteroatom.

The values of ground state dipole moment are strongly magnified with the increase in chain length
for the PDES(II) oligomers according with the AM1/TDHF calculations (Table 2). Another observed
feature for the PDES(I) systems, since that the magnitude of ground state dipole moment is significantly
reduced with the increase of the size of these oligomers (Table 1). The dipolar terms can be responsible
for this typical behaviour showed for the PDES oligomers by using approximate models for theβ
hyperpolarizability [1,2]. Furthermore, experimental and theoretical studies showed that the magnitude
of β as well as the difference between the ground and excited state dipole moment is enhanced with
the increase of the oligomer size for some polyenic compounds having D/A pairs [26,29]. In contrast,
the lengthening of the push-pull diphenylpolyynes chain contributes for the decrease of the difference
between the ground and excited state dipole moments [30,31].

As demonstrated by a survey of experimental and theoretical reports, the introduction of the D/A
groups and the length of the effective conjugation changes substantially the spectroscopy properties,
such the absorption threshold, the transition dipole and the difference between the ground and excited
state dipole moments. Besides, it strongly influence the nonlinear coefficients values [15,26,27,29–31].

In addition, all designed donor-acceptoroligomers of PDES with the alkoxides groups have the smallest
value of the ionization potential in contrast with ones where is missing the heteroatom. The ionization
potential is make equal the HOMO energy by applied the Koopmans theory. The extended donor-
acceptor oligomers of PDSE(II) structure show higher values of the ionization potential compared to
the unsubstituted oligomers, which favors the stability chemical. The mislinked heterocyclic polymers
have higher ionization potentials in comparison with the corresponding normally linked polymers,
which values are sensitive to both the nature of the heteroatom and substitution at the backbone as
demonstrated byab initio band structure calculations [32]. Chemometric analysis demonstrated that
the large values of the ionization potential are associated with higher magnitude values of theβ andγ
hyperpolarizabilities for donor-acceptor polyenic derivatives and aniline oligomers [11,14]. Also, some
substituted oligoanilines and monomers with electron-withdrawing groups display the largest values of
the ionization potential in comparison with the nonsubstituted systems [10,33]. In addition, the values of
ionization potentials computed using AM1 and PM3 methods for the short oligoanilines are in agreement
with the oxidation potentials obtained via electrochemical measurements, which demonstrate that these
quantum chemical models predict the correct structure of oligomers [33].

Earlier AM1/TDHF results for the nonplanar aniline oligomers show that the largest values of the
ionization potential are associated the smallest magnitude of theβ hyperpolarizability, while for the
corresponding simulated planar oligomers is observed an opposite behavior [3]. For linear polyacenes
of increased length was observed that the smallest values of the potential of ionization are associated
with to largest magnitudes ofγ according with the finite-field calculations [34].

For the more extended systems with different D/A pairs, the values of the HOMO-LUMO energy gap,
ground state dipole moment and ionization potential leveling-off according to the results obtained with
the AM1 Hamiltonian, as can be seen in Table 2. Similar behaviour was found for the ground state dipole
moment and transition energy, the later is correlated with the HOMO-LUMO energy gap, of planar
polyphenyls and polyenic derivatives with increasing in chain length using theab initio and CNDOVSB
methods [26]. Also, the ground state dipole moment of the polyenic derivatives with enhanced chain
levels out according with the experimental investigations [35].
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4. Conclusions

This work points out that a strategy to increase the first hyperpolarizability in PDES(II) oligomers
is to increase the chain length, since no saturation of this nonlinear response was observed for the
chain size investigated here. In addition, other groups with different capacities as electron donor and
acceptor can be used to increase the polarization in these systems. Particularly, the introduction of the
substituents at silicon atoms in designed oligomers of PDES can to lead for the enhancement of the
electronic asymmetry and hence to contribute for the increase of theβ hyperpolarizability. In addition,
more rigorous methods should be used to obtaining insight into the bond alternation (BLA) effect on the
values of theβ magnitudes for both PDES(I) and PDES(II) structures, in special due to the presence of
the heteroatom in the substituent groups. The synthesis and characterization of the nonlinear coefficients
of the PDES oligomers investigated is fundamental to understand the nonlinear process observed in
these derivatives. Although polydiethynylsilane is a conjugated heterocyclic polymer that have been
theoretically and experimentally investigated as third-order nonlinear optical material [5,8,9], the very
largeβ values founded for the donor-acceptor PDSE oligomers demonstrate a promising perspective of
applications also as second-order nonlinear media.
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Abstract. The process of Sum Frequency Generation (SFG) in chiral Carbon Nanotubes (CNTs), with the exciting laser beams
propagating along the CNT symmetry axis, is here investigated. First the general form of the first hyperpolarizability third rank
tensorβ for chiral CNTs is determined with group projector technique method applied to theLnp22 line group describing their
symmetry. For this purpose, the group natural factorization has been adopted and the associated irreducible representations,
parameterized in terms of helical quantum numbers, then used to construct the group projector operator in the relevant vector
space. The method demonstrates that second harmonic generation is symmetry forbidden in the collinear geometry while,
conversely, SFG is symmetry allowed. Subsequently, the SFG far-field radiation pattern has been modelled with a calculation
scheme derived from antenna’s theory and already used for simulation of Rayleigh scattering from a CNT. The method has
been overhauled for describing the here considered nonlinear optical interaction. The study of the role played by two induced
counter-propagating current density retarded waves in shaping the radiation pattern is addressed and simulations are reported in
the limit regimes of strong and weak attenuation.

Keywords: Carbon nanotubes, line groups, first hyperpolarizability, sum frequency generation

1. Introduction

Carbon Nanotubes (CNTs) are synthetic nanostructures which are attracting, from the early days
of their discovery in 1991, the interest of researchers due to their remarkable optical, electronic and
mechanical properties [1]. Nevertheless, for more than a decade their second order nonlinear optical
properties have been disregarded up to the breakthrough following the first experimental demonstration
in 2003 of Second Harmonic Generation (SHG) in bulk samples [2,3]. Since then, experimental and
theoretic investigations based on accurate measurements and calculation exploiting the mathematical
apparatus of the irreducible representations of their symmetry group [4–10], have progressed at a steady
pace adding relevant advances in the comprehension of the process.

From a topological point of view, a single wall CNT (SWCNT) is a graphite sheet rolled up into
a cylinder with nanometer size diameter. SWCNTs are periodic structures, being the whole element
obtained by repeated translations along the cylinder axis of a unit cell of lengtha. Moreover, according
to the direction of the wrapping axis with respect the basic vectors of the graphite unit cell, they may
also display a chiral structure characterized by the lack of invariance under reflection through a plane
perpendicular to the cylinder axis. In any case, the wrapping procedure maps the symmetry group of
graphite into a new class of symmetry operations leaving the SWCNT structure invariant, which for
chiral structures, are described by theLnp22 line group. Theoretic considerations [5] demonstrate that
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1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved



214 L. De Dominicis / Sum frequency generation in chiral carbon nanotubes

SHG is symmetry forbidden for an experimental set-up where the exciting laser is linearly polarized and
propagates along the CNT symmetry axis, here assumed asz. This because theβzxy (2ω;ω, ω) compo-
nent of CNT first hyperpolarizability vanishes as a consequence of the general transformation properties
of a third rank tensor under theLnp22 symmetry group, in conjunction with the intrinsic permutation
symmetry property. Conversely, for a non-degenerate laser excitation scheme, where two cross polarized
collinear laser fields at frequenciesω1 andω2 propagate alongz, theβzxy (ω1 + ω2;ω1, ω2) component
is expected to be non-vanishing, thus giving rise to a second order induced current~JSFG (ω1 + ω2) on
the CNT surface at the sum frequencyωSFG = ω1 +ω2 and responsible for a Sum Frequency Generation
(SFG) scattered electromagnetic field. Sum Frequency Generation (SFG) is thus an alternative scheme
for probing CNTs in a collinear excitation, but which to date has never been studied neither theoretically
or experimentally. As a first step to fill this gap, in the present paper a rigorous determination of the
non-vanishing components of the SFG first hyperpolarizability third rank tensorβ (ω1 + ω2;ω1, ω2)
is reported. For this task the formalism of group projector method [11], already adopted to find the
general invariant form of tensors with rank up to two for the chiral CNTs line symmetry groupLnp22,
is extended to third rank tensors. However, for our specific task, it is necessary to adopt an alternative
set of irreducible representation (irreps) forLnp22 with respect to irreps constructed by decomposing
Lnp22 onto the invariant cyclic subgroupT(a) of pure translations ofa (unit cell length) along CNT
axis and the isogonal rotational groupL /T(a). In this different approach, the line group is factorized
onto the semi-direct product of two cyclic subgroups and the irreps computed through the induction
procedure. These irreps are used to reduce the group representation in the three dimensional spaceDpv

of the polar vector and the invariant form in the vector spaceℜ = Dpv ⊗ Dpv ⊗ Dpv, transforming like
β (ω1 + ω2;ω1, ω2), is obtained with the group projector operatorP,projecting out the generic vector of
ℜ on the symmetry adapted sub-basis for the identical representation.

The second part of the paper is devoted to simulation of SFG process by adopting a calculation method
already used by Slepyan et al. [12] for modelling linear Rayleigh scattering in a CNT. The method is
based on a formalism largely adopted in antenna’s theory and opportunely revised to take into account
the CNT’s geometry. Alike for linear Rayleigh scattering, also for SFG the exciting fields induce on the
CNT surface a current density which consists of two counter-propagating retarded waves in addition to
a wave propagating with the same wavevector of the SFG scattered field.

The shape of the radiation pattern radiated by this induced density current is governed by several
parameters whose relative weight determines different scattering regimes, thus making the experimental
technique a potential probe for physical quantities whose estimation for CNTs is still an open issue, like
for instance the longitudinal optical conductivity.

2. The first hyperpolarizability tensor for chiral CNTs

In this section the nonvanishing components of the first hyperpolarizability tensor for the SFG process
in a chiral CNT are determined. The properties of theLnp22 relevant irreps are determined and the
projector operator method applied in theℜ = Dpv ⊗ Dpv ⊗ Dpv space.

2.1. The Lnp 22 Line Group of Chiral CNT and its Dpv Representation

A typical chiral SWCNT is shown in Fig. 1.Lnp22 is the line group which describes the symmetry
of this structure. The group parametern is strictly related to the CNT topology, being the quasi 1D-
crystalline structure the repetition along the cylinder axis of a unit cell containing 2n carbon atoms, while
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Fig. 1. Chiral CNT structure. The tube diameter is of the orderof few nanometers while length stretches up to some microns.

thep parameter is an integer ranging from 1 ton − 1. If attention is restricted to CNTs topologies with

n andp coprime, the unit cell length isa =
√

3n
2 a0 and the tube diameterD = 1

π

√
n
2a0, wherea0 =

2.461Å.
The element ofLnp22 (n >2), in the so called central extension decomposition into the invariant

cyclic subgroupT(a) of pure translations ofa along the tube axis and into the isogonal rotational group
Lnp22/T(a), can be written (Koster-Seitz notation [13]) as

(
U lCs

n |[Fr (sp/n) + t′] a
)
, wheren even,

s = 0,1,. . . , n − 1, l = 0,1 andt′ integer. It follows that, thep parameter is related to the fractional
translations proper of the chiral topology. HereU represents a rotation ofπ around an axis perpendicular
to the CNT axis and passing through the centre of the deformed graphite hexagon, whileCs

n a rotation of
2πs/naround the CNT axis. The associated irreps are classified in terms of the linear quantum numbers
(k, m), where only the quasi momentumk is conserved due the non-symmorphic nature of the group
(Lnp22/T(a) not a subgroup ofLnp22). Nevertheless, an alternative set of irreps is much more convenient
for the scope of the present work. In this case the irreps are calculated with the induction procedure
based on the natural factorizationLnp22=qr ∧ Dq, where∧ indicates the group semi-direct product.
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Table 1
Reduction of the polar vector representation ofLnp22 into irreps from Eq. (1).
Herek̃∗ = 2πr

an
(2r 6 n) , k̃∗ = 2π

(
r

q
− 1

)
(2r > n)

Factorization n = 1 n = 2 n > 2

Natural 0A
−

0 + −k̃∗

k̃∗
E0

0 0A
−

0 + −k̃∗

k̃∗
E1

1 0A
−

0 + −k̃∗

k̃∗
E−1

1

Central Extension 20A
−

0 + 0A
+

0 0A
−

0 + 0A
+

1 + 0A
−

1 0A
−

0 + 0E
−1

1

Here qr is the cyclic invariant subgroup with generator(Cr
n |(q/n)a ), Dq the dihedral point group with

q = GCD(n,p) greatest common divisor ofn andp, and the helical parameterrsolution of the equation
p
q = rϕ

(
n

q

)
−1

(
mod n

q

)
, whereφ(m) is the Euler function giving the number of coprime lower thanm .

In this factorization scheme the generic symmetry operation ofLnp22 is given by
(
Crt

n U lCs
q |(tq/n) a

)
.

The associated irreps, calculated [14] with the induction procedure, are labelled with the helical quantum

numbers
(
k̃, m̃

)
, both conserved in electromagnetic interactions and are reported below

0A
±
0

(
Crt

n U lCs
q |(tq/n)a

)
= (±1)l

0E
−m̃
m̃

(
Crt

n U lCs
q |(tq/n)a

)
=

[
0
1

1
0

]l [
e2πim̃s/q

0

0

e−2πim̃s/q

]
, m̃ ∈ [0, q/2]

−k̃

k̃
E−m̃

m̃

(
Crt

n U lCs
q |(tq/n)a

)
=

[
0
1

1
0

]l [
ei(k̃tqa/n+2πm̃s/q)

0

0

e−i(k̃tqa/n+2πm̃s/q)

]
,

m̃ ∈ [−q/2, q/2] , k̃ ∈
(
0, πn

qa

]

πA±
0

(
Crt

n U lCs
q |(tq/n)a

)
= (±1)l (−1)t

πE−m̃
m̃

(
Crt

n U lCs
q |(tq/n)a

)
= (−1)t

[
0
1

1
0

]l [
e2πim̃s/q

0

0

e−2πim̃s/q

]
, m̃ ∈ [0, q/2]

(1)

Despite this set of irreps is the same up to equivalence with those reported in Ref [15,16], a difference
arises when the three dimensionalDpv representation ofLnp22 is reduced into irreducible components.
As Table 1 shows, the reduction in the natural factorization scheme contains contributions from two-
dimensional irrepsE with a non-vanishing helical momentum parameterk̃∗ = 2πr

an , while, conversely, in
central extension decomposition only irreps with vanishing values of the linear momentum are involved.
The advantage of maintaining the dependence ont in the Dpv decomposition, as a consequence of
contributions from non-vanishing helical momentum, consists in the possibility to use the formalism of
finite groups for calculations and then to check the convergence of the tensor to the invariant form as
partial sums tends to series.

2.2. The projector operator in theDpv ⊗ Dpv ⊗ Dpv space

Basing on the formalism introduced in Section 2.1, it’s possible to derive explicitly the projector
operatorP (I) in the vector space of the third rank tensorℜ = Dpv ⊗ Dpv ⊗ Dpv. The so obtained
operator projects out, from a generic element ofℜ, the part transforming like the identity representation.
Indicating withD(g) a representation (also reducible) of the groupL on a vector spaceV , the projector
operatorP (I) onV is a homomorphism ofV into V , given by [17]

P (I) =
1

‖G‖
∑

g∈L

D(g) (2)
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where‖G‖ is the order of G.
A set of reducible representationD(G) of Lnp22 on the carrier spaceℜ can be constructed by using

the tensor product of irreps calculated in the natural factorization scheme. A basis inℜ is obtained with
the tensor producteijk = ei ⊗ ej ⊗ ek, where{ei}3

i=1 is a basis inDpv. In the following the indexes
i, j, k = 1, 2, 3 are used to enumerate the basis vector andI, J,K = 1,2,3 the components of the third
rank tensor. The generic vectorβ in ℜ can be decomposed as

βIJK =




∑

ijk

aijkeijk




IJK

=




a111 a112 a113

a121 a122 a123

a131 a132 a133

a211 a212 a213

a221 a222 a223

a231 a232 a233

a311 a312 a313

a321 a322 a323

a331 a332 a333




(3)

whereaijk are the coordinates ofβ in the eijk base. An orthogonal crystallographic reference frame
with direction 1 along the tube axis and direction 2 along the symmetry axisU of the CNT has been
introduced. For the SHG process the intrinsic permutation conditionaijk = aikj is valid, while for SFG
the condition does not hold. The partβ̃ of β transforming as the identical representation, giving the
invariant form of a vector inℜ under the symmetry operations ofLnp22, is obtained with

β̃ = P (I)β =
1

‖G‖
∑

G∈L

∑

ijk

aijk

∑

µνα

Dpv
µi (g)Dpv

νj (g)Dpv
αk(g)eµνα (4)

whereDpv(g) is the polar vector representation of the elements ofLnp22 constructed with expressions
in Eq. (1) and the decomposition in Table 1. Notation and calculations are greatly simplified for the
assumed CNTs topologies withq = 1 (n andp coprime) and in this case the application of the projector
operator to the generic vector ofℜ gives

β̃ = P (I)β = lim
N→∞

1

4N

1∑

l=0

N∑

t=−N

∑

ijk

∑

µνα

aijkD
pv
µi (l, t)D

pv
νj (l, t)D

pv
αk(l, t)eµνα (5)

with

Dpv(0, t) =
(
Crt

n |(t/n)a
)

=




1
0
0

0

eik̃ta/n

0

0
0

e−ik̃ta/n




Dpv(1, t) =
(
Crt

n U |(t/n)a
)

=




1
0
0

0
0

e−ik̃ta/n

0

eik̃ta/n

0




(6)
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and where the SWCNT structure is obtained by letting the number 2N of carbon atoms to extend up to
infinity. Calculation in Eq. (5) finally gives the following result

β̃IJK = lim
N→∞

1

4N

N∑

t=−N




0 eiαta121 + e−iαta131 eiαta121 + e−iαta131

eiαta112 + e−iαta113 e2iαta122 − e−2iαta133 a132 − a123

eiαta112 + e−iαta113 a123 − a132 −e2iαta122 + e−2iαta133

eiαta211 + e−iαta311 e2iαta221 − e−2iαta331 a231 − a321

e2iαta212 − e−2iαta313 e3iαta222 + e−3iαta333 eiαta232 + e−iαta322

a213 − a312 eiαta223 + e−iαta332 eiαta222 + e−iαta322

eiαta211 + e−iαta311 a321 − a231 −e2iαta221 + e−2iαta331

a312 − a213 eiαta322 + e−iαta233 eiαta223 + e−iαta332

−e2iαta212 + e−2iαta313 eiαta232 + e−iαta323 e3iαta222 + e−3iαta333




(7)

whereα (n, p) = 2πr
n2 is the product of the isogonal rotation generatorCr

nangle and the basic unit
T̃ = a/n of the fractional translations. Each atom, labelled by the fractional translation parametert,
contributes to tensor component with the same amplitude but with a different phaseαt. Only the so-called
chiral components with I6=J6=K in the third rank tensor of Eq. (7) do not depend onN andα, while all
others matrix elements are combination of a basic functionΓ (N,n, p), given by

Γ (N,n, p) =
1

N

N∑

t=−N

eiα(n,p)t =
1

N

sin
[(

N + 1
2

)
α (n, p)

]

2 sin
(

α(n,p)
2

) (8)

The functionΓ (N,n, p), for any values of the parametersn and p, vanishes as N→ ∞. For SHG
the intrinsic permutation condition imposesaijk = aikj and hence the invariant form of the third rank
tensorβ̃IJK has four non-vanishing componentsβ̃213 = β̃231 = −β̃312 = −β̃321. For SFG instead, the
intrinsic permutation symmetry does not hold adding the non-vanishing componentsβ̃123 = −β̃132. The
second order nonlinear dipole moment~P induced by two exciting laser beams~E1 and ~E2, is obtained
by the contraction~P = β̃ : ~E1

~E2 with the first hyperpolarizability tensor. It is clear that the induced
dipole moment for two exciting laser beams propagating along the direction 1 of the CNT symmetry
axis is non-vanishing only if the two laser beams have different frequency (SFG) as a consequences of
the proven propertỹβ123 = −β̃132 6= 0.

3. SFG radiation pattern simulation

In the simulated geometry (Fig. 2) two electromagnetic plane waves~E1 = x̂E0e
−iω1( ẑ

c
·~r−t) and

~E2 = ŷE0e
−iω2( ẑ

c
·~r−t) at frequencyω1 andω2, linearly polarized along perpendicular directions assumed

asx̂ andŷ, propagate along the symmetry axisẑ of a chiral SWCNT. The field~E = ~E1+ ~E2 couples with
the CNT first hyperpolarizability tensor and induces a nonlinear surface current density~J (~r, t) which
re-radiates a scattered field. If attention is restricted to the scattered field at frequencyωSFG = ω1 + ω2

and taking into account only the axial componentJSFG
z (ω1 + ω2) of the current density, the SFG field

can be obtained by the Hertz potential~Πe = Πe (z, φ, ρ) ẑ satisfying in the free space the Helmoltz
equation

(
∇2 + k2

)
Πe = 0 (9)
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Fig. 2. SFG from a CNT in a collinear geometry. The two laser beams propagate along the CNT axis of symmetry. The local
cylindrical coordinate system used for calculation is also displayed.

with k = ω1+ω2

c and where a cylindrical coordinate systemz, ρ, φ with z along the SWCNT symmetry
axis has been introduced to better exploit its symmetry.

The tangential component of the magnetic field of the SFG scattered electromagnetic wave is given
by HωSF G

φ = 1
c iωSFG

∂Πe

∂ρ and is also subject to the boundary conditionHφ|ρ=R+ − Hφ|ρ=R− =

JSFG
z (R,φ, z) on the CNT surface, whereR is the CNT diameter. This, together with the constituent

relation ~J = ∂ ~P
∂t between the surface current density and the induced surface polarization~P , leads to the

fundamental equation

JSFG
z (R, z, φ) = −iωSFG

{
βzρφ

[
Eω1

ρ (R, z, φ) Eω2

φ (R, z, φ) + Eω2

ρ (R, z, φ) Eω1

φ (R, z, φ)
]

(10)

+αzz

[
∂2Πe

∂z2
+ k2Πe

]}

whereαzz is the axial component of the linear polarizability per unit area at frequencyωSFG.
From antenna’s theory [18] a cylindrical antenna of radiusR and lengthL carrying a current density

JSFG
z radiates an electromagnetic field whose Hertz potential is given by

Πe (ρ, z, φ) = − iR

ωSFG

2π∫

0

L/2∫

−L/2

JSFG
z

(
R, z′, φ′

) e−ikR′

R′
dz′dφ′ (11)

whereR′ =
√

ρ2 + R2 − 2Rρ cos (φ − φ′) + (z − z′)2. The substitution ofJSFG
z from Eq. (10) into

Eq. (11) provides an Hallen integro-differential equation forΠe with a source term depending both on the
CNT first hyperpolarizability and on the exciting lasers fields. Instead of trying to solve this equation, it
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is possible [12] to manage Eqs (10,11) for obtaining a solvable equation forJ̃SFG
z = i

ωSF G
JSFG

z . This
leads to the following Leontovich–Levin equation

[
∂2

∂z2
+ k2 − 1

αzzRX

]
J̃SFG

z (z) = − 2βzρφE2
0

παzzRX
eikz +

1

X

(
∂2

∂z2
+ k2

)
V

(
z, J̃SFG

z (z)
)

(12)

whereX = 2π ln (qR), with q arbitrary constant with the dimension of the inverse of a length and

V
(
z, J̃SFG

z

)
=

L

2∫

−L

2

ln
(
2q

∣∣z − z′
∣∣) eik|z−z′|

[
z − z′

|z − z′|
∂J̃SFG

z (z′)

∂z′
− ikJ̃SFG

z

(
z′

)
]
dz′ (13)

Equation (12) is the same equation describing the linear Rayleigh scattering from a chiral CNT but with
a different value for the first term in the right side. Within the approximation1

X << 1, which holds for

q ≈ k at optical frequencies, it is possible to adopt the series expansionJ̃SFG
z ≈ J̃

(0)SFG
z + 1

X J̃
(1)SFG
z +

1
X2 J̃

(2)SFG
z + . . ., with J̃

(0)SFG
z satisfying the equation

(
∂2

∂z2
+ k2 − 1

αzzRX

)
J̃ (0)SFG

z = − 2βzρφE2
0

παzzRX
eikz (14)

The general solution of this differential equation can be find easily and, after imposing the boundary
conditionsJ̃

(0)SFG
z

(
±L

2

)
= 0 giving a vanishing induced current at the CNT edges, the following

particular solution is obtained

J (0)SFG
z (z, t) = βzρφ

ωSFGE2
0

π





cos
(

kL
2

) [
1 − tg

(
k̃L

2

)]
− 2 sin

(
kL
2

)

sin
(

k̃L
2

) eik̃z+

(15)
cos

(
kL
2

) [
1 − tg

(
k̃ L

2

)]

sin
(

k̃L
2

) e−ik̃z + 2eikz



 eiωSF Gt

with k̃ =
√

k2 − 1
RXαzz

.

The zero order induced current density has three contributions oscillating atωSFG, one propa-
gating along the CNT with the same wave-vectork of the SFG field and two counter-propagating
retarded waves propagating with wave-vectork̃′ = Re(k̃) and with an attenuatioñk′′ = Im(k̃).
The knowledge of the induced surface current density allows to calculate the far field radiation
pattern in polar coordinates by means of the relationEsc

θ (r, θ) = −2iπRLωSF G

c2
eikr

r F (θ), where

F (θ) = sin θ
L/2∫

−L/2

J
(0)SFG
z (z) e−ikz cos θdz is the scattering pattern.

The SFG far field radiation pattern depends strongly on the complex wave-vectork̃ of the two retarded
waves and in particular on the relative weight of its real and imaginary partk̃′ andk̃′′. A long but simple
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Fig. 3. SFG radiation pattern for L= 1 µm, λSF G = 0.532µm,
Reβzρφ

Imβzρφ
= 10−2. Left: weak attenuatioñk′ = 2k. Right:

strong attenuatioñk′ = k̃′′ = 104k.

algebras gives for them the following expression

k̃′ =
1√
2



k2 − ωSFGImσ

2πRX |σ|2
±

√(
k2 − ωSFGImσ

2πRX |σ|2
)2

+
4ω2

SFG (Reσ)2

4π2R2X2 |σ|2





1/2

(16)
k̃′′ = − ωSFGReσ

2πRX |σ|2
1

2k̃′

whereσ = ωαzz is the longitudinal optical conductivity per unit area, which has the dimension of a veloc-
ity. It is straightforward to note that forReσ = 0, as true far from any absorption resonances, the retarded
waves are not attenuated (k̃′′ = 0) and propagate with a retardation due to the electrons polarization to

shield the external field. In the other limit,Imσ = 0, we havẽk′ = 1√
2

[
k2 ±

√
k4 +

(
ωSF G

πRXReσ

)2
]1/2

.

The conditionk2 << ωSF G

πRXReσ characterizes a strong attenuation regime withk̃′ ≈ k′′ ≈ 1√
2

√
ωSF G

πRXReσ

and k̃′′ >> k. While for k2 >> ωSF G

πRXReσ we fall into the weak attenuation regime, with̃k′ ≈ k

and k̃′′ ≈ 0. However a quantitative determination ofk̃′ and k̃′′, which is essential for radiation
pattern simulation, relies on the knowledge ofσ whose estimation is far the scope of the present work.
Nevertheless, as an explicative example on how much the two investigated regime differ, in Fig. 3 is
reported the radiation pattern forL = 1 µm,λSFG = 0.532µm, Reβzρφ

Imβzρφ
= 10−2 and for weak (̃k′ = 2k)

and strong attenuation (k̃′ = k̃′′ = 104k). The SWCNT is aligned along the symmetry axis of the
radiation pattern and the exciting laser beams propagate along the negative values of this axis. For both
the regimes the radiation pattern is characterized by a strong SFG forward lobe and only for the weak
attenuation regime by a backscattered lobe. This feature is even more pronounced forReβzρφ

Imβzρφ
= 1, as

shown in Fig. 4.
It is worthwhile to note that forL >> λSFG the radiation pattern resembles the shape of a point-like

oscillating dipole alongz, regardless the values of the other involved parameters, as Fig. 5 demonstrates.
The occurrence of a backscattered lobe is thus a signature of a weak attenuation regime as a far only the
zero orderJ̃ (0)SFG

z of the series expansion for the current density is retained. However, due to the 1/R
dependence in the dispersion relations fork̃′ andk̃′′, a backscattered lobe is more likely to be detected
in larger CNTs. Being the CNT radiusR measurable by means of Raman scattering, the intensity of
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Fig. 4. SFG radiation pattern for L= 1µm, λSF G = 0.532µm,
Reβzρφ

Imβzρφ
= 1. Left: weak attenuatioñk′ = 2k. Right: strong

attenuatioñk′ = k̃′′ = 104k.

Fig. 5. SFG radiation pattern for L= 10 µm andλSF G = 0.532µm.

the SFG backscattered lobe can be used, in principle, to estimate the magnitude, or at least to set an
upper limit, of the CNT the longitudinal optical conductivity. On the basis of the qualitative assumption
of Burke et al. [18], that retarded waves in CNTs are mostly due to electrons at the Fermi level it is
possible to assume thatσ ≈ vF , where vF is the Fermi velocity. This makes possible an estimation of

ωSF G

πRXReσ , which forq ≈ k, vF ≈ 10−2c, R = 1 nm and at optical frequencies turns to be nearly one order
of magnitude greater thank2, thus theorizing a strong attenuation regime in CNTs. Nevertheless, the
assumptionq ≈ k while holds for a conducting wire antenna, it is not justified in CNTs [12]. At the same
time, models [19] based on band energy structures for electrons in a SWCNTs, demonstrate that also
other energy levels contribute significantly toσ thus questioning theσ ≈ vF assumption. In addition,
it should be pointed out that the present treatment takes into account only the axial component of the
induced current density. Neglecting the circumferential component is less justified in CNTs of larger
diameter, where weak retardation regime is more likely to occur. Moreover, while the truncation at the
zero order term for the series expansion ofJ̃SFG

z has been demonstrated to be a good approximation for
linear scattering [12] by comparing the approximated solution with those obtained with direct numerical
methods, for the SFG process this verification still lacks and deserves further studies.
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All these considerations add up and make the here presented model just a starting point for accurate
simulations of SFG radiation pattern in chiral SWCNTs.

4. Conclusions

In the present paper the study of the process of Sum Frequency Generation from a chiral Single Wall
Carbon Nanotube has been addressed. First, a calculation method based on line group theory has been
used to validate the assumption that the process is symmetry allowed for a collinear geometry where the
two non-degenerate exciting laser beams propagate along the CNT symmetry axis. Subsequently, the
radiation pattern for this experimental geometry has been simulated by adapting to nonlinear interaction
the formalism developed by Slepyan et al. to calculate the linear Rayleigh scattering pattern from a
CNT. It has been found that the SFG radiation pattern is rather sensitive to the magnitude of CNT
physical quantities like the longitudinal optical conductivity and the real and imaginary parts of the
first hyperpolarizability, as also demonstrated by numerical simulations for particular scattering regimes.
Nevertheless, to ascertain the feasibility of such a kind of measurements in order to compare theoretic
predictions with experimental outcomes, calculations of the magnitude ofβzxy (ω1 + ω2;ω1, ω2) are
also underway to estimate the SFG efficiency and the occurrence of resonances enhancing the process
quantum yield.
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Abstract. In this paper, basis sets for H, C, N and O atoms were adjusted to obtain electric properties of diatomic molecules.
The dipole moment, polarizability and first-order hyperpolarizability were calculated for H2, CH+, CN− and CO molecules
and the basis sets modified to reproduce the reference data available. A sequential methodology was used, where the basis
set for H is firstly adjusted and then used to fit the basis set for C in the CH+ molecule and so on. The final basis sets were
(7s2p1d)→[3s2p1d] for H and (9s5p2d)→[5s3p2d] for C and O. In the case of N atom, the best basis set was found to be
(9s5p1d)→[5s3p1d], where only one set of d polarization functions was needed. The atomic basis sets fitted were further
utilized for calculation of geometry and electric properties of 36 benzene derivatives mono- and di-substituted by electron donor
and acceptor groups attached atortho, metaandpara positions. The results were satisfactory for most of molecules. For
instance, in the case ofp-nitroaniline, an importantpush-pullbenzene derivative, the first hyperpolarizability was predicted to
be 9.4× 10−30 e.s.u. in excellent agreement with experimental value, 9.2× 10−30 e.s.u.. Besides electric properties, our
basis sets also gave good geometries for polyatomic molecules at reasonable computational cost. Therefore, the results reported
in the present paper suggest the use of our modified basis sets for calculation of geometry and electric properties (linear and
non-linear) ofpush-pullbenzene derivatives like molecules.

Keywords:ab initio, electrical properties, Gaussian basis set, hyperpolarizability, NLO

1. Introduction

Investigation of molecular materials that have nonlinear optics (NLO) properties has been subject
of intensive studies because their potential technological applications, such as the telecommunications
industry, laser technology and the development of optical fibers. These materials interact with electro-
magnetic applied fields generating new fields, altered in frequency or phase [1–3]. The interaction of
light or other electromagnetic fields with a molecule can polarize the charge distribution and alter the
propagated field. The linear response of the field is described by molecular polarizability and the nonlin-
ear responses are represented by molecular hyperpolarizabilities [4]. Development of optical switches,
frequency converters and electro optics modulators are examples of potential uses of these materials [5].
Besides the technological applications, molecular electric properties are also important in the interpre-
tation of a wide range of phenomena, from intermolecular interactions to NLO processes [6–9]. These
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properties are also related with intrinsic features of electronic structure such as softness/hardness [10],
acidity/basicity. [11,12] and ionization potential [11,12].

In general, the experimental determination of electric properties is a difficult task [13,14] and therefore,
theoretical methods based on quantum mechanics theory have become an useful alternative to overcome
this drawback and assist the experimentalists [15–17]. Several authors have achieved success with the
calculation of reliable values for these properties. Sadlej et al. [18–22] reported in a series of works
new basis sets obtained from the basis set polarization method, suitable for highly accurate correlated
calculations of electric properties of small molecules. Neogrady et al. [23] present a study of dipole
moment and polarizability of CN− and Maroulis et al. [7,24,25] also reported accurate calculated values
of polarizability and hyperpolarizabilities of the H2, N2 and CO molecules. More recently, Paschoal
et al. [26] reported a study aboutab initio calculation of electric properties for BH, CO, CS and N2

molecules, defining new atomic basis sets.
Regarding molecular NLO properties, it is longer recognized that organic compounds with delocalized

π-electrons are likely to have intensified NLO responses, with the interest in such systems increasing
considerably in recent years [27–31]. The development of organic materials with potential application
in NLO involves different branches of science such as physics, chemistry and engineering. Quantum
chemistry calculations have also been of great importance in the study of these systems, especially with
regard to electronic structure and polarization effects of these compounds [30]. Systems with donor and
acceptor groups represent an important class of NLO chromophores [32,33], being thep-nitroaniline the
most famous representative.

In general, electric properties are strongly dependent on the theoretical method; therefore, highly
correlated methods with extended basis set usually give satisfactory results. However, such levels of
theory are restricted to relatively small molecules. An alternative is to develop a suitable basis set in
order to reach the desired precision at a feasible computational cost [34,35]. Thus, the construction of a
relatively small basis set, flexible and properly polarized is very relevant to the calculation of electrical
properties for large polyatomic molecules. In the present paper, we report new atomic Gaussian basis set
for ab initio calculations of dipole moment, polarizability and hyperpolarizabilities for organic molecules
derived frompush-pullsubstituted benzene. The diatomic molecules H2, CH+, CN− and CO were used
to firstly fit the basis set, once these molecules have been mostly studied as model compounds to evaluate
the performance of different levels of theory [7–9,24,25,36–39,41]. The available experimental and
theoretical values for electrical properties for these diatomic molecules constitute a broad databank to be
used in the adjustment and construction of new basis sets.

2. Theoretical methodology

The interaction energy of a molecule with an external electric field can be written as a series involving
coefficients identified as permanent multipole moments and polarizabilities. Following McLean and
Yoshimine [42], when a linear molecule is placed in the presence of an external electric field its energy
is modified according to Eq. (1) [8].

Ep = E0 − µαFα − (1/3)ΘαβFαβ − (1/15)ΩαβγFαβγ − (1/105)Φαβγδ + . . . −
− (1/2) ααβFαFβ − (1/3)Aα,βγFαFβγ − (1/6)Cαβ,γδFαβFγδ − (1/15)Eα,βγδFαFβγδ + (1)

+ . . . − (1/6)βαβγFαFβFγ − (1/6) Bαβ,γδFαFβFγδ + . . . − (1/24) γαβγδFαFβFγFγ + . . .
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WhereFα, Fαβ , etc., are the field, field gradient, etc. at the origin.E0 andµα are the energy and the
permanent dipole moment. The quantitiesααβ , βαβγ , γαβγδ are the dipole polarizability, the first and
the second dipole hyperpolarizabilities. The subscripts represent the Cartesian coordinates.

In the presence of a homogeneous electric field the Eq. (1) is reduced to Eq. (2) [8,43].

Ep = E0 − µαFα − (1/2) ααβFαFβ − (1/6)βαβγFαFβFγ − (1/24) γαβγδFαFβFγFγ + . (2)

WhereEp = E(Fx, Fy , Fz), denotes the energy of the molecule in the presence of a homogeneous field
with componentsFx, Fy, Fz .

Following the Finite Field (FF) method [44], the multipole moments and polarizabilities of diatomic
molecules can be obtained by numerical differentiation of energy calculated in the presence of different
intensities of applied electric fields, as given by Eq. (3) [8].

µz = (256Dz (F ) − 40Dz (2F ) + Dz (4F )) / (180F ) (3a)

αzz = (1024Sz (F ) − 80Sz (2F ) + Sz (4F )) /
(
360F 2

)
(3b)

αxx = (1024Sx (F ) − 80Sx (2F ) + Sx (4F )) /
(
360F 2

)
(3c)

βzzz = (−64Dz (F ) + 34Dz (2F ) − Dz (4F )) /
(
24F 3

)
(3d)

βzxx = (32Dxz (F ) − Dxz (2F ))
(
12F 3

)
(3e)

γzzzz = (−256Sz (F ) + 68Sz (2F ) − Sz (4F )) /
(
24F 4

)
(3f)

γxxxx = (−256Sx (F ) + 68Sx (2F ) − Sx (4F )) /
(
24F 4

)
(3g)

γxxzz = (64Sxz (F ) − Sxz (2F )) /
(
12F 4

)
(3h)

Where,

Sz (F ) =
(
2E0 − E (0, 0, F ) − E (0, 0,−F ) + E (0, 0, F )

)
/2 (4a)

Dz (F ) = (E (0, 0,−F ) − E (0, 0, F )) /2 (4b)

Sx (F ) =
(
E0 − E (F, 0, 0)

)
(4c)

Sxz (F )=
(
−2E0−E (F, 0, F )−E (F, 0,−F )+E (0, 0, F )+E (0, 0,−F )+2E (F, 0, 0)

)
/2 (4d)

Dxz (F ) = (−E (F, 0, F ) + E (F, 0,−F ) + E (0, 0, F ) − E (0, 0,−F )) /2 (4e)

We also calculate the average values and anisotropies for some properties of diatomic molecules, as
defined by Eq. (5) [8,43].

〈α〉 = (αzz + 2αxx) /3 (5a)

∆α = αzz − αxx (5b)

〈β〉 = (3/5) (βzzz + 2βzxx) (5c)
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∆β = βzzz − 3βzxx (5d)

〈γ〉 = (3γzzzz + 8γxxxx + 12γxxzz) /15 (5e)

∆1γ = 3γzzzz − 4γxxxx + 3γxxzz (5f)

∆2γ = γzzzz + γxxxx − 6γxxzz (5g)

In the present work all properties for the diatomic molecules were calculated applying weak homo-
geneous electric fields of 0.005 (F), 0.01 (2F) and 0.02 e−1a−1

0 Eh (4F) (the conversion factors to SI
units are given in the Appendix). Calculations at various levels of theory were carried out, including
Hartree-Fock (HF), M̈oller-Plesset perturbation theory (MP2, MP3, MP4(SDQ) and MP4(SDTQ)) and
coupled-cluster (CCSD and CCSD(T)) using the GAUSSIAN 03 program [45].

Standard contracted Gaussian basis set (CGTO) was used in the calculations, modified by adding
some extra basis. The general procedure followed to fit the exponents (ξ) of radial Gaussian functions is
described below:

1. Select a reference basis set. In the present work, the Dunning double-zeta (DZ) basis set [46] was
chosen, which is represented by the scheme (9s5p/4s)→[4s2p/2s] for C, N, O/H atoms;

2. The selected basis set is uncontracted and then, new sets of functions with the same angular
momentum of the existing one are added;

3. Fit the exponents of new functions by minimizing the molecular energy at HF level;
4. The basis set is contracted again following the protocol described elsewhere [47] and then, new

sets of polarization and diffuse functions are added;
5. Fit the exponents of polarization and diffuse functions by minimizing the molecular energy at HF

level;
6. Optimize the geometry and calculate properties at CCSD(T) level;
7. Compare the values with reference data, by calculating the RMS as in Eq. (6).

RMS =

√√√√ 1

N

N∑

i=1

(
Pi − PR

i

PR
i

)2

(6)

Where Pi is the electric property and PR
i its reference value. The properties used were, when available,

the dipole moment, average polarizability, first and second hyperpolarizabilities. The steps 4 to 7 are
repeated until the RMS reaches the threshold established, usually below 1.0.

The final basis sets obtained for atoms in diatomic molecules were further used to calculate geometries
and electric properties forpush-pullbenzene derivatives. HF, DFT (B3LYP) and MP2 levels of theory
were applied to calculate the electric dipole moment, the mean polarizability Eq. (7) [48] and the intrinsic
quadratic hyperpolarizability, also named total hyperpolarizability Eq. (8) [48].

< α >=
1

3
(αxx + αxy + αzz) (7)

< β >=
√

β2
x + β2

y + β2
z (8)
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With [48]

βi = βiii +
∑

i6=k

(βikk + βkik + βkki) (9)

Where i and j run over the molecular Cartesian directions x, y, and z. All the calculations for polyatomic
molecules were carried out using GAUSSIAN 03 program [45].

3. Results and discussion

3.1. Basis set development:

The diatomic molecules used to the basis set development were H2, CH+, CN− and CO. We applied
the protocol described in the last section in a sequential way, where the basis set fitted for H atom, using
the H2 molecule, is used in CH+ molecule to obtain the basis set for C. The latter is used in CN− and
CO calculations to adjust the basis set for N and O atoms, respectively.

We begin the discussion with the H2 molecule in order to firstly adjust the basis set for H atom. As
stated before the Dunning double zeta (DZ) basis set were chosen as initial guess for all atoms, being
defined as (4s)→ [2s] for H atom. The procedure of fitting basis set, described in the last section,
was applied for H2 molecule, with final basis set, giving the lowest RMS value, including three new s
functions (ξs = 8.109;ξs = 1.7669;ξs = 0.051652), two p (ξp = 0.66536;ξp = 0.077379) and one set
of d polarization functions (ξd = 0.086804). The new contracted basis set was (7s2p1d)→ [3s2p1d].

The electric properties calculated for H2 molecule are gathered in Table S1. For this molecule only
the mean polarizability is known experimentally (< α >= 5.31. [49]). The calculated values, using the
experimental geometry, R= 0.7361 Å [50], ranged from 4.94 (HF) to 4.88 (CCSD(T)), which are within
8% from actual value. When optimized geometry is used, the agreement is better with< α > found 4.98
and 5.00 at MP2 and CCSD(T) levels, respectively. All the theoretical data available in the literature were
obtained using the experimental geometry. Maroulis and Bishop [25] reported the values of< α >=
5.08,αzz = 6.38 and< γ >= 670 at HF level with the larger basis set (11s5p2d)→ [8s5p2d]. Our
results were< α >= 4.94,αzz = 6.36 and< γ >= 732 at HF level, in satisfactory agreement with
Maroulis and Bishop’s values (deviation lower than 10%). In addition to electric properties we also
calculated vibrational frequency. For H2 molecule the values were found between 4563 (HF) and 4355
cm−1 (CCSD(T)) in good accordance to the experimental frequency of 4401 cm−1 [25].

The next step was to modify the DZ basis set for C atom, using the CH+ molecule as reference system.
For C, N and O atoms the DZ basis set is represented as (9s5p)→ [4s2p]. The lowest RMS value
was found when only two sets of d polarization functions were added (ξd = 0.63212;ξd = 0.130721)
and the basis set re-contracted according to (9s5p2d)→ [5s3p2d]. Thus, the full basis set used in the
calculations for the CH+ cation is represented by: (9s5p2d/7s2p1d)→ [5s3p2d/3s2p1d] for C/H. For
CH+ molecule, only few data are available in the literature. Maroulis and Bishop [39] obtained< α >=
7.73 at HF/[8s6p4d/6s4p] level that is close to ours< α >= 7.68 calculated at lower computational cost
HF/[5s3p2d/3s2p1d]. The difference between our values and those obtained by Maroulis and Bishop [39]
was 18% for the dipole moment and average first dipole hyperpolarizability and, 28% for the average
second dipole hyperpolarizability, with our values found lower. The optimized geometry with the new
basis set was also in satisfactory agreement with experimental value of 1.1309 Å [50], with deviation
within 1% regardless the level of theory. The vibrational frequency was also predicted in excellent
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Table S1
Dipole moment, polarizability, first and second hyperpolarizabilities tensor components (αij ,
βijk andγijkw), average polarizability, first and second hyperpolarizabilities (〈α〉, 〈β〉, 〈γ〉)
and anisotropies (∆α, ∆β, ∆γ) for H2 molecule (values in a.u.)

HF MP2 MP3 MP4(SDQ) MP4(SDQT) CCSD CCSD(T)
αxx 4.25 4.24 4.24 4.24 4.24 4.24 4.24

[4.24] [4.19] [4.17] [4.17] [4.17] [4.16] [4.16]
αzz 6.38 6.44 6.48 6.50 6.50 6.51 6.51

[6.36] [6.35] [6.35] [6.34] [6.34] [6.34] [6.34]
∆α 2.13 2.20 2.24 2.26 2.26 2.27 2.27

[2.12] [2.15] [2.17] [2.18] [2.18] [2.18] [2.18]
〈α〉 4.96 4.98 4.99 5.00 5.00 5.00 5.00

[4.94] [4.91] [4.90] [4.89] [4.89] [4.88] [4.88]
γzzzz 625 687 701 710 710 715 715

[621] [671] [677] [683] [683] [685] [685]
γxxxx 845 911 925 929 929 928 928

[840] [892] [899] [897] [897] [893] [893]
γxxzz 202 219 221 224 224 225 225

[200] [213] [213] [214] [214] [214] [214]
∆1γ −898 −925 −932 −912 −912 −892 −892

[−895] [−917] [−925] [−898] [−898] [−876] [−876]
∆2γ 261 285 300 296 296 295 295

[260] [283] [296] [296] [296] [214] [214]
〈γ〉 737 798 810 816 816 817 817

[732] [781] [786] [787] [787] [785] [785]
R 0.7382 0.7436 0.7467 0.7485 0.7485 0.7500 0.7500
ν 4563 4471 4419 4386 4387 4354 4355

The first entries refer to the calculations performed at the optimized geometry and the entries
in brackets refer to the calculations performed at the experimental geometry. Experimental
values:< α >= 5.31 [49],R = 0.7361 Å [50],ν = 4401 cm−1 [50].

agreement with the experiment, with larger error found at HF level where the calculated value was 7%
higher. All properties calculated for CH+ are given in Table S2.

The basis set for N atom was fitted taking the CN− molecule as template, which basis set for C was
taken from CH+ molecule. The final basis set was (9s5p1d)→ [5s3p1d] (ξd = 1.20135), which differs
from C by only one set of d polarization functions. The basis set for CN− molecule is then represented
as (9s5p2d/9s5p1d)→ [5s3p2d/5s3p1d] for C/N. The calculated properties are included in Table S3.
Besides bond length and vibrational frequency, only the dipole moment is known experimentally (µ =
0.57 D [51]). For the latter our results are poor, being 60% lower at HF level and around 40% at all
correlated levels of theory. At the limit of complete basis set (CBS), the results from Neogrady et al. [23]
for dipole moment was only 11% lower at CCSD(T) level. Nonetheless, our predicted values for the
other electric properties are in fairly good agreement with those described in the literature calculated at
larger basis set. Neogrady et al. [23] reportαzz = 20.06 at HF/aug-cc-pV6Z level, being our value equal
to 25.23 at HF level. At CCSD(T)/CBS the value ofαzz given by Neogrady et al. [23] was 25.23 in
excellent accordance with the value from present work, 25.96. The previous results suggest that our basis
set might be a better choice even for HF calculation. Bond length and calculated vibrational frequency
were also predicted close to the actual value for CN− molecule as shown in Table S3.

The last step before calculating properties of benzene derivatives was to fit the basis set for O atom
using CO molecule as standard system. For this molecule many experimental data are available forµ
(0.0484± 0.0008 [52], 0.0481 [53]),< α > (13.0891 [54]),∆α (3.59± 0.07 [55], 3.58± 0.13 [56],
3.54. [57], 3.66± 0.13 [58]),< β > (30.2± 3.2 [33]) and< γ > (1730± 50 [33]). The DZ basis
set was re-contracted and two sets of d polarization functions added (ξd = 1.09213,ξd = 0.6437)
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Table S2
Polarizability, first and second hyperpolarizabilities tensor components (αij , βijk and γijkw),
average polarizability, first and second hyperpolarizabilities (〈α〉, 〈β〉, 〈γ〉), anisotropies (∆α, ∆β,
∆γ) for CH+ molecule (values in a.u.)

HF MP2 MP3 MP4(SDQ) MP4(SDQT) CCSD CCSD(T)
µ 0.6161 0.5752 0.5501 0.5328 0.5330 0.5097 0.5046

[0.6164] [0.5752] [0.5505] [0.5337] [0.5338] [0.5104] [0.5054]
αxx 7.54 7.29 7.10 6.97 6.98 6.83 6.81

[7.54] [7.29] [7.09] [6.97] [6.97] [6.83] [6.91]
αzz 7.78 8.15 8.32 8.41 8.42 8.47 8.52

[7.96] [8.14] [8.23] [8.29] [8.29] [8.35] [8.39]
∆α 0.24 0.87 1.22 1.44 1.45 1.64 1.71

[0.42] [0.86] [1.13] [1.32] [1.32] [1.53] [1.58]
〈α〉 7.62 7.58 7.50 7.45 7.46 7.38 7.38

[7.68] [7.57] [7.47] [7.41] [7.41] [7.33] [7.33]
βzzz −13.4 −15.4 −15.7 −15.6 −15.7 −14.6 −14.7

[−14.4] [−15.3] [−15.2] [−15.1] [−15.1] [−14.1] [−14.2]
βzxx −1.4 0.4 1.5 2.2 2.2 2.9 3.1

[−1.2] [0.3] [1.4] [2.1] [2.1] [2.9] [3.0]
∆β −9.2 −16.5 −20.1 −22.3 −22.4 −23.4 −24.1

[−10.8] [−16.4] [−19.4] [−21.5] [−21.5] [−22.7] [−23.3]
〈β〉 −9.7 −8.8 −7.6 −6.7 −6.8 −5.3 −5.1

[−10.1] [−8.8] [−7.5] [−6.5] [−6.5] [−5.0] [−4.9]
γzzzz 598 676 689 686 682 863 899

[619] [675] [684] [677] [676] [850] [869]
γxxxx 131 171 188 194 198 1203 1269

[131] [171] [197] [211] [198] [1178] [1244]
γxxzz 67 67 68 56 56 221 242

[68] [67] [68] [65] [57] [217] [230]
∆1γ 1474 1546 1519 1451 1424 −1561 −1652

[1537] [1542] [1469] [1385] [1408] [−1511] [−1678]
∆2γ 324 448 469 541 542 740 717

[340] [447] [470] [495] [533] [724] [734]
〈γ〉 243 280 293 286 287 991 1050

[249] [279] [296] [300] [286] [972] [1021]
R 1.1182 1.1316 1.1370 1.1394 1.1398 1.1390 1.1400
ν 3054 2921 2869 2845 2839 2836 2826

The first entries refer to the calculations performed at the optimized geometry and the entries in
brackets refer to the calculations performed at the experimental geometry. Experimental values: R
= 1.1309 Å [50],ν = 2859 cm−1 [50].

yielding the final basis set (9s5p2d)→ [6s3p2d] for O atom and the full basis set (9s5p2d/9s5p2d)→
[5s3p2d/6s3p2d] for C/O. The calculated properties are included in Table S4 at several levels of theory.
Firstly analyzing the HF values calculated using the experimental geometry (R= 1.1283 Å [50]), we
foundµ = 0.1011 (110%),< α >= 11.55 (12%),∆α = 3.25 (9%),< β >= 34.1 (13%) and< γ >=
398 (77%), where absolute deviations are given in parenthesis. When the level of theory is improved to
MP4(SDQ) the errors decrease significantly forµ (22%),< α > (8%) and∆α (2%). For< β > and
< γ > the deviations were of the same order, with a slightly improvement in< γ > value, leading to
a deviation of 68% from experimental value. At our highest level of theory, CCSD(T), the values were
close to MP4(SDQ) ones as noted in Table S4. The other properties are not much affected by electronic
correlation. It is interesting to compare our results with those calculated with larger basis set. The data
from Maroulis [7] at HF/[6s4p4d2f] wereµ = 0.1052,< α >= 12.307,< β >= 24.75 and< γ >=
1008, showing a better agreement to the experiment for< β > and< γ > values. The results from
our previous paper [26] using a slightly larger basis set [6s3p5d/6s3p4d] also give< β > (= 25.2) and
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Table S3
Polarizability, first and second hyperpolarizabilities tensor components (αij , βijk andγijkw), average
polarizability, first and second hyperpolarizabilities (〈α〉, 〈β〉, 〈γ〉), anisotropies (∆α, ∆β, ∆γ) for CN−

molecule (values in a.u.)

HF MP2 MP3 MP4(SDQ) MP4 CCSD CCSD(T)
µ −0.2218 −0.3949 −0.3392 −0.3373 −0.3646 −0.3362 −0.3537

[−0.2051] [−0.3966] [−0.3388] [−0.3415] [−0.3708] [−0.3388] [−0.3584]
αxx 17.35 18.52 18.21 18.35 18.70 18.41 18.72

[17.50] [18.41] [18.21] [18.28] [18.56] [18.37] [18.63]
αzz 4.69 25.72 25.53 25.88 26.36 25.89 26.31

[25.23] [25.26] [25.55] [25.60] [25.77] [25.72] [25.96]
∆α 0.34 7.20 7.32 7.53 7.66 7.48 7.59

[7.73] [6.85] [7.34] [7.32] [7.21] [7.36] [7.32]
〈α〉 19.80 20.92 20.65 20.86 21.25 20.90 21.25

[20.08] [20.70] [20.66] [20.72] [20.96] [20.82] [21.07]
βzzz −65.2 −59.1 −63.7 −67.3 −74.1 −65.4 −69.6

[−66.6] [−58.9] [−63.7] [−66.7] [−71.9] [−65.1] [−68.9]
βzxx −34.1 −36.6 −37.1 −37.3 −39.4 −37.7 −39.3

[−35.1] [−35.8] [−37.2] [−36.8] [−38.2] [−37.4] [−38.7]
∆β 37.1 50.7 47.7 44.7 44.2 47.9 48.2

[38.6] [48.5] [47.8] [43.8] [42.8] [47.2] [47.3]
〈β〉 −80.1 −79.4 −82.8 −85.2 −91.8 −84.5 −88.9

[−82.1] [−78.3] [−82.8] [−84.2] [−89.1] [−84.0] [−87.8]
γzzzz 582 671 649 756 839 827 792

[590] [653] [649] [737] [802] [657] [698]
γxxxx 514 514 569 579 565 576 590

[511] [524] [552] [573] [575] [419] [412]
γxxzz 157 112 135 143 139 195 140

[160] [111] [127] [135] [137] [81] [81]
∆1γ 160 292 74 381 674 762 436

[207] [197] [117] [324] [517] [538] [691]
∆2γ 153 515 407 479 570 235 543

[141] [511] [442] [502] [557] [590] [621]
〈γ〉 516 497 542 574 581 628 585

[518] [499] [526] [561] [576] [420] [424]
R 1.1527 1.1899 1.1709 1.1825 1.1942 1.1781 1.1851
ν 2326 1987 2195 2062 1939 2114 2053

The first entries refer to the calculations performed at the optimized geometry and the entries in brackets
refer to the calculations performed at the experimental geometry. Experimental values:µ = 0.57 [51], R
= 1.1718 Å [50],ν = 2069 cm−1 [50].

< γ > (= 968) values in better agreement to the experimental data. Comparing our basis set with the
previous ones described in the literature, it can be said that polarization functions may have an important
role in describing higher order polarizabilities for CO molecule. It is also worth mention that when
geometry is optimized with our basis set, we found an important improvement of results, with absolute
error decreasing to 63% for< γ > at MP4(SDQ) level of theory (see values in Table S4).

Lately, in Table 1 we summarize the main information about the atomic basis set adjusted in the present
work, which were applied for polyatomic benzene derivatives as discussed in the next section.

3.2. Structure and properties of benzene derivatives:

It is longer recognized thatpush-pullbenzene derivatives are potential molecules to develop new
molecular based NLO devices. In the present section we discuss the results of electric properties for
benzene derivatives, including mono- and di-substituted molecules. Our basis sets, discussed in the last
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Table S4
Polarizability, first and second hyperpolarizabilities tensor components (αij , βijk andγijkw), average
polarizability, first and second hyperpolarizabilities (〈α〉, 〈β〉, 〈γ〉), anisotropies (∆α, ∆β, ∆γ) for CO
molecule (values in a.u.)

HF MP2 MP3 MP4(SDQ) MP4(SDQT) CCSD CCSD(T)
µ 0.0624 −0.1119 −0.0317 −0.0451 −0.0791 −0.0331 −0.0471

[0.1011] [−0.1260] [−0.0293] [−0.0591] [−0.1008] [−0.0410] [−0.0630]
αxx 10.39 11.08 10.74 10.89 11.08 10.85 10.99

[10.47] [11.02] [10.74] [10.84] [10.98] [10.82] [10.94]
αzz 3.39 15.05 14.36 14.74 15.03 14.70 14.88

[13.72] [14.71] [14.39] [14.51] [14.56] [14.58] [14.63]
∆α 3.00 3.97 3.62 3.85 3.95 3.85 3.89

[3.25] [3.70] [3.64] [3.67] [3.58] [3.76] [3.69]
〈α〉 11.39 12.40 11.95 12.17 12.40 12.13 12.28

[11.55] [12.25] [11.96] [12.07] [12.18] [12.08] [12.17]
βzzz −36.7 −36.8 −36.6 −36.4 −35.2 −37.2 −37.3

[−37.8] [−36.2] [−36.7] [−36.0] [−35.1] [−36.9] [−36.9]
βzxx −9.3 −12.3 −11.5 −12.4 −13.1 −12.2 −12.9

[−9.5] [−11.9] [−11.4] [−12.0] [−12.4] [−12.2] [−12.7]
∆β −8.9 −0.1 −2.0 0.6 4.0 −0.5 1.3

[−9.2] [−0.5] [−2.4] [0.0] [2.1] [−0.5] [1.1]
〈β〉 −33.2 −36.8 −35.8 −36.7 −36.8 −37.0 −37.8

[−34.1] [−36.0] [−35.7] [−36.0] [−35.9] [−36.7] [−37.3]
γzzzz 448 499 517 569 581 567 639

[462] [496] [538] [612] [542] [462] [536]
γxxxx 360 466 446 567 476 479 515

[361] [470] [446] [482] [473] [395] [470]
γxxzz 137 158 119 203 160 160 159

[141] [157] [163] [203] [160] [118] [116]
∆1γ 316 104 124 45 319 263 331

[364] [79] [318] [517] [212] [162] [76]
∆2γ −16 19 247 −80 97 86 202

[−22] [26] [8] [-122] [55] [149] [310]
〈γ〉 391 474 437 578 498 497 530

[398] [475] [476] [542] [489] [397] [451]
R 1.1080 1.1439 1.1267 1.1402 1.1526 1.1342 1.1413
ν 2412 2093 2284 2118 1969 2195 2125

The first entries refer to the calculations performed at the optimized geometry and the entries in brackets
refer to the calculations performed at the experimental geometry. Experimental values:µ = 0.0484±
0.0008 [52]/0.0481,〈α〉 = 13.0891 [53],∆α = 3.59± 0.07 [54]/3.58± 0.13 [55]/3.54 [56]/3.66±
0.13 [57],〈β〉 = 30.2± 3.2 [33],〈γ〉 = 1730± 50 [33],R = 1.1283 Å [49],ν = 2170 cm−1 [49].

Table 1
Atomic basis sets obtained in present work

Contraction scheme #GTO #CGTO
H (7s2p1d)→[3s2p1d] 4,2,1(s); 1,1(p); 1(d) 19 15
C (9s5p2d)→[5s3p2d] 4,2,1,1,1(s); 3,1,1(p); 1,1(d) 36 26
N (9s5p1d)→[5s3p1d] 4,2,1,1,1(s); 3,1,1(p); 1(d) 30 20
O (9s5p2d)→[6s3p2d] 3,2,1,1,1,1(s); 3,1,1(p); 1,1(d) 36 27

section and summarized in Table 1, were used for geometry optimization and calculation of properties
with all results being compared to the experimental data available and discussed regarding electronic
substituent effects.

The Table 2 gathered the results for dipole moment, dipole polarizability and first dipole hyperpolariz-
ability obtained for mono-substituted benzenes at HF, MP2 and B3LYP levels of theory. The electronic
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Table 2
Dipole moment (µ), average polarizability (〈α〉) and first hyperpolarizability (〈β〉) for mono-substituted benzene derivatives
(units in esu)

X µ/10−18 < α >/10−23 < β >/10−30 σa
p

HF MP2 B3LYP Exptb HF MP2 B3LYP Exptb HF MP2 B3LYP Exptb

N(CH3)2 1.9 2.2 2.2 1.6 1.5 1.6 1.6 1.7 3.0 4.3 2.9 1.1−0.83
NH2 1.5 1.6 1.7 1.5 1.1 1.2 1.2 1.3 1.9 2.5 2.2 0.55−0.66
OH 1.5 1.5 1.5 1.5 1.0 1.1 1.1 1.2 1.7 2.2 2.1 0.2−0.37
OMe 1.5 1.5 1.5 1.4 1.2 1.3 1.3 1.4 1.8 2.5 2.3 0.2−0.27
CH3 0.5 0.4 0.5 0.38 1.2 1.2 1.2 1.3 0.5 0.5 0.4 0.2−0.17
CHO 3.6 3.3 3.6 2.8 1.2 1.3 1.3 1.3 1.0 1.9 1.8 0.80 0.42
CN 4.9 4.3 4.6 3.9 1.2 1.3 1.3 1.3 1.2 1.0 1.7 0.36 0.66
NO2 4.9 4.1 4.6 4.0 1.2 1.3 1.3 1.4 0.8 0.6 0.7 1.9 0.78
NO 3.4 3.3 3.8 3.1 1.1 1.2 1.2 1.4 0.6 3.1 1.3 1.7 0.91

aThis parameter stands by the Hammett electronic constant [59], which negative value indicates donor groups and positive value
electron-withdrawing substituent.
bExperimental values [28].

Fig. 1. Calculated (MP2 only) and experimental values of< β > for mono-substituted benzene derivatives.

Hammett constants for substituent (σp) are also included in the last column of Table 2. Electron-donating
substituents (donor groups) presentσp < 0 and for electron-withdrawing substituents (acceptor groups)
σp > 0. The extent of the electronic effect is given by the magnitude of the substituent constant. Our
results for dipole moment and dipole polarizability of all molecules are in good accordance with experi-
mental data obtained by Cheng et al. [28], regardless the level of theory. The highest deviation were 25%
for µ (X = CN) and 20% for< α > (X = NO) at HF level. When first hyperpolarizability is considered,
no systematic trends are observed throughout the whole series. Using the Hammett electronic index
(σp) as reference, we can see a decrease in< β > value as the donor power decreases from X=
N(CH3)2 (σp = −0.83) to X= CH3 (σp = −0.17). This is the same trend observed experimentally,
even though the absolute calculated values are overestimated. A qualitative agreement with experiment
is also observed for the weak to medium acceptor groups CHO (σp = 0.42) and CN (σp = 0.66) as shown
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Table 3
Structural parameters, dipole moment, dipole polarizability and first dipole hy-
perpolarizability calculated forp-nitroaniline (pNA)

HFa MP2a B3LYPa Expt.
C5-C6 1.376 (0.07%) 1.393 (1.2%) 1.383 (0.4%) 1.377
C6-C1 1.383 (1.0%) 1.394 (0.2%) 1.394 (0.2%) 1.397
C4-C5 1.397 (1.3%) 1.406 (0.6%) 1.408 (0.5%) 1.415
C4-N7 1.380 (1.8%) 1.395 (3.0%) 1.380 (1.8%) 1.355
C1-N8 1.455 (1.5%) 1.467 (2.3%) 1.462 (2.0%) 1.433
N8-O9 1.191 (3.5%) 1.235 (0.08%) 1.230 (0.3%) 1.234
g 121.1 (0.08%) 121.7 (0.4%) 121.0 (0.2%) 121.2
h 119.1 (0.3%) 118.7 (0.08%) 118.9 (0.08%) 118.8
a 113.2 (5.1%) 111.6 (6.5%) 114.4 (4.1%) 119.3
b 124.3 (1.9%) 124.6 (2.1%) 124.1 (1.7%) 122.0
µ/10−18 esu 6.7 (8%) 5.9 (5%) 7.1 (15%) 6.2
< α >/10−23 esu 1.4 (18%) 1.5 (12%) 1.5 (12%) 1.7
< β >/10−30 esu 3.8 (59%) 9.4 (2%) 10.0 (9%) 9.2

The bond length and bond angles are in Å and degree, respectively. The num-
bering scheme is defined in Scheme 1.
aThe values in parentheses refer to the absolute deviations from the experimental
data [60].

in Fig. 1 for values obtained at MP2 level. However, for strong withdrawing substituent the predicted
behavior is in poor agreement with experiment, although the MP2 level was able to reproduce most of
the qualitative trend with exception found for X= NO2 derivative (see Fig. 1). In general, the B3LYP
trends for electric properties of mono-substituted benzene derivatives are similar to those found at MP2
level (see values in Table 2).

Scheme 1.

Thep-di-substituted benzene derivatives are the most important representatives of this broad class of
molecules that constitute the basic units for NLO molecular devices. In general, those compounds with
donor and acceptor substituents are more promising for NLO application. Belonging to this particular
class, thep-nitroaniline (pNA) has been mostly studied as a prototype for molecules with NLO properties.
In this molecule, the NO2 substituent is considered a strong acceptor group (σp = 0.78) and the NH2 a
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Table 4
Dipole moment (µ), average polarizability (〈α〉) and first hyperpolarizability (〈β〉) for para-disubstituted benzenes (units in
esu)

X Y µ/10−18 < α >/10−23 < β >/10−30

σa
t HF MP2 B3LYP Expt.b HF MP2 B3LYP Expt.b HF MP2 B3LYP Expt.b

NO2 CN 0.12 0.3 0.4 0.3 0.9 1.4 1.5 1.5 1.7 0.8 2.8 5.0 0.6
NO2 CHO 0.36 3.2 2.5 2.7 2.5 1.4 1.5 1.5 1.7 1.2 1.0 1.3 0.2
CHO Me 0.59 4.1 3.7 4.1 3.0 1.4 1.5 1.5 1.6 1.8 3.6 3.4 1.7
CHO OMe 0.69 5.2 4.6 5.3 3.5 1.5 1.6 1.6 1.7 3.9 7.8 7.4 2.2
CN Me 0.83 5.5 4.9 5.3 4.4 0.8 1.5 1.5 1.5 0.3 0.1 0.5 0.7
CN OMe 0.93 5.6 5.4 5.8 4.8 1.2 1.6 1.6 1.7 2.2 3.3 2.4 1.9
NO2 Me 0.95 5.6 4.7 5.3 4.2 1.4 1.5 1.5 1.6 0.4 2.6 3.3 2.1
NO2 OMe 1.05 6.0 5.2 6.0 4.6 1.4 1.6 1.6 1.5 2.6 7.3 8.4 5.1
NO2 OH 1.15 5.2 4.6 5.1 5.0 1.3 1.4 1.4 1.5 2.1 5.7 6.3 3.0
CHO N(CH3)2 1.25 6.2 5.7 6.8 5.1 1.8 1.9 2.0 2.0 7.9 14.3 12.4 6.3
CN NH2 1.32 6.5 6.0 6.8 5.0 1.4 1.5 1.5 1.6 2.1 4.1 2.8 3.1
NO2 NH2 1.44 6.7 5.9 7.1 6.2 1.4 1.5 1.5 1.7 3.8 9.4 10.0 9.2
CN N(CH3)2 1.49 7.4 7.8 7.8 5.6 1.7 1.9 1.9 2.1 4.0 7.3 5.2 5.0
NO2 N(CH3)2 1.61 7.9 6.8 8.2 6.4 1.7 1.9 2.0 2.2 7.3 16.0 17.0 12
NO N(CH3)2 1.73 6.4 6.3 7.8 6.2 1.7 1.9 2.0 2.1 9.5 21.7 13.3 12

aTheσt is defined asσ+
p −σ−

p , whereσ+
p is the largest positive parameter (stronger acceptor group) andσ−

p the lowest positive
value (weaker acceptor group) or the negative value (donor substituent).
bExperimental data [28].

strong donor group (σp = −0.66). In the present work, geometry and electric properties were calculated
for pNA molecule and compared to the experimental data as given in Table 3. The geometry was well
reproduced at all levels of theory, proving the flexibility and utility of our basis set. For bond lengths, the
largest error found was about 3.5% for N8-O9 bond at HF level. As for the bond angles, the largest error
was about 6.5% for the H-N-H angle (indicated by “a” in Table 3) at MP2 level. Regarding the electric
properties, our HF result ofµ = 6.7× 10−18 e.s.u. are in excellent agreement with the experimental
value ofµ = 6.2 × 10−18 e.s.u. obtained by Cheng et al. [28], deviation of only 8%. At MP2 and
B3LYP levels, our results show errors of 5% and 18%, respectively. Our calculated values of< α >=
1.4× 10−23 esu are also in good agreement with experimental data of< α >= 1.7× 10−23 esu [28].
At MP2 and B3LYP levels the mean polarizability was< α >= 1.5× 10−23 esu, being 12% lower than
the actual value. Interesting, for the first dipole hyperpolarizability, the electron correlation effect plays a
very important role in the predicted value. Our HF result of< β >= 3.8× 10−30 esu showed deviation
of 59% compared to the experimental value of< β >= 9.2× 10−30 esu obtained by Cheng et al. [28].
When we included the electron correlation effect, the error decreases to 2% at MP2 level and to 9% at
B3LYP level (see values in Table 3). We also compare our calculated values of dipole polarizability
for pNA with the values obtained by Junqueira et al. [36] with the CBS-extrapolated (aug-cc-pVDZ,
aug-cc-pVTZ//B3LYP/6-31+G). Our values of< α >= 1.5× 10−23 esu are in excellent agreement with
the values of< α >= 1.6× 10−23 esu found by Junqueira and co-workers [36]. The deviation was only
6%, however, with a significant lower computational cost.

Table 4, includes the calculated and experimental electronics properties forp-di-substituted benzene
derivatives. The molecules are organized in table according the increase of net Hammett parameter
defined asσt = σ+

p − σ−
p , whereσ+

p is the largest positive parameter (stronger acceptor group) andσ−
p

the lowest positive value (weaker acceptor group) or the negative value (donor substituent). In this way
the electronic effect on the properties can be quantified. In general, the largest the value ofσ+

p −σ−
p more

polar is the molecule as clearly seen in Table 4. Comparing the calculated values of dipole moment with
experimental data, we found an average absolute deviation of 27% at HF level. The electron correlation
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Table 5
Dipole moment (µ), average polarizability (〈α〉) and first hyperpolarizability (〈β〉) for ortho-disubstituted
benzenes (units in esu)

X µ/10−18 < α >/10−23 < β >/10−30

HF MP2 B3LYP Expt.a HF MP2 B3LYP Expt.a HF MP2 B3LYP Expt.a

Me 4.7 3.9 4.4 3.9 1.4 1.5 1.5 1.6 0.9 0.2 0.5 1.0
OH 3.8 3.1 3.7 3.4 1.3 1.4 1.4 1.5 1.3 3.2 2.1 1.2
OMe 6.0 4.9 5.6 3.8 1.4 1.5 1.6 1.7 2.3 2.7 1.9 1.4
NH2 5.0 4.2 4.9 4.1 1.3 1.5 1.5 1.6 1.7 3.2 2.0 2.5
CN 7.3 6.3 6.7 5.5 1.4 1.5 1.5 1.7 1.6 1.4 1.9 1.2
CHO 4.7 4.0 4.4 4.0 1.4 1.5 1.5 1.6 0.6 1.0 1.2 0.8
aExperimental data [28].

Table 6
Dipole moment (µ), average polarizability (〈α〉) and first hyperpolarizability (〈β〉) for meta-disubstituted
benzenes (units in esu)

X µ/10−18 < α >/10−23 < β >/10−30

HF MP2 B3LYP Expt.a HF MP2 B3LYP Expt.a HF MP2 B3LYP Expt.a

Me 5.2 4.4 4.9 3.9 1.4 1.5 1.5 1.6 0.7 1.0 1.2 1.5
OH 3.8 3.1 3.6 3.6 1.2 1.4 1.4 1.3 1.2 2.6 2.8 0.8
OMe 6.4 5.7 6.2 3.9 1.4 1.6 1.6 1.7 1.4 2.6 2.5 1.6
NH2 5.7 5.1 5.6 4.7 1.3 1.4 1.5 1.5 1.5 2.9 2.9 1.9
CN 4.9 4.2 4.6 3.7 1.4 1.5 1.5 1.7 1.0 1.2 2.0 0.8
CHO 2.4 2.1 2.4 2.8 1.4 1.5 1.5 1.6 0.6 1.6 1.7 1.7
aExperimental data [28].

effect influences positively in the calculated values. At MP2 level the mean error drops to 15% (B3LYP
gave the highest deviation for dipole moment, 29%). For the dipole polarizability,< α >, all methods
give good results when compared to the experimental data. The average errors were 18% at HF level
and around 7% at MP2 and B3LYP levels of theory. This property is not much sensitive to the electronic
substituent effect, being on average 1.7± 0.2 for the set ofpush-pullderivatives shown in Table 4.

The most relevant property for such molecules, which is directly related to the NLO property, is the
first dipole hyperpolarizability,< β >. In general, from values in Table 4, the results can be considered
satisfactory when compared to the experimental data, except for molecules with very low value of< β >,
usually lower than 1, where error is quite large. For molecules with< β > > 1, the best average
results were obtained at HF level, which deviation was 38%. However, it is important to mention that
for some molecules the electronic correlation play a primary role on the absolute value of property. For
instance, for the derivative with X/Y= NO2/CH3 the error was found equal to 81% at HF and only 24%
at MP2 level of theory. The same effect was discussed for pNA, where absolute errors in< β > were
59% and 2% at HF and MP2 levels, respectively (see data in Tables 3 and 4). It is worth noting that
the qualitative trend is correctly predicted at MP2 level, with the increase of< β > value with the net
Hammett parameter (see Fig. 2). Therefore, calculation at this level of theory with the basis set fitted
here can be used as a predictive tool of NLO properties forpush-pullbenzene derivatives.

In the last part of the present paper we calculated the electric properties fororthoandmeta-substituted
nitro-benzene. The values forµ, < α > and< β > at distinct levels of theory are given in Tables 5
and 6 forortho andmetaderivatives, respectively. The behavior compared to the experimental data
is similar to those discussed forp-derivatives, with MP2 working better forµ and < α >. In the
case of dipole moment and polarizability, the MP2 average errors foro- andm-derivatives were 23%
and 9%, respectively, compared to 31% and 16% at HF level. As expected, the values of< β > are
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Fig. 2. Calculated (MP2 only) and experimental values of< β > for p-di-substituted benzene derivatives.

Fig. 3. First hyperpolarizability for a series ofo-, m- andp-substituted nitro-benzene derivatives.

smaller compared top-derivatives. For instances, for pNA< β >= 9.2 and for oNA and mNA the
corresponding values were 2.5 and 1.9, respectively (experimental data). The HF results are, on average,
in better agreement to the experiment, with absolute mean error of 32% compared to 65% found at MP2
and B3LYP levels.

In Fig. 3 the< β > values are plotted against Hammett constant for substituent (Y) in a series ofo-,
m- andp-substituted nitro-benzene derivatives. Calculated (MP2 only) and experimental data are shown.
From Fig. 3 we see that the qualitative agreement between predicted and actual values is fairly good,
mainly for p-derivatives, whose trend throughout the whole series is mostly reproduced at MP2 level
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using the basis set proposed here. The overall substituent effect is also correctly predicted, including
the strength of electronic effect of individual group and those from relative position of both substituents.
Moreover, we believe the basis set adjusted in the present work might be a suitable alternative for
calculation of electric properties up to first hyperpolarizability for benzene derivatives.

4. Conclusions

The present paper presented modified basis sets for first row elements including H, C, N and O atoms,
adjusted to reproduce electric properties of diatomic molecules. A sequential procedure was applied to fit
Gaussian exponents, where the basis set for H was firstly obtained using H2 as standard system and then,
further used for fitting C basis set with the CH+ molecule taken as template. The basis sets for N and O
were obtained to reproduce electric properties of CN− and CO molecules, keeping the carbon basis set
unchanged. The final basis sets were of double zeta (DZ) quality augmented by diffuse and one or two
sets of first polarization functions (DZ+P): (9s5p2d(1d only for N)/7s2p1d)→ [5s(6s only for O)3p2d(1d
only for N)/3s2p1d] for C,O,N/H. For diatomic molecules, severalab initio methods were used, from HF
to highly correlated CCSD(T). In the case of CO molecule, for which a large amount of experimental data
are available, the agreement between predicted and actual values were satisfactory for most of properties,
when correlated methods are applied, (error< 20%), except for second hyperpolarizability,< γ >, that
presented a deviation around 60% at MP4(SDQ) level. Comparing these data with those reported in the
literature with more complete basis set, we conclude that higher order polarization functions are needed
in order to improve the< γ > prediction. This is out of the scope of the present paper, nonetheless,
deserves attention when second hyperpolarizability was the property of primary interest.

The basis sets adjusted were used for calculation of dipole moment, polarizability and first hyper-
polarizability of a series of 36o−, m− andp-substituted benzene derivatives. The results were quite
satisfactory for geometry and electric properties. For the important representativep-nitroaniline (pNA)
the predicted< β > value was only 2% higher than the experimental one at MP2 level. For the other
analogues the results were also good enough, with qualitative trends always correctly predicted at MP2
level. In the case ofo-, m- andp-substituted nitro-benzene series, the observed electronic effect of
individual group and those arising from relative position of both substituents were well reproduced at
MP2 level using our basis set. Thus, we are confident that the basis set adjusted in the present work
might be a suitable alternative for calculation of electric properties up to first hyperpolarizability for
benzene derivatives. Further work is still necessary in order to expand the basis set for higher order
hyperpolarizability and larger conjugated molecular systems. Our group in engaged in this challenging
task.

Appendix

R : 1a0 = 0.529177249× 10−10 m
µ : 1e.a0 = 8.478358× 10−30 C.m= 2.541746 Debye= 2.541746× 10−18 cm.esu
α : 1e2a2

0E−1
h = 1.659889× 10−41 C2.m2.J−1 = 1.481847× 10−25 cm3

β : 1e3a3
0E−2

h = 3.206361× 10−53 C3.m3.J−2 = 0.008641× 10−30 cm5.esu−1

γ : 1e4a4
0E−3

h = 6.235378× 10−65 C4.m4.J−3
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homonuclear diatoms and methane molecules

M.S.A. El-Kader∗

Department of Engineering Mathematics and Physics, Faculty of Engineering, Giza, 12211, Egypt

Abstract. The contribution of the quadrupole polarizability C to the long-range polarizability of two interacting rare-gas atoms
and methane molecules is specified by fitting the trace and anisotropy models to the intensity of the isotropic and anisotropic
interaction-induced light scattering spectra. Good agreement withab initio results in the literature is obtained and the first few
even moments of these profiles are in excellent agreement with experiments.

Keywords: Quadrupole polarizabilities/rare-gas/CH4

1. Introduction

Collision-induced light scattering (CILS) has been widely used in the past to study intermolecular
properties, especially the invariant of the interaction-induced polarizability tensor of collisional pairs of
atoms or molecules [1–4]. Accurate Raman spectra of the rare-gases and spherical top molecules like
methane could be recorded at low enough densities so that the spectra are due to binary interactions,
virtually unaffected by many body-interactions. Empirical models of the rare-gas diatom and methane
polarizabilities were obtained by comparing observed spectroscopic features with calculations based on
advanced interatomic potentials and suitable models of the diatom polarizability invariants.

Empirical diatom polarizability models are typically based on the classical long-range dipole-induced
dipole (DID) mechanism [5,6] to which a short-range term is added to simulate the quantal exchange
and overlap contributions [3,7]. For example, very successful models of the trace and anisotropy of the
diatom polarizability tensor are given by the sum of the DID contributions (often up to second order)
and added short-range term, which falls off exponentially with increasing interatomic separation r [3,
8,9]. Such models typically contain two adjustable parameters that are chosen to obtain a close fit
of the measured moments of the isotropic and anisotropic Raman spectra and, some times, of other
experimental data [3,8]. These parameters are the amplitude and range parameters of the exponential
short-range term in both models of the polarizabilities.

However, we note that these previous models all suffer from the fact that the different experimental
data like as line shapes, integrated intensities and second dielectric constant are not fitted well. Some
modifications have been made on the trace and anisotropy models such as the computation of the coef-
ficient A8 of (1/r8) [10] to reproduce both measurements, light scattering spectra, and virial coefficient.
A precise determination of a model of the induced trace and anisotropy is thought to be important not
only for its own sake, for comparison withab initio calculations of the same quantities, but also for the
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investigation of collision-induced light scattering (CILS) phenomena at high density which are believed
to be critically shaped by the pair polarizability.

In this paper we present the analysis of the isotropic and anisotropic light scattering spectra of helium
gas at T= 294.5 and 99.6 K, neon, argon, krypton, xenon andCH4 gases at room temperature, based on
fitting the spectral profiles rather than just the spectral moments of the measurements. Spectral profiles
have a number of characteristic features, such as the bound dimer contributions, logarithmic slopes and
curvatures of the line core and the wings, etc. . . . which may all be utilized in line-shape analyses.
Spectral profiles are calculated numerically with the help of a quantal computer program, and compared
with the measured spectra. The comparison of calculated and measured spectra provides valuable clues
concerning the quality of existing models of both the interaction-induced pair polarizabilities and the
interatomic potential.

2. Analysis of spectral profiles to determine the quadrupole polarizability C

In the molecular frame, for a pair of identical isotropic molecules the total pair-polarizability trace and
anisotropy contributing to the purely translational scattering can be modeled as [10–13]

α(r) =
(4α3

o + 5
9αo

γC6)

r6
+

20α2
oC

r8
− toexp

(
−r − σ

rt

)
(1)

β(r) =
6α2

o

r3
+

(6α3
o + γC6

3αo
)

r6
+

24α2
oC

r8
−goexp

(
−r−σ

ro

)
(2)

where the first term in Eq. (1) and the first two terms in Eq. (2) are the corrected DID trace and anisotropy,
attempting to analytically models the London dispersion effects in terms of the hyperpolarizabilityγ and
the van der Waals coefficientC6 [14]. The exponentials represent the “electron exchange” contributions
at short range. The other terms, referred to as asymptotic, long-range, or dispersion term, describes
the correct asymptotic behavior [4]. Here,αo and C designate atomic polarizability and quadrupole
polarizability. The values of the parameters are given in Refs [15–22].

The term inr−6 and the exponential term in both models of the trace and anisotropy polarizabilities
with C= 0 are the empirical Proffitt-Keto-Frommhold (PKF) models, fitting their experimental polarized
and depolarized spectra [23].

The quantum theory is applied for the accurate computation of the CILS absolute intensities of
the atomic pairs. Numerically, this is done by means of the propagative two-point Fox-Goodwin
integrator [24,25], where the ratio of the wavefunction, defined at adjacent points on a spatial grid, is
built step-by-step.

As regards our problem, binary isotropic and anisotropic spectra are computed quantum-mechanically,
as a function ofν, at temperature T by using the expressions [26,27]:

Iiso(ν) = hcλ3k4
s
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The symbolks stands for the Stokes wave number of the scattered light,h is Planck’s constant and c is the
speed of the light. Constantλ account for the thermal de Broglie wavelength,λ = h

/√
2πµkBT , with

µ the reduced mass of atomic pairs andkBBoltzmann’s constant. SymbolψE,J designates the scattering
wave function andEmax the maximum value of the energy that is required to obtain convergence of the
integrals.

In these expressions,α = α(r) andβ = β(r) denote the trace and anisotropy of the quasimolecule,
g

J
the nuclear statistical weight; for a rare gas, one hasg

J
= 0 for J odd andg

J
= 2 for J even. Finally,

bJ
′

J are intensity factors involving the rotational quantum numbers J andJ
′

of the initial and final states,
respectively.

With the spectral intensitiesIiso(ν) andIaniso(ν) in cm6 as input and through the following analytical
expressions we are able to deduce the experimental isotropic moments [28,29]

M2n =

(
λo

2π

)4
∞∫

−∞

(2πνc)2nIiso(ν)dν (5)

and anisotropic moments

M2n =
15

2

(
λo

2π

)4
∞∫

−∞

(2πνc)2nIaniso(ν)dν (6)

whereλo denotes the laser wavelength andn is a non-negative integer.
Theoretical calculations of the first two even moments of the isotropic and anisotropic spectra can be

easily performed within the framework of classical mechanics by means of the standard expressions [28,
29]
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for the anisotropic spectrum.
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Fig. 1. Comparison between the calculated isotropic spectrum of argon gas at T= 295 K using theab initio potential [19] and
different models of the trace with the experimental one.

Fig. 2. Comparison between the calculated anisotropic spectrum of argon gas at T= 295 K using theab initio potential [19]
and different models of the pair polarizability anisotropy with the experimental one.
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An effective means for checking the values of the quadrupole polarizability C is to compare the
computed second dielectric constantBε with the experimental one. This is done by using the following
formula [12,30]:

Bε =
8π2

3
N2

A

∞∫

0

α(r)e(−V (r)/kBT )r2dr (11)

As a first step in our analysis we calculate the pair spectra of all inert gases and methane, using the recent
potentials [17–22] and polarizability models used previously in the moment analysis [4]. While the
experimental spectrum is roughly reproduced with that calculation, differences between the computed
and measured spectral profiles remain, which are clearly greater than the combined uncertainties of
the numerical calculation and the experiment. In other words, the combination of the previously used
potentials and polarizability model does not reproduce the measurement within the given uncertainties,
despite the fact that consistency of measured and computed zeroth and second spectral moments was
observed. The measured integrated intensity (the zeroth moment) cannot be known very accurately,
because the low frequency part of the spectrum, which contributes significantly to the zeroth moment, is
inaccessible to measurement; extrapolations to zeroth frequency are necessary which limit the accuracy
attainable. We therefore decided to use the analytical polarizability trace and anisotropy models Eqs (1,2)
and estimate the quadrupole polarizability C at room temperature of different inert gases andCH4 from
the second moment for different values of the parametersrt andro, and to study the variations of the
spectral profiles in response to the variations ofrt andro.

Again, suitable C values are determined by variations of the parametersrt andro forcing the theoretical
second spectral moment to reproduce the experimental value. The line-shapes calculations are continued
for different values ofrt andro until a good fit of the profiles are obtained, with the values in Table 1. As
can be seen for example in Figs (1) and (2) we now observe agreement of the computed and measured
profiles of isotropic and anisotropic light scattering of argon gas over the complete frequency range. The
agreement is much closer than anything that was seen before with gas spectra, particularly when we
compare the far wings of the spectra. Agreement at that level apparently requires adding the long-range
part in the trace and anisotropy models at small separations, presumably in the polarizability models.

Comparison between calculations and experiments for the zeroth and second moments of the isotrop-
ic and anisotropic light scattering profiles and second dielectric constant using these models of the
polarizability trace and anisotropy are shown in Tables 2 and 3.

Also, it is interesting to note that the quadrupole polarizability C of these models of the polarizabilities
agree reasonably well withab initio calculations [15,16,31–34] for the systems of the noble and methane
gases and produce moments in good agreement with experiments.

3. Conclusion

We have adopted a models for the pair polarizability traceα(r) and anisotropyβ(r) of the rare gas
diatoms and methane molecule as a functions of the interatomic separation, which we determine by
fitting to the spectral profiles of isotropic and anisotropic light scattering at room temperature rather than
just the spectral moments of the measurements using a computer optimization process. The results of our
analysis is therefore that rare and methane gases during collisions develop an incremental polarizability
trace and anisotropy, beside the first and second order dipole induced dipole ones, which contribute
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Table 1
Parameters of the extra-DID part of the diatom trace and anisotropy obtained by fitting
the isotropic and anisotropic light scattering spectra of different inert gases and methane
molecules

Gas Trace parameters Anisotropy parameters Quadrupole polarizability

rt(
o

A) to(
o

A 3) ro(
o

A) go(
o

A 3) C(
o

A 5)
Calculated Ab initio

He 0.33 0.001393 0.348 0.0021 0.0953 0.0961 [31]
Ne 0.394 0.0055 0.43 0.0074 0.275 0.3 [32]
Ar 0.395 0.0309 0.40 0.08 2.065 2.08 [15,16]
Kr 0.4217 0.0414 0.45 0.2142 3.925 3.938 [33]
Xe 0.382 0.201 0.41 0.265 8.7 8.76 [33]

CH4 0.355 0.052 0.389 0.17 2.487 2.50854 [34]

Table 2
Isotropic and anisotropic zeroth-orderM0, second-orderM2 moments deduced from experiment and theory using our empirical
models of the pair polarizability trace and anisotropy and the different interatomic potentials [17–22]

Isotropic light scattering Anisotropic light scattering

M0(10
−2

o

A 9) M2(10
24

o

A 9/S
2) M0(

o

A 9) M2(10
25

o

A 9/S
2)

Cal. Exp. Cal. Exp. Cal. Exp. Cal. Exp.
He

T = 294.5 K 0.026 0.026 [35] 0.3234 0.32 [35] 0.0174 0.017 [36] 0.318 0.318 [36]
T = 99.6 K 0.00923 0.00906 [37] 0.0397 0.0415 [37] 0.0156 0.0146 [37] 0.0921 0.0935 [37]

Ne
T = 294.5 K 0.0523 0.0521 [38] 0.6406 0.6407 [38] 0.257 0.257 [38] 0.555 0.5548 [38]

Ar
T = 295 K 3.77 3.825 [39] 3.293 3.29 [39] 43.03 42.8 [40] 38.7 39.0 [40]

Kr
T = 294.5 K 7.45 7.6 [41] 6.055 6.05 [41] 193.6 194 [41] 82.45 82.6 [41]

Xe
T = 294.5 K 80.0 86.5 [41] 10.5 10.75 [41] 1339.4 1330.0 [41] 373.6 373.76 [41]

CH4

T = 294.5 K 1.34 – 15.17 – 209.2 192.24 [42] 681.32 684.45 [42]

Table 3
Second dielectric constant B deduced from experiment and theory using our empirical models of the pair polarizability trace
and the different interatomic potentials [17–22]

He Ne Ar Kr Xe CH4

T = 323.15 K T= 323.15 K T= 242.95 K T= 323.15 K T= 242.95 K T= 373.4 K

B(cm6/mol
2)

Cal. −0.027 −0.094 1.823 4.318 33.33 6.77
Exp. [43] −0.02± 0.02 −0.12± 0.06 1.84± 0.07 4.3± 0.7 35± 2 6.75± 0.29

substantially at intermediate range distances and can be ascribed to other mechanisms of electron cloud
distortion, like overlap and correlation effects.

Also, it is interesting to note that the quadrupole polarizability C of these models of the polarizabilities
agree reasonably well withab initio calculations [15,16,31–34] for the systems of the noble gases and
produce moments in good agreement with experiments.
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Abstract. We discuss a simple model for creation of entanglement in a system composed of two two-level atoms interacting with
a common environment. The role of the environment in entangling and disentangling of the atoms is explored. We demonstrate
how the spontaneous decay of an initial excitation of the system can create a transient entanglement between the atoms. The
opposite situation is also discussed where a spontaneous disentanglement of initially entangled atoms may exhibit some unusual
features such as entanglement sudden birth, the phenomenon of entanglement sudden death and revival of entanglement. We
provide a discussion of these unusual phenomena in terms of the density matrix elements of the system and show the connection
of the phenomena with the threshold behaviour of the concurrence.

1. Introduction

Entanglement is a unique feature of quantum mechanics that can be created between different objects
such as individual photons, atoms, nuclear spins and even between biological living cells [1]. Theoretical
studies have demonstrated that entanglement can be used as a resource for transmission of quantum
information over long distances. However, a transfer of the information requires ingredients for the
control and transmission in the form of long-lived entangled states that are immune to environmental
noise and decoherence. The transfer of information has been accomplished between light, which appears
as a carrier of the information, and atoms whose stable ground states serve as a storage system [2–4].
The ability to store quantum information in long-lived atomic ground states opens possibilities for a long
time controlled processing of information and communication of the information on demand.

An important issue in the creation of entanglement between the qubits is the presence of unavoidable
decoherence which is a source of an irreversible loss of the coherence. It is often regarded as the
main obstacle in practical implementation of coherent effects and entanglement. A typical source
of decoherence is spontaneous emission resulting from the interaction of a system with an external
environment. For a composed system, each part of the system can interact with own independent
environments or all the parts can be coupled to a common environment. In both cases, an initial
entanglement encoded into the system degrades during the evolution. Nevertheless, the degradation
process can be much slower when the parts of the system are coupled to a common rather than separate
environments and, contrary to our intuition, might even entangle initially unentangled qubits. This effect,
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1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved



252 Z. Ficek and R. Tanás / Sudden birth and sudden death of entanglement

called the environment induced entanglement has been studied for discrete (atomic) [5–11], as well as for
continuous variable systems [12,13]. A crucial parameter in the case of the atoms coupled to the same
external environment is the collective damping [14–19], which results from an incoherent spontaneous
exchange of photons between the qubits.

The destructive effect of spontaneous emission on entanglement can take different time scales. The
decoherence time depends on the damping rate of the state in which the entanglement was initially
encoded and usually the decay process induced by spontaneous emission occurs exponentially in time.
However, some entangled states can have interesting unusual decoherence properties that an initial
entanglement can vanish abruptly in a finite time [20–23]. This drastic non-asymptotic feature of
entanglement has been termed as the “entanglement sudden death”, and is characteristic of the dynamics
of a special class of initial entangled states. The qubits may remain separable for the rest of the evolution
or entanglement may revive after a finite time [24–28].

Although the sudden death feature is concerned with the disentangled properties of spontaneous
emission there is an interesting “sudden” feature in the temporal creation of entanglement from initially
independent qubits [29,30]. The phenomenon termed as sudden birth of entanglement, as it is opposite to
the sudden death of entanglement arises dynamically during the spontaneous evolution of an initially sep-
arate qubits. The sudden birth of entanglement is now intensively studied as it would provide a resource
for a controlled creation of entanglement on demand in the presence of a dissipative environment [23].

In this paper we illustrate the effect of spontaneous emission and the interactions between atoms on
entanglement creation and its transient evolution. We introduce the concurrence, the necessary and
sufficient conditions for entanglement in a two-atom system. Then we turn into the dynamics of atoms
interacting with a common environment and examine a possibility for entanglement creation between
two atoms. We employ the dynamics of the atoms to illustrate some unusual temporary behaviours of
the disentanglement process, the sudden birth and sudden death of entanglement. Next, we demonstrate
under what kind of conditions the already destroyed entanglement could revive during the evolution.
Finally, we discuss the role of thermal reservoir on the evolution of an initial entanglement.

The collective properties of interacting atoms, which we consider here, is a fascinating research topic
in which Professor Stanisław Kielich was interested for many years. In a series of publications, he has
explored the role of the interactions in light scattering [31], especially intermolecular interactions play
crucial role in the cooperative light scattering discovered by Kielich and his French colleagues [32].
Another important topic investigated by Kielich since the beginning of his scientific career was the
problem of optical reorientation of molecules, which started before the first laser became operational [33].
More on the research done in Kielich’s group can be found in articles published in [34].

2. Two-atom system

We consider a system composed of two identical atoms located at fixed positions~ri, and separated by
a distancerij = |~rj − ~ri| large compared to the atomic diameter, so that overlap between the atoms can
be ignored. The atoms are modeled as two-level systems with ground states|gi〉 and excited states|ei〉,
separated by transition frequenciesω0 and connected by a transition dipole moment~µ. Both atoms are
assumed to be damped with the same ratesγ−the spontaneous emission rates arising from the coupling
of the atoms to a common reservoir.

The dynamics of the atoms interacting with a reservoir of electromagnetic field modes at some
temperatureT are determined by the master equation of the density operator of the system, which in the
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limit of ω0t ≫ 1 has the form [17,18]

∂ρ

∂t
= −iω0

2∑
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[Sz
i , ρ] − i

2∑

i6=j=1

Ωij
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]

− 1

2
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j ρ
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, (1)

whereS+
i , S−

i , andSz
i are the dipole raising, lowering, and population difference operators, respectively,

of theith atom,γii ≡ γ are the spontaneous decay rates of the atoms, equal to the EinsteinA coefficient
for spontaneous emission, andN is the mean number of photons of the reservoir at temperatureT . The
photon numberN ≡ N(ω0) is given by the Planck distribution

N(ω) =
1

e
~ω

kBT − 1
, (2)

wherekB is the Boltzmann constant.
The terms in the master equation that depend onγij andΩij (i 6= j) are the so-calledcollectiveterms

and determine collective properties of the system. The parameterγij represents the collective damping,
while the parameterΩij represents the dipole-dipole interaction between the atoms. The effect ofΩ12 on
the atomic system is the shift of the energy of the single excitation collective states from the single-atom
energy. The collective parameters can be evaluated explicitly and are given by the expressions [15–18,
35,36]

γij =
3

2
γ

{[
1−(µ̂ · r̂ij)

2
] sin(krij)

krij
+
[
1−3(µ̂ · r̂ij)

2
][cos(krij)

(krij)
2 − sin(krij)

(krij)
3

]}
, (3)

and

Ωij =
3

4
γ

{
−
[
1 − (µ̂ · r̂ij)

2
] cos(krij)

krij
+
[
1−3(µ̂ · r̂ij)

2
][sin(krij)

(krij)
2 +

cos(krij)

(krij)
3

]}
, (4)

whereµ̂ is the unit vector along the dipole moments of the atoms, which we have assumed to be parallel
(µ̂ = µ̂i = µ̂j), r̂ij is the unit vector in the direction of~rij, k = ω0/c, andrij is the distance between
the atoms. For small distances between the atoms,γ12 ≈ γ, whereas for large distances the collective
damping vanishes as(kr12)

−1 and becomes negligible forkr12 ≫ 1. In this limit, the atoms decay
independently with a rate identical to that of a single atom.

The density operator of the system can be represented in a complete set of basis states spanned by four
product (separable) states

|1〉 = |g1〉 ⊗ |g2〉, |2〉 = |g1〉 ⊗ |e2〉,
|3〉 = |e1〉 ⊗ |g2〉, |4〉 = |e1〉 ⊗ |e2〉. (5)
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Written in the basis (5), the density operator can have a diagonal or non-diagonal form and the presence
of any non- diagonal terms simply indicates the existence of coherence effects in the system. For the
examples considered in the following sections, the density matrix of a two-atom system will occur in the
so-calledX-state form [37,38]

ρ =




ρ11 0 0 ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0

ρ41 0 0 ρ44


 , (6)

where non-zero matrix elements occur only along the main diagonal and anti-diagonal. Physically, the
X-state form corresponds to a situation where all coherences between the ground state|1〉 and the single
excitation states|2〉 and|3〉, and between|2〉, |3〉 and the double excitation state|4〉 are zero. TheX-state
density matrix can be easily created by an appropriate initial preparation of a two-atom system. Also,
one can find processes that not only retain the initialX-state form of the density matrix, but even could
lead to theX-state form under the evolution.

One can see from Eq. (6) that in the presence of coherence, the density matrix is not diagonal. This
means that the product states (5) do not correspond in general to the eigenstates of the system. In this
case, a different choice of basis states is found particularly useful to work with, the basis of collective
states of the system, or the Dicke states, defined as [14,15,17]

|g〉 = |g1〉 ⊗ |g2〉,

|s〉 =
1√
2

(|e1〉 ⊗ |g2〉 + |g1〉 ⊗ |e2〉) ,

|a〉 =
1√
2

(|e1〉 ⊗ |g2〉 − |g1〉 ⊗ |e2〉) ,

|e〉 = |e1〉 ⊗ |e2〉. (7)

It is interesting to note that the collective basis contains two states,|s〉 and|a〉 that are linear symmetric
and antisymmetric superpositions of the product states, respectively. The most important is that the states
are in the form of maximally entangled states. The remaining two states|e〉 and|g〉 are separable states.

3. Entanglement measure

The usual way to identify entanglement in a system being in a mixed state and composed of two
sub-systems (qubits) is to examine the concurrence [39,40]. For a system described by the density
matrixρ, the concurrenceC is defined as

C(t) = max (0, λ1(t) − λ2(t) − λ3(t) − λ4(t) ) , (8)

where{λi(t)} are the square roots of the eigenvalues of the non-Hermitian matrixR = ρ(t)ρ̃(t) with

ρ̃(t) = σy ⊗ σy ρ∗(t)σy ⊗ σy, (9)

andσy is the Pauli matrix. The range of concurrence is from 0 to 1. For unentangled (separated) atoms
C(t) = 0, whereasC(t) = 1 for the maximally entangled atoms.
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A particularly interesting behaviour of concurrence is found for a system of qubits determined by the
density matrix of theX-state form, Eq. (6). To determine the concurrence, we first find the square roots
of the eigenvalues of the matrixR:

√
λ1,2 =

√
ρ22(t)ρ33(t) ± |ρ14(t)|,

√
λ3,4 =

√
ρ11(t)ρ44(t) ± |ρ23(t)|, (10)

from which it is easily verified that for a particular value of the matrix elements there are two possibilities
for the largest eigenvalue, either

√
λ1 or

√
λ3. The two possibilities result in the concurrence of the form

C(t) = max {0, C1(t), C2(t)} , (11)

where

C1(t) = 2
{
|ρ14(t)| −

√
ρ22(t)ρ33(t)

}

= 2



|ρge(t)| −

√[
ρss(t) + ρaa(t)

2

]2

− [Re ρsa(t)]2



 , (12)

and

C2(t) = 2
{
|ρ23(t)| −

√
ρ11(t)ρ44(t)

}

= 2





√[
ρss(t) − ρaa(t)

2

]2

+ [Im ρsa(t)]2 −
√

ρee(t)ρgg(t)



 . (13)

From this it is clear that the concurrenceC(t) can always be regarded as being made up of eitherC1(t)
or C2(t) that are associated with two different coherences which can be generated in a two qubit system.
From the forms ofC1(t) and C2(t), it is obvious thatC1(t) provides a measure of an entanglement
produced by the two-photon coherenceρ14(t), whereasC2(t) provides a measure of an entanglement
produced by the one-photon coherenceρ23(t). The two alternative contributionsC1(t) andC2(t) are
traditionally understood as thecriteria for one and two-photon entanglement, respectively.

Inspection of Eqs (12) and (13) shows that non-zero coherencesρ14(t) andρ23(t) are the necessary
condition for entanglement, but not in general sufficient one since there are also threshold terms in the
concurrence measures involving the diagonal (population) terms. For example, there might be situations
where the quantity

√
ρ11(t)ρ44(t) is different from zero, and|ρ23(t)| may be positive but not large

enough to enhance the concurrenceC2(t) above the threshold for entanglement. Thus, the necessary
and sufficient condition for entanglement between two qubits whose the dynamics are determined by the
density matrix (6) is

|ρ14(t)| 6= 0 and |ρ14(t)| >
√

ρ22(t)ρ33(t), (14)

or

|ρ23(t)| 6= 0 and |ρ23(t)| >
√

ρ11(t)ρ44(t), (15)
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The thresholds for the coherences are sort of “boundaries” between classical and quantum behaviour
of a two-qubit system. Above the threshold, the behaviour of the system is determined in terms of
superposition states, the basic principle of quantum mechanics. Below the threshold, the qubits are
separable and no superposition principle is required to determine their properties.

4. Evolution of the density matrix elements

We choose the collective states (7), as a basis for the representation of the density operator and the
analysis of entanglement in the system. The equations of motion for the density matrix elements are
found from the master equation (1), and are given by

ρ̇ee = −2γ(1 + N)ρee + N [(γ + γ12)ρss + (γ − γ12)ρaa] ,

ρ̇ss = (γ + γ12) [ρee − (1 + 3N)ρss − Nρaa + N ] ,

ρ̇aa = (γ − γ12) [ρee − Nρss − (1 + 3N)ρaa + N ] , (16)

ρ̇as = − [γ(1 + 2N) + 2iΩ12] ρas,

ρ̇ge = −γ(1 + 2N)ρge.

Equations (16) describe the evolution of the two-atom system in a quite general case of thermal reservoir
with nonzero mean number of photonsN . In case of the ordinary vacuum, the mean number of photons
of the reservoir is equal to zero,N = 0, and Eqs (16) simplify considerably.

We begin with the simple case of reservoir being the vacuum of the electromagnetic modes, so that
we putN = 0. One can see from Eqs (16) that the transitions rates to and from the symmetric and
antisymmetric states are modified by the collective dampingγ12. Provided thatγ12 > 0, the transitions
to and from the symmetric state occur with an enhanced rateγ +γ12, whereas the transitions to and from
the antisymmetric state occur with a reduced rateγ − γ12. For small separations between the atoms,
γ12 ≈ γ, and then the state|s〉 becomessuperradiantwith a decay rate double that of the single atomγ,
whereas the state|a〉 becomessubradiant, with a decay rate of order(kr12)γ which vanishes in the limit
of small distanceskr12 ≪ 1.

The set of coupled equations for the populations of the collective states can be easily solved, and the
solution, valid for arbitrary initial conditions andN = 0 is given by [15,17]

ρee(t) = ρee(0) e−2γt,

ρss(t) = ρss(0) e−(γ+γ12)t + ρee(0)
γ + γ12

γ − γ12

[
e(γ−γ12)t − 1

]
e−2γt,

ρaa(t) = ρaa(0) e−(γ−γ12)t + ρee(0)
γ − γ12

γ + γ12

[
e(γ+γ12)t − 1

]
e−2γt, (17)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t).
We see from Eq. (17) that the decay of the populations depends strongly on the initial state of the

system. When the system is initially prepared in the state|s〉, the population of the initial state decays
exponentially with an enhanced rateγ + γ12, while the initial population of the antisymmetric state
decays with a reduced rateγ − γ12. This occurs because the photons emitted from the excited atom can
be absorbed by the atom in the ground state, so that the photons do not escape immediately from the
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system. For a general initial state that includes in the state|e〉, the populations of the symmetric and the
antisymmetric states do not decay with a single exponential.

Similarly, equations of motion for the coherences, Eq. (16), are straightforward to solve, giving

ρsa(t) = ρsa(0) e−(γ+2iΩ12)t,

ρge(t) = ρge(0) e−γt. (18)

The time evolution of the density matrix elements depends on the initial state of the system. In the
following sections, we will apply the solutions to analyse the time evolution of the concurrence for
different initial states. We consider both separable and entangled initial states to see how spontaneous
emission can affect separable and entangled properties of the system.

5. Spontaneous creation of entanglement

Let us consider first the problem of creation of entanglement in spontaneous emission from an initial
separable state. We take for the initial state of our system the single-excitation state|I〉 = |3〉 =
|e1〉 ⊗ |g2〉, which corresponds to atom1 initially prepared in the excited state and atom 2 in the ground
state. The initial state is, of course, a separable state. In other words, there is no entanglement in the
system att = 0. It is easily verified that in this case, the only non-vanishing matrix elements are

ρss(0) = ρaa(0) = ρsa(0) = ρas(0) =
1

2
, (19)

and then the initial density matrix has the following form

ρ(0) =




0 0 0 0
0 ρss(0) ρsa(0) 0
0 ρas(0) ρaa(0) 0
0 0 0 0


 . (20)

According to the solutions (17) and (18), the matrix elements which are zero at the initial timet = 0
will remain zero for all time, except the population of the ground state|g〉 which will buildup during
the evolution. Hence, the diagonal form of the density matrix will be preserved during the evolution.
Moreover, the dynamics of the systems can be confined to the subspace spanned by three state vectors
only, |g〉, |s〉 and|a〉.

We now examine the concurrence, Eq. (11). Looking at the density matrix (20), two conclusions can
be made. First of all, since the coherenceρge(t) is equal to zero for all timest, we see from Eq. (12)
that the criterionC1(t) is always negative. Consequently,C1(t) will not contribute to the concurrence.
Secondly, the upper state|e〉 is not involved in the dynamics of the system which, according to Eq. (13)
rules out a possibility for the threshold behaviour of the criterionC2(t). Under this situation, the time
evolution of the concurrence is determined solely by the time evolution of the coherence|ρ23(t)|, which
in terms of the collective states can be written as [19]

C(t) ≡ C2(t) =

√
[ρss(t) − ρaa(t)]

2 + 4 [Imρsa]
2

= e−γt
√

sinh2(γ12t) + sin2(2Ω12t). (21)
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Fig. 1. Time evolution of the concurrence (solid line) and thepopulations of the antisymmetric (dashed line) and the symmetric
(dashed-dotted line) states for the atoms prepared initially in the separable state|3〉 = |e1〉⊗|g2〉, with µ̂ ⊥ r̂12, andr12 = λ/10.

There are two contributions to the time evolution of the concurrence. First, there is an imaginary part of
the coherence between the states|s〉 and|a〉. Since this is off-resonance coupling, it leads to oscillation
in the concurrence with frequency 2Ω12, the frequency difference between the two states. The second
contribution is the difference between the populations of the states|s〉 and |a〉. This contribution is
non-oscillatory. We see that the effect of the non-oscillatory term is apparently to lengthen the lifetime
of the concurrence.

Figure 1 shows the time evolution of the concurrenceC(t), calculated from Eq. (21), together with
the populations of the symmetric and the antisymmetric states. The time evolution of the concurrence
reflects the time evolution of the entanglement between the atoms. It is seen that the concurrence
builds up immediately aftert = 0 and remains positive for all time, which indicates that spontaneous
emission can indeed create entanglement between the initially unentangled atoms. The buildup of the
concurrence in time generally consists of oscillatory and non-oscillatory components, so that two time
scales of completely different behaviour of the concurrence can be distinguished. At early times, the
concurrence builds up in an oscillatory manner, and the oscillatory structure is smoothed out on a time
scale oft = (γ + γ12)

−1, the lifetime of the symmetric state. The oscillations vanish at time close to
the point where the symmetric state becomes depopulated. At later times, the concurrence evolves in
a non-oscillatory manner and overlaps with the population of the antisymmetric state. As a result, the
concurrence decays slowly on the time scale oft = (γ−γ12)

−1. Although the concurrence (21) involves
both symmetric and antisymmetric states, it is clear that crucial for the entanglement is the presence of
the antisymmetric state.

The decay time of the population of the antisymmetric state, so that the transient entanglement seen
in Fig. 1, varies with the distance between the atoms. The time goes to infinity whenkr12 → 0. In
this limit the transition rates to and from the antisymmetric state vanish and the state decouples from the
remaining states. Hence, any initial population encoded into the state will remain there for all times.
For example, with the initial state|3〉 andt → ∞, half of the population, that initially encoded into the
antisymmetric state, still remains in the atomic system, and half of the population, that initially encoded
into the symmetric state, is emitted into the field. As a result, the concurrence evolves to its stationary
value ofC(∞) = 0.5 indicating that in the limit oft → ∞, the spontaneous emission could produce
steady state entanglement to the degree of 50% with the corresponding pure state of the system.
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The creation of the transient entanglement can be understood by considering the properties of the
density matrix of the system. For the initial state of only one atom excited the density matrix is not
diagonal due to the presence of coherencesρsa(0) andρas(0). Since the form of the matrix is preserved
during the evolution, it remains non-diagonal for all times. Consequently, the collective states are no
longer the eigenstates of the system. The density matrix can be diagonalized to give new diagonal states.
It is easy to verify that the states|g〉 and|e〉 remain unchanged, whereas the states|s〉 and|a〉 recombine
into new diagonal symmetric

|+〉 =
[ρ++(t)−ρss(t)]|a〉+ρas(t)|s〉
{

[ρ++(t)−ρss(t)]
2+|ρas(t)|2

} 1

2

, (22)

and antisymmetric

|−〉 =
ρas(t)|a〉+[ρ−−(t)−ρaa(t)]|s〉
{

[ρ−−(t)−ρaa(t)]
2+|ρas(t)|2

} 1

2

, (23)

states, with the eigenvaluesρ++(t) andρ−−(t), the populations of the diagonal states, given by

ρ++(t) =
1

2
[ρaa(t) + ρss(t)] +

1

2

{
[ρaa(t)−ρss(t)]

2+4|ρas(t)|2
}1

2

,

ρ−−(t) =
1

2
[ρaa(t) + ρss(t)] −

1

2

{
[ρaa(t)−ρss(t)]

2+4|ρas(t)|2
}1

2

. (24)

It follows from Eq. (23) that the coherencesρsa(t) andρas(t) cause the system to evolve between two
“new” states|+〉 and|−〉, which are linear combinations of the collective states|s〉 and|a〉. It is easy
verified that for the initial condition (19), the populationρ−−(t) = 0 for all times, whereas the population
ρ++(t) is different from zero and equals to the sum of the populationsρss(t) andρaa(t). The lack of
population in the states|−〉 together with no population in the state|e〉 reduces the four-level system
to an effective two-level system with the excited non-maximally entangled state|+〉 and the separable
ground state|g〉. In this case, the density matrix of the system has a simple diagonal form

ρ(t) = ρ++(t)|+〉〈+| + ρgg(t)|g〉〈g|. (25)

Sinceρ−−(t) = 0 for all timest, we can easily find from Eq. (24) that in this case|ρas(t)|2 = ρaa(t)ρss(t),
and then the state|+〉 can be written as

|+〉 =

√
ρss(t)|s〉 +

√
ρaa(t)|a〉√

ρaa(t) + ρss(t)
. (26)

When the collective states|s〉 and|a〉 are equally populated, the state|+〉 reduces to a separable state
|e1〉 ⊗ |g2〉. On the other hand, the state|+〉 reduces to a maximally entangled state,|s〉 or |a〉, when
eitherρss(t) or ρaa(t) is equal to zero. Since the population of the symmetric state decays faster than the
antisymmetric state, see Eq. (16), at time when the state|s〉 becomes depopulated, the state|+〉 reduces
to the maximally entangled antisymmetric state|a〉. This explains why at later times the evolution of the
concurrence follows the evolution of the population of the state|a〉.

The above analysis gives clear evidence that the creation of transient entanglement from the separable
state by spontaneous emission depends crucially on the presence of the antisymmetric state.
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6. Sudden birth of entanglement

We have already seen that an entanglement can be created by spontaneous emission from an initially
separable state. However, spontaneous emission offers more opportunities for unusual effects. We shall
see that the creation of entanglement by spontaneous emission is not a common phenomenon for all
separable states, and that for some initial states the spontaneous creation of entanglement is possible
but can be delayed in time. To illustrate this phenomenon, which we shall term assudden birth of
entanglement, we consider two initial separable states that differ from that considered in the preceding
section. In the first, we assume that initially both atoms were inverted, and in the second, we assume
that the atoms were initially separable and each prepared in a linear superposition of its energy states.

We start by assuming that initially the system was prepared in the separable two-excitation state|e〉.
In this case,ρee(0) = 1 and all the remaining density matrix elements are zero. According to Eq. (18),
the off-diagonal terms (coherences) will remain zero for all times, but the populationsρss(t), ρaa(t) and
ρgg(t) will buildup during the evolution. This implies that fort > 0, the density matrix of the system
spanned in the basis of the collective states (7), will have a diagonal form for allt:

ρ(t) =




ρgg(t) 0 0 0
0 ρss(t) 0 0
0 0 ρaa(t) 0
0 0 0 ρee(t)


 , (27)

with the time dependent density matrix elements given by

ρee(t) = e−2γt,

ρss(t) =
γ + γ12

γ − γ12

[
e(γ−γ12)t − 1

]
e−2γt,

ρaa(t) =
γ − γ12

γ + γ12

[
e(γ+γ12)t − 1

]
e−2γt, (28)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t).
Looking at the density matrix (27) and the criteria for entanglement, Eqs (12) and (13), one can easily

find that in this caseC1(t) is always negative. Thus, positive values of the concurrence, so that the
entanglement are determined only by the criterionC2(t):

C = max {0, C2(t)} , (29)

with

C2(t) = |ρss(t) − ρaa(t)| − 2
√

ρgg(t)ρee(t). (30)

It is clear from Eq. (30) that entanglement, if any, may only result from an unequal population of
the symmetric and antisymmetric states. When the system is prepared in the state|e〉, the resulting
spontaneous transitions are cascades: The system decays first to the intermediate states|s〉 and |a〉,
from which then decays to the ground state|g〉. Since the transition rates to and from the states|s〉 and
|a〉 are different whenγ12 6= 0, there appears unbalanced population distribution between these states.
According to Eq. (30), this may result in a transient entanglement between the atoms.

To visualise the behaviour of the concurrence, we plotC(t) as a function of time and the distance
between the atoms in Fig. 2. The system was initially in the separable two-excitation state|e〉. We
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Fig. 2. A three-dimensional plot of the concurrenceC(t) as a function of timeγt and the distancer12/λ between two, initially
inverted atoms with the polarisation of the atomic dipole moments perpendicular to the inter-atomic axis,µ̂ ⊥ r̂12.

see that there is no entanglement at earlier times, but suddenly at some finite time an entanglement
emerges. However, it happens only for a limited range of the distancesr12. It is easily verified that
the “islands” of entanglement seen in Fig. 2 appear at distances for whichγ12 is different from zero.
Again, it reflects the role of the collective damping which is responsible for creation of entanglement by
spontaneous emission from an initial separable state. This result also demonstrates how the collective
damping leading to entanglement between the atoms becomes less important as the interatomic distance
is increased. Atoms separated by more than just a few wave-lengths become separable.

We have seen thatγ12 modifies the damping rates of the transitions between the collective states and, on
the other hand, introduces two time scales for the decay of the population of the system. One can easily
find that the entanglement seen in Fig. 2 decays out on a time scale(γ−γ12)

−1 that is the time scale of the
population decay from the antisymmetric state. Again, this shows that crucial for entanglement creation
by spontaneous emission is the presence of the antisymmetric state. This is perhaps not surprising, as the
population of the antisymmetric state builds up on a much longer time scale than the population of the
symmetric state. At long times, the antisymmetric state will posses a large population with no population
left in the symmetric state. What is surprising and, in fact, is very similar to the situation found in the
Dicke model that at early timesγt ≪ 1 andγ12 6= 0, the symmetric state is significantly populated with
almost no population in the antisymmetric state, and no entanglement is created.

The above considerations are supported by the analysis of the time evolution of the population of the
excited states of the system that is illustrated in Fig. 3. It is quite evident from the figure that at the time
t ≈ 4/γ when the entanglement starts to build up, the antisymmetric state is the only excited state of
the system being populated. Clearly, the effect of the delayed creation of entanglement is attributed to
the slow decay rate of the antisymmetric state. The state decays on the time scale of(γ − γ12)

−1 that is
much longer than the decay time of the symmetric and the upper states.

Let us consider an another example of a delayed creation of entanglement from an initial separable
state. This time, we consider an initial separable state which leads to a very general form of the initial
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Fig. 3. The time evolution of the populationsρee(t) (solid line),ρss(t) (dashed line) andρaa(t) (dash-dotted line) forr12/λ =

0.25 and~µ ⊥ ~r12.

density matrix, in which all the initial density matrix elements are different from zero. An example of
such a state is a product state in which the atoms are prepared in the superposition of their energy states
by a shortπ/2 pulse

|Φ0〉 =
1

2

(
|g1〉+ iei~kL·~r1|e1〉

)
⊗
(
|g2〉+ iei~kL·~r2|e2〉

)
, (31)

where~kL is the wave vector of the excitation field.
With the state|Φ0〉, the initial values of the density matrix elements are

ρea(0) = ρag(0) = − 1

2
√

2
sin

(
1

2
~kL · ~r12

)
,

ρes(0) = ρsg(0) =
i

2
√

2
cos

(
1

2
~kL · ~r12

)
,

ρgg(0) =
1

4
, ρeg(0) = −1

4
,

ρsa(0) =
1

4
i sin~kL · ~r12, ρss(0) =

1

4

(
1 + cos~kL · ~r12

)
,

ρaa(0) =
1

4

(
1 − cos~kL · ~r12

)
, ρee(0) =

1

4
, (32)

where~kL · ~r12 = kLr12 cos θ, with θ−the angle between the excitation direction~kL and the vector
~r12 connecting the atoms. In the derivation of the initial values (32) we have assumed, without loss
of generality, that the atoms are located at points~r1 = (−1

2r12, 0, 0) and~r2 = (1
2r12, 0, 0), such that

~r1 + ~r2 = 0. We see that the initial values of the density matrix elements involving the single-excitation
states depend on the distance between the atoms and the direction of excitation relative to the interatomic
axis.

It is important to note here that the density matrix of the system prepared initially in the state (32) has
no longer theX-state form. In this case, all of the density matrix elements are initially different from
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Fig. 4. The time evolution of the concurrence and its dependence on the direction of excitation relative to the inter-atomic axis
for r12/λ = 0.25 and the polarization of the atomic dipole moments~µ ⊥ ~r12.

zero. Consequently, the concurrence must be calculated according to the general formula (8) rather than
the criteria (12) and (13).

Figure 4 shows the concurrence as a function of time and the angleθ. It is seen that there is no
entanglement at earlier times independent of the direction of excitation, andsuddenlyat some finite
time an entanglement emerges. The magnitude of the entanglement created depends on the direction of
excitation. A large entanglement is created when the system is excited in the direction of the interatomic
axis,θ = 0. This means that crucial for entanglement creation by spontaneous emission is to excite the
system through the antisymmetric state. This is seen from analysis of the time evolution of the population
of the excited states. Figure 5 shows the time evolution of the populations of the excited states of the
system. It is clear from the figure that at the timet ≈ 4/γ when the entanglement starts to build up, the
antisymmetric state is the only excited state of the system being populated. This effect is attributed to
the slow decay rate of the antisymmetric state. As we have already noticed, the state decays on the time
scale of(γ − γ12)

−1 that is much longer than the decay time of the symmetric and the upper states.
We may summarize that the phenomenon of sudden birth of entanglement is characteristic of initial

states which include a population of the two-excitation state. The delayed sudden birth of entanglement is
not found in a system with initially only one qubit excited. In experimental practice, the initial conditions
of both atoms inverted can be done by using a standard technique of a shortπ pulse excitation. One
could also use a shortπ/2 pulse excitation which leaves atoms separable and simultaneously prepared
in the superposition of their energy states that populates the state with both atoms inverted.

7. Sudden death of entanglement

We now turn to an another “sudden” feature of entanglement, the phenomenon of entanglementsudden
death, i.e., abrupt disappearance of an inital entanglement at a finite time. The subject received its initial
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Fig. 5. The time evolution of the populationsρee(t) (solid line),ρss(t) (dashed line) andρaa(t) (dash-dotted line) forθ = 0,
r12/λ = 0.25 and~µ ⊥ ~r12.

stimulus in an article by Yu and Eberly [20,21], in which they for the first time introduced the concept
of sudden death of entanglement. Many authors since have dealt with the entanglement sudden death
in systems composed of two atoms or two harmonic oscillators. The literature on this subject can be
divided into two categories: (i) evolution of an initial entanglement of independent atoms interacting
with local environments [44], and (ii) entangled evolution of interacting atoms coupled to a common
environment [45–50]. We postpone the studies of the latter group to the following section, where we will
mostly focus on the phenomenon of entanglement revival. Here, we focus on the original concept of Yu
and Eberly, and discuss in details the phenomenon of sudden death of entanglement in a system of two
independent atoms interacting with local environments. This model is also applicable to a situation of
two distant atoms interacting with a common environment. At large distances, the collective parameters
γ12 andΩ12 are very small, so that the interaction between the atoms can be ignored and the atoms can
be treated as independent sub-systems.

Let us suppose that att = 0, a system of two independent atoms is prepared in a non-maximally
entangled state of the form

|Ψ0〉 =
√

q |e1〉 ⊗ |e2〉 +
√

1 − q |g1〉 ⊗ |g2〉, (33)

whereq is a positive real number such that 06 q 6 1. The state corresponds to an excitation of the
system into a coherent superposition of its product states in which both or neither of the atoms is excited.
In the special case ofq = 1/2, the state (33) reduces to the maximally entangled Bell state.

Consider now the time evolution of the concurrence when the system is initially prepared in the
state (33). It is not difficult to verify that the initial values for the density matrix elements are

ρee(0) = q, ρge(0) =
√

q(1 − q), ρgg(0) = 1 − q, (34)

and the other matrix elements, the populations of the symmetric and antisymmetric states, and all one-
photon coherences are zero, i.e.ρss(0) = ρaa(0) = 0 andρes(0) = ρea(0) = ρsg(0) = ρag(0) =
ρas(0) = 0. According to Eq. (18), the coherences will remain zero for all time, that they cannot be
produced by spontaneous decay. However, the populationsρss(t) andρaa(t) can buildup during the
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evolution. This implies that for all times, the density matrix of the system spanned in the basis of the
collective states (7), is in theX-state form

ρ(t) =




ρgg(t) 0 0 ρge(t)
0 ρss(t) 0 0
0 0 ρaa(t) 0

ρeg(t) 0 0 ρee(t)


 , (35)

with the density matrix elements evolving as

ρee(t) = q e−2γt,

ρge(t) =
√

q(1 − q) e−(γ−2iω0)t,

ρss(t) = ρaa(t) = q
(
1 − e−γt

)
e−γt, (36)

subject to conservation of the trace ofρ(t): ρgg(t) = 1 − ρss(t) − ρaa(t) − ρee(t). It is to be noticed
that the symmetric and antisymmetric states are equally populated for all time. This holds for any
initial state and results from the fact that the atoms radiate independently from each other. In this case,
the populations of the collective states decay with the same rate, equal to the single-atom damping
rate. Therefore, the initial relation between the populations cannot be changed during the spontaneous
emission.

The density matrix (35) leads to a particularly simple expression for the concurrence. In general,
the concurrence is given in terms of two entanglement criteriaC1(t) andC2(t), as seen from Eq. (11).
However, with the initial state (33), the two-photon coherenceρge(t) is different from zero and the
symmetric and antisymmetric states are equally populated for all time. As a consequence, the criterion
C2(t) is always negative, irrespective ofq and timest. Therefore, entangled properties of the system
are solely determined by the criterionC1(t). On substituting from Eq. (36) into Eq. (12), we obtain the
following expression for the concurrence

C(t) = max
{
0, D(t) e−γt

}
, (37)

where

D(t) = 2
√

q(1 − q)

[
1 −

√
q

1 − q

(
1 − e−γt

)]
. (38)

This shows that transient features of the initial entanglement are determined by the properties of the
functionD(t) which, on the other hand, is dependent on the parameterq. It is evident from Eq. (38)
that there is a threshold for values ofq; q = 1/2, below whichD(t) is always positive. However, above
the threshold,D(t) can take negative values indicating that the initial entanglement can vanish at a finite
time. Consequently, the sudden death of the entanglement is possible for initial states withq > 1/2.
Sinceρee(0) = q, we can conclude that the entanglement sudden death is ruled out for the initially not
inverted system.

Figure 6 shows the concurrenceC(t), calculated from Eq. (37), as a function of time for two different
values of the parameterq. It is evident from the figure that forq < 1/2 the initial entanglement decays
exponentially in time without any discontinuity. The entanglement sudden death appears forq > 1/2
that the concurrence decays in a non-exponential way and vanishes at a finite time. In addition, we plot
the two-photon coherence2|ρeg(t)| for q = 2/3. It is apparent that the coherence decays exponentially
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Fig. 6. Time evolution of the concurrenceC(t) for two values of the parameterq: q = 1/3 (solid line) andq = 2/3 (dashed
line). We also plot the time evolution of the two-photon correlation2|ρeg(t)| (dashed-dotted line), withq = 2/3.

in time, which clearly illustrates that the entanglement disappears at finite time despite the fact that the
two-photon coherence is different from zero for all time.

As we have already stated, time at which the entanglement disappears is a sensitive function of the
initial conditions determined by the parameterq. It is easily verified from Eq. (38) that the timetd at
which the entanglement disappears is given by

td =
1

γ
ln

(
q +

√
q(1 − q)

2q − 1

)
. (39)

The timetd gives the collapse time of the entanglement beyond which the entanglement disappears. The
dead zone of the entanglement continues till infinity that the entanglement never revives. It may continue
for a finite rather than infinite time that under some circumstances the already dead entanglement may
revive after some finite time. A revival of the entanglement may occur when the atoms directly interact
with each other. We leave the discussion of this problem to the following section.

7.1. Experimental demonstration of entanglement sudden death

The phenomenon of entanglement sudden death has been experimentally demonstrated by Almeida
et al. [51]. The apparatus used in the experiment involved a tomographic reconstruction of the density
matrix and from it the concurrence by measuring polarisation entangled photon pairs produced in the
process of spontaneous parametric down-conversion by a system composed of two adjacent nonlinear
crystals. One of the crystals produced photon pairs withV -polarisation and the other produced pairs
with H-polarisation. Parametric down conversion is a nonlinear process used to produce polarisation
entangled photon pairs, which are manifested by the simultaneous or nearly simultaneous production of
pairs of photons in momentum-conserving, phase matched modes. Since the pairs of polarised photons
are spatially indistinguishable, they are described by a pure state

|Φ〉 = |α||HH〉 + |β|eiδ |V V 〉. (40)
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Fig. 7. Experimental results demonstrating the phenomenon of entanglement sudden death. The theoretical prediction for the
concurrence is plotted as a function ofp = 1 − exp(−γt) for two values of the ratio|β|/|α|: |β|/|α| = 3 (solid line) and
|β|/|α| = 0.333 (dashed line). The squares and triangles are experimentally measured values for the concurrence.

where the coefficients|α| and |β|, and the phaseδ were adjusted by applying half- and quarter-wave
plates in the laser beam pumping the crystals to control the creation of pairs of a desired polarisation.
In the experiment, they measured the decay of a single polarised beam, serving as a qubit, which was
monitored by generating pairs of photons of the same polarisation and registering coincidence counts
with one photon propagating through the interferometer and the other serving as a trigger.

Figure 7 shows the results of the measured concurrence for two different values of the ratio|β|/|α|.
The solid and dashed lines represent the theoretically predicted concurrence. The measured values
for the concurrence are found to be in good agreement with the theoretical predictions. Thus, it was
confirmed that entanglement may display the sudden death feature and that the spontaneous decay of
the initial entanglement depends on the relation between the coefficients|α| and|β|. For |β| < |α| the
entanglement decays exponentially in time, while for|β| > |α|, the entanglement vanishes at finite time.

8. Revival of entanglement

We have already shown that under appropriate conditions, two initially entangled and afterwards
not interacting qubits can become completely disentangled in a finite time. We have discussed this
phenomenon for the case of independent atoms. In this section, we extend these analysis to include the
direct interactions between the atoms and study in details the time evolution of an initial entanglement.
As we shall see, the interactions impose strong qualitative changes to the time evolution of entanglement
that the irreversible spontaneous decay can lead to arevival of the entanglement that has already been
destroyed [24–26].

Consider again the initial state of the system given by Eq. (33), but now assume that the atoms can
interact with each other. In this case, the initial values of the density matrix of the system are the same
as for independent atoms, but the time evolution of the density matrix elements is different. It is now



268 Z. Ficek and R. Tanás / Sudden birth and sudden death of entanglement

given by

ρee(t) = q e−2γt,

ρeg(t) =
√

q(1 − q) e−(γ−2iω0)t,

ρss(t) = q
γ + γ12

γ − γ12

[
e(γ−γ12)t − 1

]
e−2γt,

ρaa(t) = q
γ − γ12

γ + γ12

[
e(γ+γ12)t − 1

]
e−2γt, (41)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t). As before for independent atoms, the remaining density
matrix elements are equal to zero. By comparing Eq. (41) with Eq. (36) for independent atoms, we see
that a major difference between the time evolution of the density matrix elements for independent and
interacting atoms is that in the later the symmetric and antisymmetric states are populated with different
rates. As a result, the transient buildup of the populations fromρss(0) = ρaa(0) = 0 att = 0 will lead
to unequal populations of the states for all later timest > 0.

A direct consequence of unequal populations of the symmetric and antisymmetric states is seen in the
transient evolution of an initial entanglement which may now depend on both criteriaC1(t) andC2(t),
that are needed to construct the concurrenceC(t), rather than on one of them. According to Eqs (12) and
(34), a two-atom system initially prepared in the state (33) can be entangled according to the criterion
C1(t), and the degree to which the system is initially entangled isC1(0) = 2

√
q(1 − q). The other

criterion,C2(t), is negative att = 0. Nevertheless, during the spontaneous evolution, a population builds
up in the symmetric and antisymmetric states and according to Eq. (41),ρss(t) 6= ρaa(t) for all t > 0. As
discussed in Sec. 3, an unequal population of the states gives rise to positive values of the criterionC2(t)
which then may result in an entanglement of the atoms. Of course, in order to create the entanglement,
the population difference has to overweight the threshold term in the criterionC2(t). If this is the case,
we could see an entanglement having its origin in the correlation determined by the criterionC2(t).

According to the above discussion, the concurrence, in general, is determined by both,C1(t) andC2(t)
criteria

C(t) = max {0, C1(t), C2(t)} , (42)

whereC1(t) andC2(t), written in the basis of the collective states are of the form

C1(t) = 2|ρeg(t)| − [ρss(t) + ρaa(t)] , (43)

and

C2(t) = |ρss(t) − ρaa(t)| − 2
√

ρgg(t)ρee(t). (44)

We point out again, that initially att = 0, the criterionC2(0) is negative, but it may rise to positive
values during the evolution of the system. Thus, an entanglement can be generated during the spon-
taneous evolution of the system. This kind of entanglement is an example of spontaneously generated
entanglement.

Figure 8 shows the deviation of the time evolution of the concurrence for two interacting atoms
(γ12 6= 0) from that of independent atoms(γ12 = 0). In both cases, the initial entanglement falls sharply
in time. For independent atoms we observe the collapse of the entanglement without any revivals.
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Fig. 8. Time evolution of the concurrenceC(t) for the initial state (33) withq = 0.9. The solid line representsC(t) for the
collective system with the interatomic separationr12 = λ/20. The dashed line showsC(t) for independent atoms,γ12 = 0.

However, for interacting atoms, the system collapses over a short time and remains disentangled until
a timetr ≈ 1.5/γ at which, somewhat counterintuitively, the entanglement revives. This revival then
decays asymptotically to zero, but after some period of time it revives again. Thus, important features of
the transient evolution of the entanglement is that there are two time intervals at which the entanglement
vanishes and two time intervals at which the entanglement revives.

The origin of the sudden death and revivals of the entanglement can be explained in terms of the
populations of the collective states and the rates with which the populations and the two-photon coherence
decay. It is easily verified from Eq. (41) that at early times ofγt ≪ 1, the populationρaa(t) ≈ 0, but
ρss(t) is large. Moreover, the two-photon coherence|ρeg(t)| is also large at that short time. Thus, the
entanglement behaviour can be understood entirely in terms of the populationρss(t) and the coherence
|ρeg(t)|. In this connection, we compare in Fig. 9 the transient behaviour of the concurrenceC(t), with the
transient properties of the populationρss(t), and the coherenceρeg(t) for the same choice of parameters
as in Fig. 8. As can be seen from the graphs, the entanglement vanishes at the time whereρss(t) is
maximal, and remains zero until the timetr at whichρss(t) becomes smaller than|ρeg(t)|. Clearly, the
first dead zone of the entanglement arises due to the significant accumulation of the population in the
symmetric state.

The reason for the first revival of the entanglement is in the unequal decay rates of the population
ρss(t) and the coherence|ρge(t)|. According to the criterionC1(t), entanglement would be generated
if the sum of the populations of the single-photon collective states is small while at the same time the
two-photon coherence is large. Since the coherenceρge(t) decays more slowly than the population of
the symmetric state, and keeping in mind that the population of the antisymmetric state is negligibly
small at that time, the two-photon coherence can become significant and entanglement generated over
some period of time during the decay. Note, that this is the same coherence that produced the initial
entanglement. Therefore, we may call the first revival as an “echo” of the initial entanglement that has
been unmasked by destroying the population of the symmetric state.

The revival of the entanglement depends on the initial state of the system, which is determined by
the parameterq. There is a range of values ofq for which the concurrence is positive. This range
defines the values ofq for which the first revival occurs. The range depends on the values ofγ12 and
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Fig. 9. Time evolution of the concurrenceC(t) (solid line), the two-photon coherence2|ρeg(t)| (dashed line) and the population
ρss(t) (dashed-dotted line) plotted for the same parameters as in Fig. 8.

the revival is most pronounced forq over the range 0.856 q 6 0.95. For values outside this range,
no revival is observed. Note that the values ofq at which a pronounced revival exists are close to
one. This is not surprised because forq > 1/2 the system is initially inverted that increases the rate of
spontaneous emission.

We may estimate approximate values for the first death and revival times of the entanglement. Using
Eqs (12) and (41) we find that in the case of small inter-atomic separations, at whichγ12 ≈ γ, the
entanglement criterionC1(t) attains zeroth at times satisfying the relation

γt exp(−γt) =

√
1 − q

q
, (45)

which for q > 0.85 has two non-degenerate solutions,td andtr > td. The solutiontd gives the death
time of the entanglement beyond which it disappears. At this time, the atoms become disentangled and
remain separable until the timetr, at which the entanglement revives. The analytic expression (45)
makes clear that for the parameters of Fig. 8, the system disentangles attd = 0.6/γ and entangles again
at the timetr = 1.7/γ.

As we have seen in Fig. 8, the entanglement revives not once but twice, and the second revival occurs
at long times. The long time entanglement has completely different origin than that at short times. At
long times, all the density matrix elements are almost zero exceptρaa(t), which remains large even
for long times due to the small decay rate of the antisymmetric state. These considerations imply that
the long time entanglement comes from the populationρaa(t) which determines positive values of the
criterionC2(t). The entanglement decays asymptotically with the reduced rateγ − γ12, and vanishes at

td2 ≈ 1

γ
arcsinh

(√
1 − q

q

2γ

γ − γ12

)
. (46)

This explicitly shows that lifetime of the entanglement depends on the collective damping parameterγ12

and approaches infinity whenγ12 → γ. The rich structure of the death and revival of entanglement is
illustrated in Fig. 10, where the dependence of both, death timetd and revival timetr is plotted versus
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Fig. 10. Dependence of the entanglement death timetd and revival timetr on the parameterq, plotted in units ofγ−1, for the
initial state given by (33) andr12 = λ/20. Shadowed area indicates presence of entanglement. The dashed line shows the
trajectory forq = 0.9 illustrated in Fig. 8.

q for the whole range of values of the parameterq. The dashed line in Fig. 10 indicates the trajectory
illustrated in Fig. 8. Gray area marks the area of nonzero concurrence, i.e., presence of entanglement.

We may conclude that the most interesting consequence of the collective damping is the possibility
of entanglement revival. What is even more remarkable, the revival of entanglement occurs under the
spontaneous evolution of the system without the presence of any external coherent fields. We may say
that entanglement is reversible even if it evolves under the irreversible process.

Finally, we would like to point out that entanglement revival is associated not only with the collective
damping, but may occur in a number of other situations. For example, it has been found that entan-
glement revival may occur under non-Markovian dynamics of two independent atoms coupled to local
reservoirs [27]. Here, the memory effects of the non-Markovian dynamics may result in the “return” of
the correlation from the reservoirs to the atoms. Entanglement revival has also been found in reversible
systems whose dynamics are determined by the Jaynes-Cummings Hamiltonian [28,25,26]. In these
models, an initial entanglement encoded into atoms undergoes a coherent transfer forth and back to the
field modes, so it returns periodically to the atoms.

9. Thermal reservoir

So far, we have discussed entanglement evolution of the two-atom system interacting with the ordinary
vacuum, that can be considered as the thermal reservoir at zero temperature. In this case the mean
number of photons of the reservoir is zero, i.e., we have assumedN = 0. Now, we extend our discussion
to the situation when the temperature of the reservoir is not zero. In this case we have to come back to
equations (16). Before we calculate the time evolution, let us note that equations (16) forN 6= 0 have
nonzero steady state solutions, which are given by [52]

ρee(∞) =
N2

(2N + 1)2
,
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Fig. 11. Concurrence evolution for various values of the parameterq and the initial state (33) withr12/λ = 1/20 andN = 0.

ρss(∞) = ρaa(∞) =
N(N + 1)

(2N + 1)2
, (47)

ρgg(∞) =
(N + 1)2

(2N + 1)2
,

and the steady state values of the coherencesρas(∞) andρeg(∞) are zeros. From the solutions (47) and
the entanglement criteria (12) and (13), it is immediately seen thatC1(t) must become negative at some
finite time td. Moreover, since

√
ρee(∞)ρgg(∞) = ρss(∞) = ρaa(∞), it means thatC2(t) must also

become negative at some finite timetd. Note, that the steady-state solutions (47) do not depend on the
collective parametersγ12 andΩ12, which means that independently of the interatomic distance, there is
always entanglement sudden death if the mean number of photons of the reservoir is different from zero.
This confirms the results found earlier for atoms coupled to local, separate reservoirs [53,54]. Thus, one
can conclude that for the long time behaviour of the system in a thermal reservoir, it is not important
whether the atoms behave collectively or not. The evolution of the concurrence for the initial state given
by (33), for the interatomic distancer12 = λ/20 and the reservoir at zero temperature (vacuum reservoir)
is illustrated in Fig. 11. It shows the sudden death and revival of entanglement for the whole range ofq
values. This is in contrast to the situation for two independent atoms for which there is an asymptotic
behaviour of entanglement forq < 0.5. The death and revival times depend on the values ofq and the
interatomic distancer12, which has been discussed in details in the previous section and illustrated in
Fig. 10.

When the temperature of the reservoir is not zero, however, the evolution of entanglement changes
dramatically even if the mean number of photons of the reservoir is small [55]. In Fig. 12 we illustrate
the evolution of entanglement for the same initial state and the same values of the other parameters but
for the mean number of photons of the reservoir beingN = 0.01. It is clearly seen that the reservoir
with finite temperature degrades entaglement very fastly, and we observe sudden death of entanglement
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Fig. 12. Same as Fig. 10, but forN = 0.01.

for any value ofq. Moreover, there is no revival of entanglement even for not very high mean number of
photons of the reservoir.

We may conclude that the phenomenon of sudden death of entanglement appears to be a general feature
of thermal reservoirs with nonzero temperature. It is rather the asymptotic decay of concurrence that is
unusual and takes place only when the reservoir is the ordinary vacuum state.

10. Summary

We have reviewed the recent research on entanglement creation and disentanglement of two-atom
systems coupled to a noisy environment. Particular attention has been paid to unexpected behaviours of
entanglement, such as entanglement sudden death, spontaneous revival and sudden birth of entanglement.
We have explored the role of the irreversible process of spontaneous emission in creation of entanglement
and in disentanglement of two atoms. Simple analysis have shown that spontaneous emission does not
necessary lead to disentanglement of an initial entangled atoms. Under some circumstances, this
irreversible process can entangle already disentangled atoms. We have also discussed the effect of
thermal fluctuations on the evolution of entanglement.
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Abstract. We here discuss a problem of time-resolved fluorescence polarization spectroscopy at two-photon excitations of
macroscopically isotropic molecular media, that can be organized locally on a nano-scale. The simplifying assumptions on the
hydrodynamical shape of fluorophores and on the form of the two-photon absorption tensor, are considered and displayed on
the corresponding examples of the emission anisotropy synthetic decays. These assumptions reduce the number of the model
parameters making the theoretical description of the discussed spectroscopic technique applicable in the experimental practice.
Because the two-photon excitations of fluorescence require the application of the exciting light of appropriately high intensity,
and that may have a negative influence on the quality of the experimental data collected, we discuss the application of the wide-
angular detection-aperture technique in such experiments. Furthermore, we consider the application of the symmetry adapted
callibration (SAC) method enabling one to accurately analyze the experimental data even if the collecting optics employed is
not ideal and is affected by several unexpected technical imperfections that are hard to be accounted for analytically.

Keywords: Two-photon excitation, fluorescence depolarization, intermolecular interactions, rotational dynamics, order param-
eters, membrane vesicles, labeled macromolecules, solutions

1. Introduction

In the nonlinear optical spectroscopy the intensive laser light probes the nonlinear molecular properties.
Nonlinear molecular spectroscopy is covered by a wide class of different nonlinear phenomena, e.g., the
two- or multi-photon absorption of the light and different kinds of nonlinear light scattering processes
(e.g. the second and third harmonic generation process or hyper-Raman scattering) (see Refs. [1,11]
and the research and review articles cited therein). The nonlinear optical spectroscopy has found many
practical applications in chemistry, biology and medicine (see, e.g., Refs. [12,20] and the very many
literature references cited therein). Undoubtedly, one of the eminent contributors to the filed of nonlinear
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molecular spectroscopy, who has displayed many essentially important aspects of the nonlinear molecular
properties probed by the light, was Stanisław Kielich (see, e.g., [1,4]).

The time-resolved two-photon induced fluorescence polarization spectroscopy is one of the examples of
the nonlinear optical spectroscopy involving three photons, namely two photons exciting the fluorophores
and one photon of the fluorescence light. The two-photon induced fluorescencepolarization spectroscopy
of isotropic molecular media, under the assumption that the fluorophores do not undergo rotational
motion, was the subject of a systematic study in a series of articles by Monson and McClain [21]
and McClain [22],[23]. They have discussed, in a very systematic way, the problem of two-photon
excitations (resonant and non-resonant) with linearly, circularly and ellipticaly polarized light. In all of
these cases different linear combinations of the two-photon absorption tensor elements are probed [21,
23]. Morover, McClain [23] has demonstrated that the two-photon excitation fluorescence enables
an empirical symmetry assignment of the two-photon excited states.The experimental and theoretical
aspects of two-photon excitation fluorescence spectroscopy, in macroscopically isotropic systems, were
the subject of many discussions in the literature [24,30], and the central point of the discussion was
to display the basic properties of the two-photon-excitation fluorescence polarization spectroscopy of
solutions, in the Cartesian or mixed Cartesian and spherical representations.

In this article we discuss the case of one-color two-photon induced time-resolved fluorescence depo-
larization of the molecular media that are macroscopically isotropic and which can be entirely isotropic
(a solution phase) or they can be organized locally on a nano-scale (e.g., labeled macromolecules, labeled
biopolymers, small porous systems, membrane vesicles suspensions). The local organization of macro-
scopically isotropic media means that, although the macroscopic angular distribution of fluorophores
introduced into such media is isotropic, their local angular orientations in such media are resticted by
different kinds of local intermolecular interactions or hindered by the shape of the nano-cavities within
small porous systems. Consequently, in the case of a solution phase, fluorescence polarization vanishes
on the time-scale longer than the time-scale for rotational dynamic of fluorophores since the photose-
lected fluorophores relax to macroscopically isotropic angular distribution. In contrast, in the case of
the media of local anisotropic distribution of fluorophores, the fluorescence polarization does not vanish
because the photoselected fluorophores relax rotationally to locally anisotropic angular distributions,
assuming that rotational motion of fluorophores is the only dynamical process on the time-scale of the
fluorescence decay [31],[32]. Our discussion will be based on the formalism outlined by us in Ref. [36]
where we have demonstrated the most compact, on one hand, and very transparent from the mathematical
point of view, on the other hand, description of the one-color two-photon-excitation time-resolved fluo-
rescence polarization spectroscopy for arbitrary molecular media. Our treatment is based entirely on the
formalism of spherical irreducible tensorial sets and the derived relations concern arbitrarily organized
(ordered) molecular media. With the application of appropriate methods of the group theory the obtained
general description was reduced to the ones describing: (a) macroscopically ordered media of uniaxial
macroscopic symmetry (e.g., planar membranes, LB films and stretched polymer films (as being assumed
to be the rigid media), (b) macroscopically isotropic but locally ordered media (e.g. membrane vesicles,
labeled macromolecules or biopolymers) and (c) solutions. The formalism described in Ref. [36] exhibits
several advantages, all resulting from the fact that when deriving it, we have not assumed any particular
model for the rotational motion of the photoselected fluorophores. The dynamical properties of the
systems is represented by a Green function and which can be replaced by a particular mathematical
solution to the equation of motion corresponding to the experimental case of interest (e.g., solution,
locally organized media, macroscopically ordered molecular system with differently modelled ordering
of molecules, symmetric rotors or asymmetric rotors). As was discussed in Ref. [36], the general so-
lutions of the equation of motion describing the time evolution of the Green functions, known already
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for isotropic and ordered (macroscopically or locally) molecular molecular media for the the case of
one-photon-excitation fluorescence spectroscopy can be used to describe the dynamical evolution of the
fluorophores excited by two photons.

The aim of this article is to discuss the one-color two-photon-excitation fluorescence depolarization
experiments as the source of information on the rotational dynamics of fluorophores in solutions, reflect-
ing the rotational fluidity of such media, and also on the hindered rotational dynamics and the anisotropy
of local (nano-scale) angular distributions of fluorophores, embedded in the media of local structural
organization. When discussing this problem we assume that rotatonal motion of fluorophores can be
approximated within the diffusion model for symmetric rotors and that, in the case of locally organized
media, the ground- and excited-state interactions of fluorophores with their nearest nano-scale-organized
environments can be different ([37],[39,41]). This last seems to be a very obvious consequence of the
nature of electronic excitations of fluorophores that modify, in general, the polarity and/or polarizability
of the fluorophores [31,35]. We demonstrate that in both cases of the molecular media in question the
two-photon-excitation fluorescence depolarization experiments may provide the information on the ro-
tational dynamics of fluorophores and their local anisotropic angular distribution even if the two-photon
absorption tensor is not diagonal in the principal axes of the diffusion tensor of a symmetric rotor. Hence,
to analyze such experiments no information on the shape of the symmetric two-photon absorption tensor
is required.

Because the two-photon excitations of fluorescence require the application of the exciting light of
appropriately high intensity, and that may have a negative influence on the quality of the experimental
data collected (a high-intensity light induced local field effects or modification of the photophysical
properties of fluorophores), we discuss the application of the wide-angular detection-aperture technique
in such experiments. Furthermore, we consider the application of the symmetry adapted callibration
(SAC) method enabling one to accurately analyze the experimental data even if the collecting optics
employed is not ideal and is affected by several unexpected technical imperfections that are hard to be
accounted for analytically.

2. Two-photon-excitation polarized fluorescence decays

Indepedently of the molecular system under considerations (e.g., planar organized membranes,
Langmuir-Blodgett (LB) films, stretched polymer films, membrane vesicles, labeled macromolecules
and solutions), the intensity of two-photon excitation polarized fluorescence decay is defined by the
following relation [36]

Iêi,êf
(t) = C Ph(t)

∫

Ω

∫

Ω0

fg(Ω0) P (êi)
ex (Ω0) p(Ω0, 0|Ω, t) P

(êf )
em (Ω) dΩ0dΩ . (1)

In this formula C includes all experimental constant factors,Ph(t) represents the photophysics
(kinetic fluorescence decay) of the system andfg(Ω0) is an equilibrium orientational distribution of
fluorophores in the ground state. Thep(Ω0, 0|Ω, t) is the Green function describing rotational dynamics
of fluorophores and it describes a conditional probability for finding an excited molecule at timet and
at angular orientationΩ, at the condition that it was excited att = 0 and its orientation wasΩ0. The
Euler anglesΩ0 = (α0, β0, γ0) andΩ = (α, β, γ) describe angular orientation of a molecule-fixed frame
XMYMZM in the laboratory-fixed frameXLYLZL, at time momentst = 0 andt > 0, correspondingly.
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Scheme 1

P
(êi)
ex (Ω0) andP

(êf )
em (Ω) describe angular dependence of polarized excitation and detection of polarized

fluorescence, and [36]

P (êi)
ex (Ω0) = |êi A êi|2 = |(êi ⊗ êi) : A|2 = (Ei : A)(Ei : A)∗ , (2)

P
(êf )
em (Ω) = |êf µ̂em|2 = (êf ⊗ ê∗f ) : (µ̂em ⊗ µ̂∗

em) = Ef : F . (3)

The unit vectorŝei andêf , occuring in Eqs (2) and (3), and indicated in Scheme 1, represent polarization
directions of the exciting light and detected fluorescence. In the above equationsA represents a two-
photon absorption tensor, the unit vectorµ̂em denotes direction of emission dipole moment, andêi, êf ,
A andµ̂em are defined in theXLYLZL frame. Angular orientations of̂ei, êf andµ̂em are described, in
theXLYLZL frame, by polar angles(θi, ϕi) and(θf , ϕf ) and(θ′e, ϕ

′
e), respectively. TheEi = (êi ⊗ êi),

Ef = (êf ⊗ ê∗f ) andF = (µ̂em ⊗ µ̂∗
em) are the second-rank Cartesian tensors defined as the tensor

products of the corresponding vectors, where a tensor product of two vectors~a and~b is defined by
~a⊗~b = [aibj ]. The colon at the right-hand sides of (2) and (3) means the scalar product of two Cartesian

tensors. In other words,P (êi)
ex (Ω0) andP

(êf )
em (Ω) can be expressed in terms of scalar products of the

second-rank Cartesian tensors namely, excitation tensorEi, two-photon absorption tensorA, detection
tensorEf and emission tensorF.

An experimental example to which the above expressions apply is shown in Scheme 1. This particular
case relates to a typical two-photon-excitation time-resolved fluorescence depolarization measurements
on macroscopically isotropic media in a cuvette. The medium can be entirely isotropic (a solutions
phase) or it can be organized on a nano-scale (e.g., membrane vesicles, labeled macromolecules or
biopolymers).

The relations (2) and (3) can be expressed in terms of irreducible spherical tensors [36], [37]. The
scalar product of two second-rank Cartesian tensors is given by

A : B =
2∑

K=0

A(K) ⊙ B(K) =
2∑

K=0

K∑

m=−K

(−1)mA(K)
m B

(K)
−m . (4)

A(K) andB(K) (K = 0, 1, 2) are two irreducible tensorial sets andA
(K)
m andB

(K)
m (m = −K, ...,K)

are their spherical components, which transform under proper rotations of the coordinate frames (e.g.
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fromXLYLZL toXMYMZM ) by the Euler anglesΩ = (α, β, γ), like the spherical harmonicsYj,n(θ, ϕ),
i.e. [42],[43]

T (K)
m (L) =

K∑

m′=−K

D
(K)∗
mm′ (Ω)T

(K)
m′ (M) , (5)

whereT = A,B. D
(K)
mm′(Ω) are the elements of Wigner rotation matrices [42] and

T
(0)
0 = − 1√

3
Tr T, T

(2)
0 =

1√
6

(3Tzz − Tr T) ,

T
(2)
±1 = ∓(Txz ± i Tzy), T

(2)
±2 =

1

2
(Txx − Tyy ± 2 i Txy) . (6)

Irreducible tensorial setsE(K)
i , E(K)

f andF (K), corresponding to Cartesian tensorsEi, Ef andF, can
be calculated from the relation for a tensorial product of spherical tensor components, after replacing
the unit vectorŝei, êf andµ̂em by the corresponding spherical components, and which are the modified
spherical harmonics of the first rank [37]. Ifê is an unit vector, the tensorial product(ê ⊗ ê) can be
expressed in terms of the corresponding product of spherical vectore(1), i.e. in terms of irreducible
tensorial setsE(K) = (e(1)⊗e(1))(K) (K = 0, 1, 2) (see Eq. (A5) in Ref. [37]). The spherical components

E
(K)
m can be calculated from the relation [42], [43]

E(K)
m = (e(1) ⊗ e(1))(K)

m =
∑

l,l′

C1,l(θ, ϕ)C1,l′(θ, ϕ)C(11K; ll′) , (7)

where spherical componentse(1)
l have been replaced by modified spherical harmonicsC1,l(θ, ϕ) =√

4π/3 Y1,l(θ, ϕ), and where(θ, ϕ) are the polar angles describing orientation ofê. Finally, one gets

E
(0)
0 = − 1√

3
, E

(1)
0 = E

(1)
±1 = 0, E(2)

m =

√
2

3
C2,m(θ, ϕ) (m = 0,±1,±2) , (8)

where the tensorial setE(1) disappears because(ê ⊗ ê) is a symmetric Cartesian tensor. Finally, the
relationships (2) and (3) take the following forms [36]

P (êi)
ex (Ω0) ∼

1

3
(TrA)2 + 2

√
2

3
TrA

2∑

m=−2

C ∗
2,m(θi, ϕi)A(2)

m (0)

+ 2
2∑

m,m′=−2

C ∗
2,m(θi, ϕi)C2,m′(θi, ϕi) A(2)

m (0)A
(2)∗
m′ (0) , (9)

P
(êf )
em (Ω) ∼ 1 + 2

2∑

p=−2

C2,p(θf , ϕf )C ∗
2,p(θ

′
e(t), ϕ

′
e(t)) . (10)
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By inserting the above expressions into (1), one finds that Eq. (1) can be transformed into the following
form [36]

Iêi,êf
(t) = C Ph(t)

[
1

3
(Tr A)2 + 2

√
2

3
Tr A

2∑

m=−2

C2,m(θi, ϕi) 〈A(2)∗
m (0)〉

+ 2
2∑

m,m′=−2

C ∗
2,m(θi, ϕi)C2,m′(θi, ϕi) 〈A(2)

m (0)A
(2)∗
m′ (0)〉

+
2

3
(Tr A)2

2∑

p=−2

C2,p(θf , ϕf ) 〈C ∗
2,p(θ

′
e(t), ϕ

′
e(t))〉

+ 4

√
2

3
Tr A

2∑

m,p=−2

C ∗
2,m(θi, ϕi)C2,p(θf , ϕf ) 〈A(2)

m (0)C ∗
2,p(θ

′
e(t), ϕ

′
e(t))〉

+ 4

2∑

m,m′,p=−2

C ∗
2,m(θi, ϕi)C

∗
2,m′(θi, ϕi)C2,p(θf , ϕf ) 〈A(2)

m (0)A
(2)∗
m′ (0)C ∗

2,p(θ
′
e(t), ϕ

′
e(t))〉

]
, (11)

The orientational averages〈(...)〉 denote the following double integration

〈(...)〉 =

∫

Ω

∫

Ω0

fg(Ω0) p(Ω0, 0|Ω, t) (...) dΩ0dΩ . (12)

and the angular averages in (11) of the components of tensorial setA(2)(0), modified spherical harmonics
C2,p(θ

′
e(t), ϕ

′
e(t)) and their products are defined in the laboratory frame. They can be expressed in terms

of the corresponding components defined in the molecule-fixed frameXMYMZM by employing relation
(5), as was discussed in Ref [36].

3. Macroscopically isotropic systems

As was mentioned before, the formula (11) describes a more general case from the point of view of
molecular media that can be of the experimental interest, and that can be macroscopically ordered (bi-axial
or uniaxial) media or macroscopically isotropic ones (with a possible local molecular ordering). This
formula can be adapted to the media of particular symmetry by employing the appropriate projection
operators. This point was discussed in Ref [36] in the case planar organized membranes, LB films,
stretched polymer films, membrane vesicles, labeled macromolecules and solutions.

In the case of a macroscopically isotropic systems (e.g. solutions, membrane vesicles or labeled
macromolecules – see Scheme 2) Eq. (11) has to be invariant with respect to arbitrary rotation of the
laboratory-fixed frame, and what means that this equation has to be invariant with respect to all symmetry
operations in a proper rotation group of symmetryO(+)(3) (see Section 8.3 of Ref. [39] for a detailed
discussion). By applying to Eq. (11) the projection operator representing the symmetry groupO(+)(3) ,
one obtains [36]

I(θ, t) = C
(
CA Ph(t) +

4

5
P2(θ)W (t)Ph(t)

)
, (13)
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Scheme 2

whereθ is an angle between the versorsêi and êf (see Scheme 1),W (t) is the correlation function
describing rotational dynamics of photoselected fluorophores, and where

W (t) =

√
2

3
Tr A

2∑

s=−2

G(22)
s (t) −

√
2

7

2∑

s=−2

G(222)
s (t) . (14)

The constituent correlation functionsG(22)
s (t) andG

(222)
s (t), in their more general forms from the

point of view of the hydrodynamical shape and symmetry of the fluorophores, can be obtained from the
general considerations presented in Ref. [36]. Their forms, simplified to the case of a symmetric-rotor
diffusion model, can be written in the following way [36]

G(22)
s (t) =

2∑

p=−2

22V sp
sp (t) A(2)

p C ∗
2,p(θe, ϕe) , (15)

G(222)
s (t) =

2∑

n,p=−2

C(222;−n n − p) 22V sp
sp (t) A(2)

n A
(2)
p−n C ∗

2,p(θe, ϕe) . (16)

and

CA =
1

3
(Tr A)2 +

2

5

[
1

6
(3Azz − Tr A)2 +

1

2
(Axx − Ayy)

2 + 2 (A2
xy + A2

xz + A2
yz)

]
, (17)

TheG
(22)
s (t) andG

(222)
s (t) are the correlation functions between the molecules photoselected by the

two identical photons at the time momentt = 0 and emitting the fluorescence light at any later time
moment. They are described in terms of the symmetric two-photon absorption tensor componentsAij

and the modified spherical harmonicsC2,n(θe, ϕe) defined in the molecule-fixed frame. The second-
rank molecular correlation functions22V sp

sp (t) in (15) and (16) describe the time-dependent correlation
between the angular orientations of the molecule-fixed frames in the laboratory-fixed frame, from the
time moment of the photoselection process and to the time moment of emission of the fluorescence light.
According to Eq. (12), these correlation functions are given by

22V sp
sp (t) =

∫

Ω

∫

Ω0

fg(Ω0) p(Ω0, 0|Ω, t) D(2) ∗
sp (Ω0)D(2)

sp (Ω) dΩ0dΩ , (18)
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whereD
(2)
mn(Ω) are the elements of the Wigner rotation matrices [42],[43]. It is important to emphasize

here that the ground-state equilibrium angular distribution functionfg(Ω0) reflects the anisotropic
aligning interactions between the fluorophores in their electronic ground state and the locally organized
(on a nano-scale) environment. Assuming that these interactions are described by the ground-state
aligning potentialVg(Ω), fg(Ω0) can be represented by the Boltzmann distribution

fg(Ω) = Ng exp(−Vg(Ω)/kBT ) , (19)

whereNg is the normalization constant,kB is the Boltzmann constant andT means temperature.
In Scheme 2 we demonstrate an example of a molecular medium of macroscopic spherical symmetry

which is the suspension of membrane vesicles doped with fluorophores. The macroscopic angular
distribution of fluorophores in the laboratory frameXLYLZL is isotropic. However, each small fragment
of the vesicle can be assumed to be a fragment of a planar membrane and the fluorophores in such
a fragment exhibit local anisotropic angular distribution around the normalN perpendicular to this
fragment of the membrane. In Scheme 2 this anisotropic distribution is indicated by a double cone (we
assume that the distribution has apolar character). Assuming that on the time scale of the experiment
(i.e. as compared to the fluorescence lifetime) the vesicles do not rotate, the only rotational motion that
occurs is due to the rotational diffusion of fluorophores hindered by the anisotropic alignment of their
environment. Thus, photoselected fluorophores will relax dynamically to a cone-like distribution whilst
not to an isotropic one. The same concerns the fluorophores inside the proteins or the fluorophores
attached to the biopolymers.

Our description of the two-photon-excitation fluorescence polarization, introduced in Ref. [36], and
which is based solely on the spherical tensor algebra and the group theory,enables one to consider different
models for rotational dynamics of the excited-state fluorophores. This is because when describing this
problem we have not assumed any particular explicit form for the Green functionp(Ω0, 0|Ω, t) in
Eq. (18). In the case of the molecular media ordered locally on a nano-scale (e.g., a membrane vesicles
suspension shown in Scheme 2)p(Ω0, 0|Ω, t) describes the excited-state aligning-potential-restricted
rotational dynamics of fluorophores ([37], [40], [41] ), and it obeys the Smoluchowski equation

∂

∂t
p(Ω0, 0|Ω, t) = −Ĥ p(Ω0, 0|Ω, t) , (20)

with the time-development operator̂H of the form

Ĥ =
∑

i=x,y,z

[
Di L̂2

i + Di L̂i

(
L̂i Vex(Ω)

)
/kBT

]
, (21)

whereDi are the components of diffusion tensor andL̂i are the components of the orbital momentum
operator. TheVex(Ω) in the above equation means the aligning interaction potential of the excited
fluorophores with their organized nano-environments. This potential defines the equilibrium (local)
orientational distribution functionfex(Ω) of excited fluorophores that can be approached on the time-
scale appropriately longer than the time-scale for rotational motion of these molecules, and which is
given by the Boltzmann distribution

fex(Ω) = Nex exp(−Vex(Ω)/kBT ) , (22)

whereNex is the normalization constant. By taking into account the boundary conditions forp(Ω0, 0|Ω, t)

p(Ω0, 0|Ω, t) =

{
δ(Ω0 − Ω) if t = 0
fex(Ω) if t → ∞ , (23)
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whereδ(Ω0 −Ω) is theδ-Dirac function, one finds the following solution to the equation of motion (20)

p(Ω0, 0|Ω, t) =
∑

jmn

2j + 1

8π2

∑

j′m′n′

Rjmn,j′m′n′(t)D(j) ∗
mn (Ω0)D

(j′)
m′n′(Ω) , (24)

in which Rjmn,j′m′n′(t) are the elements of the relaxation matrixR(t) describing the rotational dy-
namics of photoselected fluorophores within the excited-state potential-restricted diffusion model (see
Refs. [39], [40] for a detailed discussion). By substituting the above solution into Eq. (18) one finds

22V sp
sp (t) =

∞∑

j′=0

R2sp,j′sp(t)
2j′V sp

sp (t = 0) , (25)

where2j′V sp
sp (t = 0) is defined according to the relations (12) and (18), and these mixed-rank correlation

functions att = 0 represent the initial conditions for the time-dependent correlation functions22V sp
sp (t).

The time evolution of22V sp
sp (t) involves two kinds of the aligning interactions potentials, the ground-

state oneVg(Ω) and the excited-state oneVex(Ω). They differ in a general case, and hence, also the
corresponding equilibrium angular distributionsfg(Ω0) andfex(Ω0), given by Eqs (19) and (22), differ
either. The assumed difference reflects a very natural property of the electronic excitation of fluorophores.
In most of the cases (in principle, one should rather try to indicate the particular molecular cases in which
this assumption can be ignored) the polarity and/or polarizability of the fluorophores are different in
the ground and excited electronic states [31,35], and what may lead to even very strong changes in
the aligning interaction of the fluorophores with their nano-scale environments. Thus, when employing
the fluorescence spectroscopy for probing the local (nano-scale) ordering of the molecular media, such
effects cannot be entirely excluded from the considerations. This problem becomes essentially important
in the case of macroscopically organized media. If the aligning interactions do not change upon the
electronic excitation of fluorophores (or if their possible changes can be assumed to be very slight)
Vg(Ω) ≡ Vex(Ω), and hence,fg(Ω0) ≡ fex(Ω0).

In the case of solutions both aligning potentials are the scalars (they take the same values independently
of the angular orientation of the fluorophores). Hence,fg(Ω0) = fex(Ω0) = 1/8π2. Furthermore, the
term Di L̂i(L̂i Vex(Ω)) in Eq. (21) dissappears. Consequently, Eqs (20) and (21) describe asymmetric-
rotor free diffusion model. In this model the time evolution ofp(Ω0, 0|Ω, t) involves five time-dependent
terms of the second rank with five different relaxation times, expressed in terms of three components
of the diffusion tensor [44]. In the case of rotational diffusion model for a symmetric rotor, the time
evolution ofp(Ω0, 0|Ω, t) is described solely by three terms of the second rank with three independent
relaxation times, expressed through two components of the diffusion tensor [44]. Thus the relaxation
matrix elementsRjmn,j′m′n′(t) in Eq. (24) take in this model the well-know form, namely

Rjmn,j′m′n′(t) = exp
{
− [j(j + 1)D⊥ + n2 (D‖ − D⊥] t

}
δjmn,j′m′n′ , (26)

whereD⊥ andD‖ are two independent components of the diffusion tensor in the case of a symmetric
rotor.

In a general case of the two-photon excitation fluorescence depolarization in a solution phase, polarized
fluorescence decays depend on six components of the two-photon absorption tensor, three components of
the diffusion tensor (for the asymmetric-rotor diffusion model), two polar angles describing the angular
orientation of the emission dipole moment in the molecule-fixed frame and on at least one kinetic
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fluorescence decay occuring inPh(t). Taken together, at least twelve model parameters are required
to describe such experiments. However, from the experimental point of view, in the cease of the two-
photon excitation experiments, only three independent polarized fluorescence decays can be detected,
according to Eq. (13), namely parallel componentI‖(t) (detected atθif = 00), perpendicular component
I⊥(t) (detected atθif = 900) and the magic-angle-detected (θif = θmag = 54, 70) fluorescence decay
Imag(t) = C CA Ph(t).

The situation becomes more complicated in the case of locally organized molecular media (Secheme 2)
because, as mentioned before, in addition to the model parameters occuring in the case of free rotational
diffusion model, further model parameters have to be included, and which describe the local alignment
of the fluorophores. Even in the simplest description of the fluorophore-medium aligning interactions for
cylindrical (axially symmetric) fluorophores, if the ground- and excite-state aligning interactions differ,
one has to take into account additionally two pairs of the expansion coefficients (four additional model
parameters), i.e.u(2)

g , u
(4)
g , andu

(2)
ex , u

(4)
ex , occuring inVg(Ω) andVg(Ω) expanded into the forms [40]

Vg(Ω) = kBT (u(2)
g D

(2)
00 (Ω) + u(4)

g D
(4)
00 (Ω)) , (27)

Vex(Ω) = kBT (u(2)
ex D

(2)
00 (Ω) + u(4)

ex D
(4)
00 (Ω)) . (28)

If the number of parameters occuring in the above expansions is to high (in particular for the media
of isotropic macroscopically), the above expansions can be further reduced to solely the first terms.
Undoubtedly, systematic numerical studies on the synthetic data are required to verify how many terms
in the above expansions have to taken into account to ensure their numerical identification. This point
is essentially important from the point of view of the experimental practice. If both potentials are
indistinguishable, i.e.Vg(Ω) ≡ Vex(Ω), the minimum number of additional model parameters becomes
reduced to two ones, namely tou(2) andu(4), occuring in the expanded form of the aligning potential
V (Ω) being the same one for the ground- and excited-state fluorophores.

In many experimental cases (for appropriately selected fluorophores; e.g. of appropriately high sym-
metry) the reasonable simplifying assumptions on the hydrodynamical shapes of fluorophores and on
the shape of the two-photon absorption tensor can be introduced and which may reduce the number of
the model parameters to the extend that probably will make (to a good approximation) the description
of two-photon-excitation fluorescence polarization spectroscopy applicable in the experimental practice.
Such reduction of the number of model parameters is necessary if one wants to recover from the data
analysis the information on the medium properties being probed by the fluorophores (fluidity of the
medium and its local anisotropic organization), and futhermore, also the information on the components
of the two-photon absorption tensor and on the orientation of the emission dipole moment. In the next two
Section we, first, discuss the properties of the two-photon-excitation polarized fluorescence experiments
on a solution phase with the fluorophores for which one may assume that they are symmetric rotors
and that the two-photon absorption tensor is diagonal, and afterwards, we discuss the case of similar
fluorophores embedded in the locally organized molecular media. In both case, however, we provide
clear arguments that if the aim of two-photon-excitation time-resolved fluorescence polarization studies
is to obtain the information on rotational dynamics of fluorophores and on their local anisotropic angular
distributions (in case of locally organized media), the two-photon symmetric absorption tensor does not
have to be diagonal in the principal axes of the diffusion tensor.
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4. Symmetric rotors: Spatial, planar and linear two-photon absorbers

In the case of a symmetric-rotor diffusion model in a solution phase, with diagonal (spatial) two-photon
absorption tensor, the symmetry adapted form of correlation functionW (t), given by Eq. (14), reduces
to

W (t) = α0 U0(t) + α0 U2(t) . (29)

The factorsα0 andα2 read

α0 = Ã0 P2(θe) , α2 = Ã2 sin2 θe cos 2ϕe , (30)

whereÃ0 andÃ2 are expressed through the spherical components of the two-photon absorption tensor,
namely

Ã0 =

√
2

3
TrAA

(2)
0 − 2

3

(
2(A

(2)
2 )2 − (A

(2)
0 )2

)
, (31)

Ã2 =
(
TrA − 2

√
6

7
A

(2)
0

)
(32)

where

A
(2)
0 =

1√
6

(3Azz − Tr A) , A
(2)
±1 = 0 , A

(2)
±2 =

1

2
(Axx − Ayy) . (33)

The A
(2)
±1 dissapears because tensorA is diagonal and only the componentsAxx, Ayy andAzz are

the non-zero ones. This is the reason why the correlation functionU1(t) do not occur in Eq. (29).
Furthermore, the factorCA, given by Eq. (17), reduces now to

CA =
1

3
(TrA)2+

2

5

[
1

6
(3Azz−TrA)2+

1

2
(Axx−Ayy)

2

]
≡

(
A

(0)
0

)2
+

2

5

[(
A

(2)
0

)2
+2

(
A

(2)
2

)2
]
, (34)

In the case of a solution phase the molecular correlation functionsU0(t) andU2(t), occuring in Eq. (29),
are obtained from Eq. (18) with the applications of Eqs (24) and (26), and

U0(t) = exp(−t/τ0) = exp(−6D⊥ t), (35)

U2(t) = exp(−t/τ2) = exp[−(2D⊥ + 4D‖) t] . (36)

From the relationship (13) one finds both polarized fluorescence decays, i.e.,I‖(t) calculated for
θ = 00, I⊥(t) obtained forθ = 900, and also the so-called magic-angle detected fluorescence decay
Imag(t) detected atθ = 54.70; henceP2(θmag) = 0, that is

I‖(t) = C
(
CA Ph(t) +

4

5
W (t)Ph(t)

)
, (37)

I⊥(t) = C
(
CA Ph(t) − 2

5
W (t)Ph(t)

)
, (38)

Imag(t) = C CA Ph(t) , (39)
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Scheme 3

Thus the expression for the emission anisotropy, in the case of the two-photon excitation case (2PE),
is given by

r2PE(t) =
I‖(t) − I⊥(t)

I‖(t) + 2I⊥(t)
=

0.4

CA
W (t) . (40)

The case (a) of Scheme 3 represents schematically a symmetric diffusor whose rotational dynamics
is described by two diffusion tensor elements (D‖ = Dz and D⊥ = Dy = Dz) and that exhibits
three non-zero two-photon absorption tensor elements (Axx, Ay andAz)) in the molecule-fixed frame
XMYMZM . The orientation of emission dipole moment takes an arbitrary orientation described by two
spherical anglesθe andϕe.

In Fig. 1 we show the synthetic time-evolutions of the emission anisotropy decaysr2PE(t) calculated
from Eq. (40). Both synthetic polarized decays,I‖(t) andI⊥(t), have been obtained by convoluting
the correspondingδ-pulse-excitation model fluorescence decays (37) and (38) with the experimentally
recovered histogram of the scattered laser pulse collected in 600 channels (channel width 5 ps). The
synthetic decays were obtained according to the following relationship

I(conv)(t) = R(t) ⊗ I(t) =

∫ t

0
R(t′) I(t − t′) dt′ , (41)

whereI(conv)(t) is the convoluted decay,R(t) is the instrument response function to the exciting
laser pulse andI(t) is theδ-pulse-excitation model fluorescence decay. In the simulations the kinetic
fluorescence decay was assumed monoexponential, i.e.

Ph(t) = exp(−t/τF ) (42)

with the fluorescence decay timeτF = 3 ns. The rotational correlation timesτ0 = 1 ns andτ2 = 0.5 ns
were used in Eqs (35) and (36) (after assuming that1/D⊥ = 6 ns and1/D‖ = 2.4 ns). The curves 1,
2, 3 and 4 shown in Figs 1(a–c) refer to the same orientations of the emission dipole moment, namely
curve 1 (θe = 00, ϕe = 00), curve 2 (θe = 150, ϕe = 00), curve 3 (θe = 450, ϕe = 00) and curve
4 (θe = 900, ϕe = 00. Figures 1(a–c) differ in the magnitudes of the three diagonal elements of the
normalized two-photon absorption tensor, namely Fig. 1(a) (Axx = 0.2, Ayy = 0.1 andAzz = 0.7),
Fig. 1(b) (Axx = 0.3, Ayy = 0.2 andAzz = 0.5) and Fig. 1(c) (Axx = 0.1, Ayy = 0.6 andAzz = 0.3).

The plots of the two-photon-excitation emission anisotropy decays shown in Fig. 1 demonstrate evident
dependence of the time evolution ofr2PE(t) on the magnitudes of the two-photon absorption tensor
componentsAxx, Ayy and Azz, and also on the orientation of the emission dipole moment. This
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Fig. 1. Emission anisotropy decays for an asymmetric fluorophore considered as a symmetric rotor and exhibiting diagonal
two-photon absorption tensor (see the text). The obtained initial values of the emission anisotropyr2PE in Fig. 1(a) are: 0.407
(curve 1), 0.368 (curve 2), 0.118 (curve 3) and−0.170 (curve 4). In Fig. 1(b) they are: 0.201 (curve 1), 0.184 (curve 2), 0.126
(curve 3) and−0.170 (curve 4). In Fig. 1(c) they are:−0.071 (curve 1),−0.082 (curve 2),−0.152 (curve 3) and−0.234 (curve
4).

dependence is reflected in the shape of the time course ofr2PE(t), and in particular, in the initial values
of the emission anisotropyr2PE(t = 0). The only simplifying assumption made in the simulations of
the data was that we setϕe = 00. Otherwise many more synthetic data had to be demonstrated in this
work.

From the experimental point of view, the parameters describing kinetic fluorescence decayPh(t) can
be recovered from the analysis of the “magic”-angle detected fluorescence decay (39). The dynamic
evolutionW (t) of the system can be obtained from the analysis of the both polarized fluorescence signals
(and which is a biexponential decay), namely

I‖(t) = C
[
CA +

4

5

(
α0 exp(−6D⊥ t) + α2 exp[−(2D⊥ + 4D‖) t]

)]
Ph(t), (43)

I⊥(t) = C
[
CA − 2

5

(
α0 exp(−6D⊥ t) + α2 exp[−(2D⊥ + 4D‖) t]

)]
Ph(t), (44)

whereα0 andα2 are given by Eqs (30), and where the evolution ofPh(t) is assumed to be known from
the before mentioned analysis. In principle, the decaysImag(t), I‖(t) andI⊥(t) should be subjected
to a simultaneous (global) analysis with the fluorescence decay parameters occuring inPh(t) being
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Fig. 2. Emission anisotropy decays for a planar fluorophore considered as a symmetric rotor and characterizing by diagonal
two-photon absorption tensor with two non-zero elements (Azz andAxx) (see the text). The obtained initial values of the
emissionanisotropyr2PE in panel (a) are:0.47 (curve 1),0.426 (curve 2),0.148 (curve 3) and−0.587 (curve 4). In panel (b)
they are:0.381 (curve 1),0.349 (curve 2),0.143 (curve 3) and−0.476 (curve 4). In panel (c) they are:0.672 (curve 1),0.252
(curve 2),0.143 (curve 3) and0.017 (curve 4).

andjustable inImag(t) and being kept constant ones inI‖(t) andI⊥(t). The parametersα0/CA, α2/CA,
D⊥ andD‖, are the freely adjustable model parameters inI‖(t) andI⊥(t). The analysis of such data
will provide the information on the fluidity of the medium probed by rotational diffusion of fluorophores
and which is reflected by the values of both components of the diffusion tensor. However, from both
amplitudesα0/CA andα2/CA no additional information can be deduced because these two parameters
depend on four molecular parameters, namely onAzz/TrA, (Axx − Ayy)/TrA, θe andϕe.

In Fig. 2 are displayed similar results for a prolonged planar fluorophore (see Scheme 3(b)), with
the assumptions that (a) the particular shape of this molecule enables one to assume a symmetric-rotor
diffusion model, (b) the emission dipole moment is in-plane polarized (hence,θe can take an arbitrary
value, whilstϕe = 0) and (c) that the two-photon absorption tensor is diagonal with two non-zero
elements, namelyAxx andAzz (while Ayy = 0). In the simulations we employed the same rotational
correlation times and the same fluorescence decay time like in the case of Fig. 1. The curves 1, 2, 3 and
4 shown in Figs 2(a–c) refer to the same orientations of the emission dipole moment (in-plane oriented),
namely curve 1 forθe = 00, curve 2 forθe = 150, curve 3 forθe = 450 and curve 4 forθe = 900.
Figures 2(a–c) differ in the magnitudes of the two non-zero diagonal elements of the normalized two-
photon absorption tensor, namely Fig. 2(a) (Axx = 0.2, Azz = 0.8), Fig. 2(b) (Axx = 0.3, Azz = 0.7)
and Fig. 2(c) (Axx = 0.4, Azz = 0.6). In this case the amplitudesα1 andα2, defined by Eqs (30),
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simplify to

α0 = Ã0 P2(θe) , α2 = Ã2 sin2 θe . (45)

Likewise in the case of Fig. 1, the also in this case Fig. 2 displays evident dependence of the time
evolution ofr2PE(t) on the magnitudes of the two-photon absorption tensor componentsAxx, Ayy and
Azz, and also on the orientation of the emission dipole moment. These features are clearly seen in the
time evolution ofr2PE(t) and its initial (t = 0) values.

A global numerical analysis ofImag(t) (with freely adjustable decays parameters ofPh(t)) and both
polarized decaysI‖(t) andI⊥(t) (with the decay parameters ofPh(t) kept fixed, whilst withα0/CA

andα2/CA as being freely adjustable) should enable one to precisely determine the kinetic fluorescence
decay parameters and also the information on the values ofα0/CA andα2/CA, D⊥ andD‖. However,
likewise in the former case, also in this caseα0/CA andα2/CA are expressed through too many molecular
parameters, namely in terms ofAzz/TrA, (Axx − Ayy)/TrA andθe, and for these reason the values
of these three parameters cannot be determined in a direct way. Nevertheless, the main information on
dynamic properties of the systems, described by both components of the diffusion tensor, is avaliable
from the two-photon excited time-resolved fluorescence polarization experiments on this kind of the
fluorophores.

In Fig. 3 we show again the plots of the emission anisotropies for a planar fluorophore but being treated
as the disk-like (symmetric) rotor (see Scheme 3(c)). This time, however,θe = 900 andϕe may take
an arbitrary value. Furthermore, the non-zero elements of the diagonal two-photon absorption tensor
areAxx andAyy, while Azz = 0. The curves 1, 2, 3 and 4 shown in Figs 3(a–c) refer to the same
orientations of the in-plane polarized emission dipole moment , namely curve 1 forθe = 00, curve 2 for
θe = 150, curve 3 forθe = 450 and curve 4 forθe = 900. Figures 3(a–c) differ in the magnitudes of
the two non-zero diagonal elements of the normalized two-photon absorption tensor, namely Fig. 3(a)
(Axx = 0.8, Ayy = 0.2), Fig. 3(b) (Axx = 0.4, Ayy = 0.6) and Fig. 3(c) (Axx = 0.2, Azz = 0.8). This
time the constant factorsα0 andα2 take the forms

α0 = −1

2
Ã0 , α2 = Ã2 cos 2ϕe . (46)

Likewise in the former case of prolonged planar fluorophores, also in the case of a disk-like planar
fluorophore, the global analysis of the the decaysImag(t), I‖(t) andI⊥(t) will provide the information on
the photophysical properties of fluorophores (decay parameters ofPh(t)) and their dynamical properties
(D⊥ andD‖) but still the values ofα0/CA andα2/CA depend on three unknown molecular parameters,
namelyAzz/TrA, (Axx − Ayy)/TrA andϕe.

What has been demonstrated above for the fluorophores whose rotational diffusion can considered
within the symmetric rotor model and with a simplifying assumption that the two-photon absorption
tensor is anisotropic with solely diagonal non-zero elements (cases (a), (b) and (c) of Scheme 3) ,
means that the both components of the diffusion tensorD⊥ andD‖ can be directly recovered from the
global analysis of the time-resolved two-photon-excitation fluorescence polarizations studies. However,
no additional information on the properties of the two-photon absorption tensor and on the angular
orientation of the emission dipole moment is avaliable from such experiments. This is because the
evolution of correlation functionW (t) is solely biexponential, and thus, only two amplitudesα0/CA

and α2/CA can be adjusted from the data analysis and that depend on four parametersAzz/TrA,
(Axx −Ayy)/TrA, θe andϕe, in general. Nevertheless, the basic information on the fluidity (viscosity)
properties of a solution phase being probed by the two-photon absorbers can be successfully attained.
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Fig. 3. Emission anisotropy decays for a planar fluorophore considered as a disk-like (symmetric) rotor and characterizing by
diagonal two-photon absorption tensor with two non-zero elementsAxx andAyy (see the text). The obtained initial values of
the emission anisotropyr2PE in panel (a) are: 0.47 (curve 1), 0.306 (curve 2), 0.143 (curve 3) and−0.184 (curve 4). In panel
(b) they are: 0.017 (curve 1), 0.08 (curve 2), 0.143 (curve 3) and 0.269 (curve 4). In panel (c) they are:−0.184 (curve 1),
−0.021 (curve 2), 0.143 (curve 3) and 0.47 (curve 4).

The values ofAzz/TrA and(Axx − Ayy)/TrA can be determine provided that the spherical angles
θe and ϕe, describing the orientation of the emission dipole moment, are known from independent
experiments. One of such independent methods is the traditional time-resolved fluorescence polarization
spectroscopy with one-photon excitation. In this case the term|êi A êi|2 in Eq. (2) has to be replaced
by |êi µ̂ab|2, whereµ̂ab denotes the unit vector of the absorption transition dipole moment [37],[36].
In the case of the symmetric diffusor model with the absorption and emission dipole moments of
arbitrary angular orientations in the molecule-fixed frame, the correlation functionW (t) exhibits three
terms [31],[32], i.e.

W (t) = U0(t)β0 + U1(t)β1 + U2(t)β2, (47)

where the additional molecular correlation functionU1(t) has the form [44]

U1(t) = exp(−t/τ1) = exp[−(5D⊥ + D‖) t] . (48)

The explicit expressions for both one-photon-excitation polarized fluorescencedecays,I‖(t) andI⊥(t),
and the decayImag(t), can be obtained from the Eqs (37)–(39) after replacyingCA by unity and the
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correlation functionW (t) by the one given by Eq. (47). Finally one gets [31],[32]

I‖(t)=C
[
1+

4

5

(
β0 exp(−6D⊥t)+β1 exp[−(5D⊥+D‖)t]+β2 exp[−(2D⊥+4D‖)t]

)]
Ph(t), (49)

I⊥(t)=C
[
1−2

5

(
β0 exp(−6D⊥t)+β1 exp[−(5D⊥+D‖)t]+β2 exp[−(2D⊥+4D‖)t]

)]
Ph(t), (50)

Imag(t) = C Ph(t), (51)

where the amplitudesβ0, β1 and β2 are expressed by the spherical angles describing the angular
orientations of the absorption and emission dipoles, namely

β0 = P2(θa)P2(θe) , (52)

β1 =
3

4
sin 2θa sin 2θe cos(ϕa − ϕe) , (53)

β2 =
3

4
sin2 θa sin2 θe cos 2(ϕa − ϕe) (54)

A global analysis of the experimentally collected decaysI‖(t), I⊥(t) andImag(t) (with the kinetic
decay parameters freely adjustable inImag(t) but being kept constant inI‖(t) andI⊥(t)) enables one to
optimize the values of the remaining five model parameters, namelyD‖, D⊥, θa, θe andϕa − ϕe.

Assuming that the angular orientation of the emission dipole moment within fluorophores is the same
at the one- and two-photon excitations, the value of angleθe recovered from one-photon-excitation fluo-
rescence polarization experiments can be assumed as being the known parameter in the analysis of similar
data obtained at two-photon excitations for prolonged planar fluorophores indicated in Scheme 3(b) and
whose synthetic emission anaisotropy histograms are shown in Fig. 2. In this particular case, the values
of Azz/TrA and(Axx −Ayy)/TrA can be recovered and which provides the information on the Z-axis
component of two-photon absorption tensor and on the anisotropy of this tensor in the molecular XY-
plane, both normalized byTrA. Regarding the two other cases of fluorophores pictured in Scheme 3(a)
and Scheme 3(c) (with the histograms ofr2PE(t) displayed in Figs 1 and 3, correspondingly) such
information is unavailable because no direct information on the value of angleϕe can be obtained from
the above-mentioned fluorescence polarization studies at the one-photon excitation.

Fluorescence polarization studies on amorphous ordered (stretched) polymers seem to be the most
proper method for obtaining the information on angular orientation of absorption and emission transition
dipole moments, i.e., on the values of the anglesθa, θe, ϕa andϕe (Ref. [45] and the references cited
therein). Because the amorphous polymers (even if they are stretched to a high extend) are porous media
(they exhibit cavities of single nanometer-sized widths), appropriate mathematical model describing the
uniaxial alignment of the prolonged nanocavities and a narrow-cone-like distribution of fluorophores
inside the pores has to be adapted to precisely describe the variable-angle fluorescence polarization
experiments on such systems [45]. With this model, after collecting appropriately large set of the
dichroic ratios of polarized fluorescence signals, measured at diffrent combinations of the angles of
excitation and detection directions with respect to the direction of the macroscopic ordering of the
polymer, a global analysis of the data enables one to estimate the values of the anglesθa, θe, ϕa andϕe,
the with of the angular distribution of fluorophores within the nanocavities and also two order parameters
of the long axes of the nanocavities with respect to the axis of stretching of the polymer film [45]. The
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Fig. 4. Emission anisotropy decays for a rod-like rotor (with1/D⊥ = 6 ns; τ0 = 1 ns) and diagonal two-photon absorption
tensor (withAxx = Ayy = 0 andAzz = 1), for θe = 00 (curve 1),θe = 150 (curve 2),θe = 450 (curve 3) andθe = 900

(curve 4).

Scheme 4

recovered information on the direction of the emission dipole moment can be employed in the analysis
of the time-resolved two-photon-excitation fluorescence depolarization data obtained in the case of the
fluorophores depicted schematically in Scheme 3(a) and 3(c). Hence, the values of the parameters
Azz/TrA and(Axx − Ayy)/TrA can be obtained in the case of such fluorophores.

As the last case, in Fig. 4 are demonstrated the histograms of emission anisotropyr2PE for a particular
class of fluorophores which can be treated as the two-photon linear absorbers (i.e., the absorption tensor
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is diagonal with solely one (essentially dominating) elementAzz, i.e.,Azz ≫ Axx ≃ Ayy. The family
of trans-diphenyl-polyenes shown in Scheme 4, namely 1,4-diphenylbutadiene (DPB), 1,6-diphenyl-
hexatriene (DPH) and 1,8-diphenyloctatetraene (DPO), is an example of the fluorophores to which
this simplifying assumption very likely (to the first approximation) can be applied [25,26]. From the
experimental point of view, they are symmetric rotors, on one hand, and linear two-photon absorbers, on
the other hand. Hence, they can be trated as the rod-like fluorescence probes from the both points of view
(see Scheme 3(d)). The structures of DPB, DPH and DPO, together with the van der Waals accessible
surface, are shown in Scheme 4 were obtained with the use of CAChe WorkSystem Pro 7.5.0.85. The
geometries of these molecules were obtained from Beautify Comprehensive module, which corrects
the valence, hybridization, ring structure and geometry, implemented in the CAChe WorkSystem Pro
7.5.0.85. The obtained sizes of these molecules, i.e. [length, width], including the accessible surface
of 1.9 Ï (and which is assumed as the thickness of the trans-diphenyl-polyenes), are: for DPB [13.68 Ï,
6.29 Ï], for DPH [18.43 Ï, 7.02Ï] and for DPO [20.85 Ï, 7.02 Ï]. The volumes of these three molecules
are: 294,32 Ï3 for DPB, 337,54 Ï3 for DPH and 389.9 Ï3 for DPO. The 1,6-diphenyl- hexatriene (DPH)
is a widely used fluorescence sensor of the ordering and fluidity of biological membranes and their
models [31] because of their very simple dynamic properties and a very particular geometrical shape,
which make them favorable probes in such studies. As will be argued below, the above-mentioned
simplifying assumption regarding the shape of the two-photon absorption tensor has been verified
experimentally [26]. It is very likely that the same assumption will apply to DPO. In the case of DPB
the time-resolved experimental studies are required to check up the validity of this assumption.

For this kind of fluorophores the equalities (33) return

A
(2)
0 =

2√
6

Azz , A
(2)
±1 = 0 , A

(2)
±2 = 0 , (55)

and hence

CA =
3

5
(Azz)

2 . (56)

Consequently, the correlation functionW (t) (see Eq. (29)) becomes monoexponential because the
second term withU2(t) does not contribute (̃A2 = 0). With these results, the intensity of two-photon-
excitation polarized fluorescence decay (13) has the form

I(θ, t) = C
(
Ph(t) +

8

7
P2(θ)W (N)(t)Ph(t)

)
, (57)

where the constant factorCA has been included intoC, W (N)(t) = (7/6)W (t) and where

W (N)(t) = U0(t)P2(θe) = exp(−6D⊥ t)P2(θe) . (58)

Both polarized decays of fluorescence (forθ = 00 andθ = 900) read

I‖(t) = C
(
Ph(t) +

8

7
W (N)(t)Ph(t)

)
, (59)

I⊥(t) = C
(
Ph(t) − 4

7
W (N)(t)Ph(t)

)
, (60)
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according to (57) and the emission anisotropyr2PE(t) takes the form of

r2PE(t) =
4

7
W (N)(t) ≃ 0.571W (N)(t) . (61)

At t = 0 Eq. (61) returns

r2PE(t = 0) =
4

7
P2(θe) ≃ 0.571P2(θe) . (62)

This last result was obtained in Ref. [26] from very simple considerations focused on initial distribution
of fluorophores, induced by a two-photon excitation, and was confirmed experimentally for DPH (see
Scheme 3), for which an experimental valuer2PE(0) = 0.518 was found [26]. This may mean that the
emission dipole moment makes an angleθe ≃ 140 with the long axis of DPH.

In Fig. 4 we show the synthetic decays of the emission anisotropyr2PH for the diphenyl-polyenes-like
fluorophores (see Scheme 3(d)), obtained as was described before, with the assumption thatAzz = 1
andAxx = Ayy = 0, for different orientations of the emission dipole moment, namely forθe = 00,
θe = 150, θe = 450 andθe = 900. The initial values of the emission anisotropy for these four cases
are: r2PE(t = 0) = 0.571 (curve 1),r2PE(t = 0) = 0.306 (curve 2),r2PE(t = 0) = 0.143 (curve 3),
r2PE(t = 0) = −0.286 (curve 4). The initial values ofr2PE(t = 0) are in between the following upper
and lower limits4/7 6 r2PE(t = 0) 6 −2/7, according to Eq. (62). For the comparison, in the case of
one-photon excitation (1PE) case [31], [32]

r1PE(t = 0) = 0.4P2(θe) , (63)

and these limits are0.4 6 r1PE(t = 0) 6 −0.2.
If the two-photon absorption tensor is not diagonal in the fluorophore-fixed frame (the principal axes

of the diffusion tensor), the correlation functions (29) will contain three time-dependent terms, i.e.

W (t) = α0 U0(t) + α1 U1(t) + α0 U2(t) , (64)

where the additional correlation functionU1(t) is given by Eq. (48). This time, however, the amplitides
α0, α1 andα2 will involve all six components of the symmetric two-photon absorption tensor. Never-
theless, in this a more general case, the two-photon-excitation time-resolved fluorescence polarization
experiments can be analyzed in terms of the five model parameters, namely with three amplitudesα0/CA,
α1/CA andα2/CA, and two components of the symmetric-rotor diffusion tensorD‖ andD⊥. Hence, the
information on rotational mobility of fluorophores in a solution phase can be successfully recovered, and
no additional information on the magnitudes of the non-diagonal two-photon absorption tensor elements
is needed.

5. Macroscopically isotropic molecular media organized on a nano-scale

In the case of macroscopically isotropic molecular media and axially symmetric fluorophores of local
angular ordering (as shown in Scheme 2 for membrane vesicles suspension) both polarizes component
of polarized fluorescence decay and magic-angle-detected fluorescence decay are given by Eqs (37),
(38) and (39), this time however with the general form of the correlation functionW (t) given Eq. (14).
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Following the discussion in Ref. [40], each correlation function22V sp
sp (t) (wheres, p = 0,±1,±2) in

(14) can be replaced by the symmetry adapted form

Wsp(t) =
1

4

(
22V sp

sp (t) + 22V −sp
−sp (t) + 22V s−p

s−p (t) + 22V −s−p
−s−p (t)

)
. (65)

The form of the symmetry adapted correlation functionWsp(t) means that, in the fluorescence
polarization experiments, all the constituent correlation functions22V sp

sp (t) are equivalent indepen-
dently of whether the uniaxial distribution of the fluorophores has polar or apolar character, namely
22V sp

sp (t) = 22V −sp
−sp (t) = 22V s−p

s−p (t) = 22V −s−p
−s−p (t), because eachWsp(t), when expanded in the

Clebsch-Gordan series att = 0, does not contain the odd-rank correlation functions. From mathematical
point of view, this condition means that the od-rank order parameters〈D(j)

00 〉g (j = 1, 3, ...) has to be
eliminated in the constituent correlation functions22V sp

sp (t) occuring in the linear combination (65) (see
Ref. [40] for a more detailed discusson on this point). As was mentioned already in this article, in the
case of locally organized media, when considering the potential-restricted diffusion model, additional
four model parameters , i.e.u(2)

g , u
(4)
g , andu

(2)
ex , u

(4)
ex (occuring inVg(Ω) andVg(Ω)) have to be adjusted

in the experimental data analysis. Knowing these parameters, the second- and four-rank ground- and
excited-state order parameters, i.e.〈D(2)

00 〉g, 〈D(4)
00 〉g, 〈D(2)

00 〉ex and〈D(4)
00 〉ex, can be calculated from the

following integrals

〈D(j)
00 〉x =

∫

Ω
fx(Ω)D

(j)
00 (Ω) dΩ , (66)

where j = 2, 4 and x = g, ex. The initial (t = 0) and the long-time-limit (t → ∞) values of
the symmetry adapted correlation functionsWsp(t) for s, p = 0,±1,±2), expressed in terms of the
appropriate combinations of the order parameters, are listed in Table 1 of Ref. [40]. The values of
Wsp(t = 0) are given by linear combinations of〈D(2)

00 〉g and〈D(4)
00 〉g. The value ofWsp(t → ∞) for

s, p = 0 is given by the product〈D(2)
00 〉g 〈D(2)

00 〉ex, whileWsp(t → ∞) = 0 for s, p 6= 0. In the case when
the ground- and excited-state aligning interaction do not differ only two additional model parameters, i.e.
u(2) andu(4), have to be taken into account, and hence,W00(t → ∞) = (〈D(2)

00 〉)2 where〈D(2)
00 〉 is the

second-rank order parameter being the same for the fluorophores in their ground and excited electronic
states. Furthermore, the initial values ofWsp(t = 0) are given by appropriate linear combinations of the

order parameters〈D(2)
00 〉 and〈D(4)

00 〉.
In the case of macroscopically isotropic media in which the fluorophores exhibit local anisotropic

angular distribution, and hence, they undergo an orientation-restricted rotational dynamics, the correlation
functionsU0(t) andU2(t) are given by the following expressions

U0(t) = W00(t) + 2W10(t) + 2W20(t) , (67)

U2(t) = W02(t) + 2W12(t) + 2W22(t) . (68)

where, according to what has been said before,Wsp(t) ≡ 22V sp
sp (t), and the time-evolution of22V sp

sp (t)
is given by Eq. (25).

After substituting the above forms ofU0(t) andU2(t) into Eqs (37) and (38) one immediately obtains
the expressions for both polarized fluorescence decays,I‖(t) andI⊥(t), corresponding to the class of
molecular media here discussed. From the experimentally recovered both polarized decays a histogram
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of the emission anisotropy decayr2PE(t) can be reconstructed (see Eq. (40)). The initial (t = 0) value
and the long-time (t → ∞) limit of r2PE(t) take the forms

r2PE(t = 0) =
0.4

CA
W (t = 0) = 0.4

α0 + α2

CA
, (69)

r2PE(t → ∞) =
0.4

CA
W (t → ∞) = 0.4

α0

CA
W00(t → ∞) , (70)

where the before mentioned properties of the correlation functionsWsp(t) have been employed. The
valuer2PE(t = 0) is the same as in the case of solutions. This is nothing surprising because from the
point of view of the photoselection process of the fluorophores their macroscopic angular distribution
is isotropic in both cases. However, the long-time limitsr2PE(t → ∞) differ in both cases. For
a solution phaser2PE(t → ∞) = 0. For the media of local angular restrictions for the possible
orientations of fluorophoresr2PE(t → ∞) approaches a non-zero constant (plateau) value (70) because
the photoselected fluorophores cannot relax to a macroscopically isotropic angular distribution.

The experimentally collected two-photon-excitation polarized fluorescence decaysI‖(t) and I⊥(t)
with the correlation functions (67) and (68), and the ’magic’-angle detected decayImag(t) can be
analyzed globally, with the assumption that the model parameters describing the time-evolution of the
photophysical decayPh(t) are adjustable parameters inImag(t), while they are kept fixed in the polarized
decaysI‖(t) andI⊥(t). The dynamic evolution ofI‖(t) andI⊥(t), when being considered within a
simpler model that does not distinguishes between the ground- and excited-state aligning interactions,
can be analyzed in terms of two amplitudes,α0/CA andα2/CA, two components of the diffusion tensor,
D‖ andD⊥, and two parameters describing the aligning interactions,u2 andu4. When considering
the aligning interactions as being different for both electronic states, the last two before mentioned
parameters must be replaced by the corresponding four onesu

(2)
g , u(4)

g , andu
(2)
ex , u(4)

ex or, in the simplified

version of this model, by the two onesu(2)
g andu

(2)
ex . Both models, when applied to the experimental

data, will provide the information on rotational dynamics (mobility) of fluorophores and on their local
angular alignment. We here do not discuss the particular shapes of the two-photon absorption tensor
for the symmetric rotors shown in Schemes 3(a–d) because all what has been said on this point in the
previous section applies also to the class of the molecular media discussed in this section.

Likewise in the case of solutions, also in the case here discussed, if the two-photon absorption tensor is
not diagonal in the principal axes of the diffusion tensor, the correlation functionW (t) will contain three
time dependent constituent termsU0(t), U1(t) andU2(t), with the amplitudesα0, α1 andα2. Hence,
the information on the orientationally hindered mobility and anisotropy of local angular distribution of
fluorophores can be obtained. In this case Eq. (69) has to be replaced by

r2PE(t = 0) =
0.4

CA
W (t = 0) = 0.4

α0 + α1 + α2

CA
, (71)

while Eq. (70) remains unchanged.

6. High-aperture detection of two-photon excited fluorescence. Application of the symmetry
adapted calibration (SAC) method

The two-photon excitation fluorescence polarization experiments require the application of the pulsed
exciting light of appropriately high intensity. This is because every one photon of the emitted fluorescence
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is a result of the simultaneous absorption of two photons of the exciting light. Genrally speaking, (a) the
two-photon absorption process for different fluorophores is characterized by different (higher or lower)
absorption cross-sections, (b) the fluorescence quantum yields differ (sometimes even much) for different
fluorophores, (c) the concentration of fluorophores must be kept at appropriately low level to avoid the
formation of the ground-state, excited-state and mixed-character complexes of the fluorophores, and
finally, (d) the application of an analyzer in the detection channel of the polarized fluorescence collected
seriously reduce the intensity of the fluorescence signal. A very important case are the fluorescence
sensors for probing the structural and dynamic properties of different kinds of molecular media, where
the concentration of the sensors must be kept at particularly low level to eliminate their influence on
the medium properties being probed (e.g., membranes probed by fluorescence sensors). For the reasons
here mentioned, in very many practical cases the intensity of the exciting light must be high enough
to ensure appropriate number of two-photon absorption events leading. finally, to the fluorescence
signals of sufficiently high photon counts number at the maximum of the fluorescence decay collected.
On the other hand, however, a very high intensity of the exciting light may have (sometimes even
essential) negative consequences on the medium properties. In particular, a high intensity of the light
means automatically a high intensity of the electric field near the fluorophore being excited and which
may modify its photophysical properties (e.g., by increasing the local field effect or by leading to the
photobleaching of fluorophores). Therefore, from this point of view, the intensity of the exciting light
should not be rather too high.

In order to keep the experimental conditions for the two-photon-excitation polarized fluorescence
measurements in agreement with all of the above-mentioned physical requirements, the application of
the collecting optics of possibly high angular aperture seems to be a very good compromise, making
the experiment not too invasive when studying the molecular media properties with the two-photon
excitation technique. As shown in Scheme 4(a) the linear polarization of the fluorescence light selected
by an analyzer (̂e) (laboratory space) corresponds to the three components of polarized fluorescence
emitted at the focus [49]. When considering the meridional planes properties of the objective lenses
([50],[51]), polarization direction̂e selected in the laboratory space corresponds to a cone-like distribution
of the coresponding linear polarization directions in the focal space. Scheme 4(b) shows schematically the
physical conditions of the fluorescence polarization experiments with parallel beam of linearly polarized
(êi) exciting light. The fluorescence emitted at the focus is collected by an objective lens of a cone
half-angleα and the polarization direction̂ef of the emitted fluorescence is selected by the analyzer, and
afterwards, the fluorescence light is detected by a detector. In the laboratory space both directions make
an angleθ and which, in the focal space, corresponds to the angle between the directionêi and the long
axis of the cone-like distribution of versorsêf [46,48].

In Scheme 5(a) we show schematically an experimental arrangenet for the possibly accurate (from
the physical point of view) one- or multiphoton-excitation fluorescence polaryzation studies with the
application of a wide-angular-aperture collecting optics. The fluorescence is exited by a parallel beam of
exciting light of linear polarization̂ei. The emitted fluorescence signal is collected by the objective lens
of the cone half-angleα. To eliminate or reduce the refraction effect, the emitted fluorescence before
entering the objective lens, it passes through a semi-sphere of appropriate refractive index being close
to the refractive index of the medium in the cuvette. Hence, to the first approximation, one may assume
that the collecting angleα inside and outside the cuvette can be assumed to be the same ones.

The desired polarized fluorescence components of polarizationêf are selected by the analyzer, and
afterwards, the polarized fluorescence signal is being focused onto a detector. The aperture shown in
Scheme 5(a) enables one to continuously modify the value of the collecting angleα.
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Scheme 5

Scheme 6

The experimental configuration shown in Scheme 5(a), in the sence of the polarization directions of the
exciting light and fluorescence light detected, corresponds to the parallel-beam-excitation fluorescence
polarization microspectroscopy [46,48]. Therefore, polarized fluorescence decay (13) in the case of the
application of the collecting optics must be replaced by

I(α, θ, t) = C
(
CA Ph(t) +

4

5
K(α, θ)W (t)Ph(t)

)
, (72)

whereP2(θ) has been replaced by the aperture-dependent functionK(α, θ), and where

K(α, θ) =
1

4

(
3Q2(α) cos 2θ + Q0(α)

)
. (73)

The above form ofK(α, θ) differs from the one given by Eq. (9) of Ref. [47] by the factor4/5 which
is now standing explicitly in Eq. (72). The coefficientsQ0(α) andQ2(α) are given by

Q0(α) = (cos2 α + cos α)/2 , (74)

Q2(α) = (cos2 α + 4cos α + 7)/12 , (75)
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Fig. 5. (a) The plots ofK(α, θ) versus the detection angleθ, for the following detection cone half-angles:α = 00 (solid line),
α = 700 (dashed line), and for the intermediate casesα = 300, α = 400 andα = 500 (the corresponding lines between the
two former cases). (b) The dependence ofθmag(α) on the detection cone half-angleα.

and they are the simplified version of the ones given by Eqs (6) and (7) of Ref. [48]. For the parallel-
beam-detection conditionsK(α, θ) andP2(θ) become equivalent functions, namely

K(α = 00, θ) ≡ P2(θ) . (76)

In Fig. 5(a) we show the plots ofK(α, θ) for the cone half-angles of the collecting lensα =
00, 300, 400, 500, 700, and which demonstrate a strong dependence ofK(α, θ) for the parallel compo-
nent of polarized fluorescence with the coefficientK‖(α) = K(α, θ = 00), e.g.,K‖(20

0) = 0.956,
K‖(25

0) = 0.931, K‖(30
0) = 0.903, K‖(35

0) = 0.871 andK‖(40
0) = 0.835. For the perpendicular

component of polarized fluorescence withK⊥(α) = K(α, θ = 900) this effect is negligible because the
values ofK⊥(α) for the cone half-angles00 ÷ 400 are all equal to the same value of−1/2, as can be
seen in Fig. 5(a).

Figure 5(a) shows also that each curveK(α, θ) takes the zero-valueK(α, θ) = 0 at different values
of the detection angleθ within the range from450 to 54.70. We have discussed this point in very detail
in Refs. [47,48] in the case of the fluorescence polarization microspectroscopy. The condition

K(α, θmag) = 0 , (77)

defines the “magic” value of the detection angleθ at which the detected fluorescence decay solely
represents the kinetic evolution of the photoselected fluorophoresImag(t) because the kinetic-dynamic
term (i.e.W (t)Ph(t)) does not contribute at such condition, according to Eq. (72).

By applying condition (77) to Eq. (73) we obtain the dependence of the magic angle valueθmag on
cone half-angleα, namely

θmag(α) =
1

2
arccos

(
− Q0(α)

3Q2(α)

)
. (78)

The plot ofθmag(α) is displayed in Fig. 5(b) and it shows that for the anglesα ranging between200 and
400 the changes of the valuesθmag(α) are not negligible, e.g.,θmag(20

0) = 54.10, θmag(25
0) = 53.80,

θmag(30
0) = 53.40, θmag(35

0) = 52.90 andθmag(40
0) = 52.40.

What has been demonstrated above means that when performing the time-resolved fluorescence
polarization measurements according to the experimental arrangement depicted in Scheme 5(a), the
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effects resulting from the application of the collecting optics must be taken into account if the cone
half-angles of the objective lenses are above the values of100 ÷150. In such cases the three independent
fluorescence decays, given for traditional parallel beam detection case by Eqs (37–(39), must be replaced
by the following ones

I‖(α, t) = C
(
CA Ph(t) +

4

5
K‖(α)W (t)Ph(t)

)
, (79)

I⊥(α, t) = GC
(
CA Ph(t) − 2

5
K⊥(α)W (t)Ph(t)

)
, (80)

Imag(t) = C ′CAPh(t), (81)

where this last decay must be collected at the right value ofθmag(α). The constant factor G (the
so-called G-factor) and a new constant C’ (in the last equation) reflect diffrerent sensitivity of the
detector on the polarization direction of the collected fluorescence. The G-factor can be determined
experimentally [31,32]. In order to recover the model parameters occuring inPh(t) andW (t), the above
three polarized fluorescence decays must be subjected to a global (simultaneous) numerical analysis
with the appropriately linked model parameters. For example, the model parameters occuring in the
photophysical evolution of the excited fluorophoresPh(t) can be the fitted ones in Eq. (81), while they
are kept constant values in (79) and (80). The all other model parameters occuring inW (t) are thus the
solely adjustable ones in both polarized fluorescence decays (79) and (80).

What has been said above apply also to the case of similar experiments pictured schematically in
Fig. 5(a) but on the samples closed between two glass plates and with the application of the microscope
objective of hight numerical aperture. In such experiments the angle between the excitation direction
and the propagation direction of the exciting is must be larger than900. In such experiments the cone
half-angle of the detection optics can range from500 and even up to almost700. Therefore, according
to Figs 5(a) and 5(b), in such cases the effects caused by the application of the high-aperture collecting
optics become substantially enhanced.

The experimental protocol for an accurate determination of the model parameters occuring in the kinetic
Ph(t) and dynamicW (t) evolutions of the excited-state fluorophores, and performed according to the
experimental arrangement shown in Scheme 5(a),can be employed in the experimental practice if the there
are no optical effects (artifacts) that can modify the quality of the collected fluorescence decays and which
can be described theoretically by Eqs (79), (80) and (81). A fundamental assumption underlying this
protocol is that the cone half-angleα assumed in these equations really coresponds to the experimental
one. This means the the collecting optics is free of the spherical and chromatic aberration effects.
Furthermore, the refractive index of the sample is the same as the refractive index of the semi-sphere
indicated in Scheme 5(a). This assumption must also hold to assume that no reflection of the fluorescence
light occurs and which may modify the intensity of the fluorescence light rays passing through the cuvette
and the semi-sphere at diffrent angles to optical axis of the collecting optic. Because not all of these
effects can be accounted for in the theoretical expressions (79), (80) and (81), the problem can be solved
by applying the symmetry adapted calibration (SAC) method introduced by us in Ref. [46] and further
discussed in Ref. [48], for the case of the time-resolved fluorescence polarization microspectroscopy and
which can be employed in the experiments being performed according to Scheme 5(a), and in particular
to the experiments being performed according to Scheme 5(b) where no semi-sphere is employed and
where the analyzer selecting the polarized fluorescence decay is placed incorrectly from the physical
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point of view. In the SAC method the polarized fluorescence decay can be represented as the linear
combination of two time-dependent basis functions,Ph(t) andW (t)Ph(t), namely

I(α, θ, t) = γ1 Ph(t) + γ2 W (t)Ph(t) , (82)

whereγ1 andγ2 are the scalling factors describing the degree of contribution of both time-dependent
basis functions. By performing two independent measurements of two polarized fluorescence decays
on a reference fluorophore in a solution phase, of known photophysicalPhr(t) and dynamicalWr(t)
properties, and dissolved in a solvent of similar refractive index as the one of the sample studied, one can
determine the values of the scalling factorsγ1 andγ2. Knowingγ1 andγ2 one can recover the values of
the G-factor,K‖(α) andK⊥(α). The values of these three parameters can be used in Eqs (79) and (80)
when analyzing similar experiments for the sample studied, provided that both polarized fluorescence
decays are collected at the same experimental conditions, for the reference fluorophore solution and the
sample studied. The value of the magic angleθmag(α) can be determined empirically by performing a
few time-resolved fluorescence decays for the reference fluorophore. The detection angleθ at which the
fluorescence signal detected depends solely on the kinetic evolutionPhr(t) can be assumed as being the
right value ofθmag(α) and can be used for the kinetic fluorescence studies of the sample studied.

The SAC method enables one to eliminate several unwanted and unexpected experimental complica-
tions and artifacts (aberration effects or partial damage of the lenses used in the experiments). Secondly,
it enables to analyze the experimental data collected according to both experimental arrangenets shown
in Scheme 5 without the necessity of derivation the theoretical expressions precisely describing such
experiments. For these reasons, in our opinion, the SAC method can be very helpful in the time-resolved
two- and multi-photon-excitation fluorescence polarization studies with the application of wide-angular-
aperture collecting optics. The same method, after very simple adaptation, can be employed in all types
of the nonlinear molecular spectroscopy, in particular in such cases when the detected signals are of very
low light intensity.

7. Discussion

In this article we have considered the two-photo-excitation fluorescence depolarization technique in the
case of solutions and the media organized locally on a nano-scale. We have demonstrated several aspect of
this technique. First, we have demonstrated several synthetic decays of the emission anisotropy showing
very strong dependence of their initial values on the shape of the two-photon absorption tensor and on
the orientation of the emission dipole moment. An important result of this work is a clear demonstration
that when employing the description of the two-photon induced time-resolved fluorescence polarization
technique in entirely spherical representation, the expressions describing the polarized fluorescence
decays are written in a very compact and simple way, making them easily applicable in the experimental
practice. Secondly, we have shown that even if the two-photon absorption tensor is not diagonal in
the principal axes of the symmetric-rotor diffusion tensor, the information on the rotational mobility
of fluorophores in a solution phase, and on the aligning-potential hindered rotational mobility and
local anisotropic angular distribution of fluorophores, in the case of locally organized media, can be
successfully recovered. Finally, we have described the polarized fluorescence decays for the case when
the fluorescence signal is collected through a collecting optics of arbitrary aperture. This point is
essentially important from the point of view of the experimental practice because with this technique the
intensity of the exciting light can be reduced even much, and hence, several unwanted high-intensity-light
effects can be essentially reduced or even completely eliminated.
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Abstract. Assuming the low molecular reorientation approximation, the formulae for linear electric polarization induced in
liquids composed of rigid, noninteracting, dipolar and asymmetric-top molecules in spherical solvents were derived. The
Kalmykov’s equation [Phys.Rev., E 65 (021101) 2001] – equivalent to the classical, noninertial Smoluchowski-Debye model of
rotational diffusion was applied. In order to highlight the influence of the anisotropy of rotational diffusion tensor components
and the orientation of permanent dipole moment of the molecule on the complex linear electric susceptibility, we present
three-dimensional plots of the dispersion and absorption spectra, Cole-Cole diagrams for different values of the anisotropies of
rotational diffusion tensor components and different frequencies of an ac electric field.

1. Introduction

Since to the pioneering works of Peter Debye the dielectric relaxation studies have been intensively
developed in the fields of rotational and translational molecular motions in liquids, correlations between
molecules dipoles and dynamics of liquid structure [1]. The classical papers of Perrin [2], and other
physicists [3–5], have shown that the asymmetry of the rotational difussion coefficients of the molecule
appeares in the rotational diffusion equation leading to three different rotational relaxation times along the
principal symmetry axes of the ellipsoidal molecule. An interesting modern approach to the noninertial
dielectric relaxation of the asymmetric top molecules was proposed by Kalmykov [6], who used the
elegant methods of algebra of the angular momentum [7,8]. An extensive and recent review of dielectric
relaxations phenomena in liquids was given by Coffey [9]. The Smoluchowski-Debyeequation (SDE) for
rotational diffusion of noninteracting, spherical-top molecules in solutions has been succefully applied
in description of the optical Kerr effect [10,11] and in the extensive theory of nonlinear ac dielectric
response of symmetric-top molecules in liquids [12].

SDE of rotational diffusion motion in liquids was also used by Kasprowicz-Kielich, Kielich and
coworkers [13–15], in the theory of nonlinear electro-optical processes of molecular relaxation in intense
electric fields of high and low frequencies, and by the present authors [16,17], in the kinetic theory of the
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Langevin saturation in dilute solutions of dipolar, symmetric-top molecules in spherical solvents. This
effect, known also as nonlinear dielectric effect, is still the subject of many interesting works [18–20].

It is our aim to present graphical analysis of the linear dielectric relaxation of rigid, non interacting
asymmetric-top dipolar molecules in spherical solvents, the phenomenon which strongly depends both
on the anisotropy of rotational diffusion tensor and on the angle between the permanent dipole moment
and the molecular symmetry axis.

In Sections 2,3 we present the equations, and their solutions for the linear dielectric relaxation of
an asymmetric-top molecules in the presence of harmonic electric field, resulting from the Kalmykov’s
theory Eq. (15) in [6].

Section 4 is concerned with graphical analyses performed on the basis of our results. We present:

– the dependence of dispersional and absorptional Debye-Kielich functions for asymmetric-top
molecules on the reduced frequencyωτD,

– the influence of the asymmetry of rotational diffusion tensor components on the relaxations times
τx, τy, τD,

– the time evolution of the electric polarization in ac electric fields,
– 3D plots of the dispersional and absorptional Debye-Kielich functions versus frequencyωτD and

the parameters of the anisotropy of rotational diffusion tensor,
– 3D Cole-Cole plots for the electric linear susceptibilities and 3D plots for the loss tangentδ of our

medium.

Our results indicate that the spherical-top approximation can be used only in special cases and the
asymmetric shape of the molecule cannot be neglected.

2. Theory linear polarization and equations of rotational diffusion for asymmetric-top molecules

We consider a dielectric system of volumeV composed of a great numberN of dipolar molecules,
with the permanent dipole moment of~µ = µ~u. On neglecting the induced molecular polarizabilities and
molecular interactions, theZ component of the permanent dipole moment is equal

µZ(Ω) =
µ√
2
[(ux + iuy)D

1
0,−1(Ω) − (ux − iuy)D

1
0,1(Ω) +

√
2uzD

1
0,0(Ω)] (1)

whereDj
m,m′(Ω) are the Wigner’s functions [7,8], depending on the Euler’s anglesΩ = (α, β, γ)

determining the orientation of the molecular coordinate (body-fixed) system(x, y, z) with respect to the
laboratory system(X,Y,Z), defined as:

Dj
m,m′(Ω) = e−imα dj

m,m′(β) e−im′γ (2)

where

ux = sin Θ cos Φ

uy = sin Θ sin Φ (3)

uz = cos Θ

are the components of a unit vector~u in the direction of~µ; moreoverΘ,Φ are the polar and azimuthal
angles of~µ in the molecular coordinate system;i2 = −1. Heredj

m,m′(β) are real functions with various
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explicite forms given in [8], for example. It is convenient to express changes in the potential energy
V (Ω, t) of the molecule in an external electric fieldEZ(t) applied to the dielectric along the Z-axis in
the form:

V (Ω, t) = kT
∑

Q=−1,0,1

ν10Q(t)D1
0,Q(Ω) (4)

where

ν100(t) = −ξuzg(t) (5)

ν10±1(t) = ± 1√
2
ξ(ux ± iuy)g(t);

EZ(t) = Eg(t),

ξ =
µE

kT
,

andk is the Boltzmann’s constant and T – Kelvin temperature. It is our aim to find the electric polarisation

〈PZ [EZ(t)]〉 = ρ〈µZ(Ω)〉 (6)

Here brackets denote the ensemble average for the rotational diffusion of the molecule,ρ = N/V is the
number density of our dielectric system. From Eqs (1,6) we have

〈PZ [EZ(t)]〉 =
ρ√
2
[−ux〈Ay(Ω)〉 + iuy〈Ax(Ω)〉 +

√
2uz〈D1

0,0(Ω)〉] (7)

where we introduce, for further convenience, the averages:

〈Ax(Ω)〉 = 〈D1
0,1(Ω)〉 + 〈D1

0,−1(Ω)〉,
(8)

〈Ay(Ω)〉 = 〈D1
0,1(Ω)〉 − 〈D1

0,−1(Ω)〉

We will not denote the obvious time dependence of the Euler’s angles in the ensemble averages in
Eq. (7), resulting from molecular dynamic. The general description of the rigid molecule rotational
motion is governed by the well-known Euler-Langevin equation, describing the angular velocity~ω(t) of
the molecule with the moment of inertiaI:

I
d

dt
~ω(t) + ~ω(t)×I×~ω(t) + ς~ω(t) + ▽V (Ω, t) + ~λ(t) = 0 (9)

whereς is the rotational friction tensor. The term▽V (Ω, t) describes the torque acting on the molecule
in the electric field and~λ(t) denotes the white noise driving torque due to the rotational Brownian
motion. The Smoluchowski-Debye model of dielectric relaxation may be obtained by neglecting all
terms in Eq. (9) with the tensor of inertiaI of the molecule, so it is valid only for “noninertial limit” of
molecular dynamic. This approximation is a very good model. Kalmykov [6] succesfully proved the
validity of this approach, analyzing the experimental results of Jad/xyn and coworkers [18] obtained for
the dielectric incrementsδǫ of dilute solutions of mesogenic 10-TPEB molecules in benzene.
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In [6] the elegant method of obtaining the following noninertial equation for the ensemble averages
〈Dj

m,m′(Ω)〉 from Euler-Langevin equation was developed:

d

dt
〈Dj

m,m′(Ω)〉 = 〈∆ΩDj
m,m′(Ω)〉

− 1

2kT
{〈∆Ω[V (Ω, t)Dj

m,m′(Ω)]〉 − 〈V (Ω, t)∆ΩDj
m,m′(Ω)〉 (10)

−〈Dj
m,m′(Ω)∆ΩV (Ω, t)〉}

and the result, Eq. (15) in Ref. [1], is equivalent to the Smoluchowski-Debye model of rotational diffusion
of asymmetric-top molecules. In Eq. (10)∆Ω denotes the angular part of Laplace’s operator andV (Ω, t)
is simply the change in potential energy of molecule in an applied external electric fieldEZ(t). The
fundamental differential equation for ensemble averages〈Dj

m,m′(Ω)〉 for arbitraryj and for the potential
energyV (Ω, t) given by Eq. (4) was derived by Kalmykov [6] using the algebra of angular momentum
and properties of the Wigner’s functions.

In our paper we assumeξ << 1, which is correct for the electric fields with the strenghts of order
107V/m. This widely used approximation corresponds to the case when we neglect in the fundamental
Kalmykov’s Eq. (15) in Ref. [1] all terms with averages〈Dj′

m,m′(Ω)〉 havingj′ > j. So in order to
obtain the polarization (7) we will use this approximated form, valid only in the case of “low molecular
reorientation limit”, of the exact Kalmykov equation:

τD
d

dt
〈D1

0,m(Ω)〉 + (1 + m2∆)〈D1
0,m(Ω)〉

= −σ[C1,m+1
1,m,1,1C

1,m+2
1,m+1,1,1〈D1

0,m+2(Ω)〉 + C1,m−1
1,m,1,−1C

1,m−2
1,m−1,1,−1〈D1

0,m−2(Ω)〉]

+
1

4

∑

Q=−1,0,1

ν10Q

∑

J=0,1

CJ,0
1,0,1,0{[J(J + 1) + 4mQ∆ − 4]CJ,Q

1,0,1,Q〈DJ
0,m+Q(Ω)〉

+σ[J(J + 1)CJ,m+Q+1
J,m+Q+1,1,1C

J,m+Q+2
J,m+Q+1,1,1C

J,m+Q
J,m,1,Q − 2C1,m+1

1,m,1,1C
1,m+2
1,m+1,1,1C

J,m+2+Q
1,m+2,1,Q (11)

−2C1,Q+1
1,Q,1,1C

1,Q+2
1,Q+1,1,1C

J,m+Q+2
1,m,1,Q+2]〈DJ

0,m+Q+2〉

+σ[J(J + 1)CJ,m+Q−1
J,m+Q,1,−1C

J,m+Q+2
J,m+Q−1,1,−1C

J,m+Q
J,m,1,Q − 2C1,m−1

1,m,1,−1C
1,m−2
1,m−1,1,−1C

J,m−2+Q
1,m−2,1,Q

−2C1,Q−1
1,Q,1,−1C

1,Q−2
1,Q−1,1,−1C

J,m+Q−2
1,m,1,Q−2]〈DJ

0,m+Q−2(Ω)〉}.

HereCj,l1+l2
j1,l1,j2,l2

are the well known Clebsch-Gordan coefficients [8,7], and the dimensionless coeficients
∆ andσ define the anisotropy of the rotational diffusion tensor components –(Dαα; whereα = x, y, z) –
[6]:

∆ =
Dzz

Dxx + Dyy
− 1

2
,

(12)
σ =

Dxx − Dyy

Dxx + Dyy
.
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We assume that only diagonal components of the rotational diffusion tensor are nonzero. Starting from
Eq. (11) we obtain:

τx
d

dt
〈Ax(Ω)〉 + 〈Ax(Ω)〉 = −

√
2

3
uxξ(t),

τy
d

dt
〈Ay(Ω)〉 + 〈Ay(Ω)〉 = i

√
2

3
uyξ(t), (13)

τz
d

dt
〈D1

0,0(Ω)〉 + 〈D1
0,0(Ω)〉 = uzξ(t),

where the asymmetric-top molecule’s linear relaxation timesτx, τy, τz are equal:

τx = (Dxx + Dzz)
−1,

τy = (Dyy + Dzz)
−1, (14)

τz = τD = (Dxx + Dyy)
−1,

and

τz = τx(1 + ∆ − σ

2
) = τy(1 + ∆ +

σ

2
) (15)

The linear ordinary differential Eq. (13) are the main result of this section and their stationary solutions
will be used in graphical analyses of linear dielectric relaxation of dipolar, rigid and non-interacting, asy
mmetric-top molecules.

3. Linear dielectric relaxation of asymmetric-top molecules in harmonic electric field

We assume that our system is acted on by

– constant electric field with intensity equal toE0 switched on at the timet = −∞ and switched off
at t = 0 and

– harmonic electric fieldEω cos(ωt) switched on att = 0. So we have

ξ(t) = ξ0 + ξω cos ωt. (16)

If the medium is at the termodynamic equilibrium att = 0 we have, in our approximation [6]:

〈Ax(t = 0)〉 = −i

√
2

3
ξ0uy,

〈Ay(t = 0)〉 = −
√

2

3
ξ0ux, (17)

〈D1
0,0(t = 0)〉 =

1

3
ξ0uz
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It is easy to find solutions of Eq. (13) in the form:

〈D1
0,0(Ω)〉 =

1

3
ξ0uzexp(− t

τz
)

(18)
+ξωuzrz(ωτz)[cos(ωt − ϕz) + ωτzrz(ωτz)exp(− t

τz
)]

Here, the relaxational Debye-Kielich functionsri(ω) are defined as

ri(ωτi) = (1 + ω2τ2
i )−

1

2 , i = x, y, z, (19)

and the phase shiftsϕi are given by

sin ϕi = ωτiri(ωτi);
(20)

cos ϕi = ri(ωτi).

The functionsri(ω) decrease from the maximal valueri = 1 for ω = 0 to ri = 0 whenωτi → ∞. The
others two Eq. (13) have analogous solutions.

For the stationary state, denoted by (s.s.), whent ≫ τz > 0, Eq. (18) is reduced to

〈D1
0,0(s.s.)〉 = ξωuzrz(ωτz) cos(ωt − ϕz). (21)

By using the well known properties of the Wigners functions in Eqs (7–8) we obtain the main result of
this section

〈PZ(t)〉 =
1

3
µρξ0

∑

i=x,y,z

u2
i exp(− t

τi
)

(22)
+

1

3
µρξω

∑

i=x,y,z

[u2
i ri(ωτi) cos(ωt − ϕi) + ωτiri(ωτi)exp(− t

τi
)].

The first term in Eq. (22) describes the decay, which is a sum of three exponential functions of linear
electric polarization after switching off the constant fieldξ0. Equation (22) in the experimentaly important
case of the stationary state is reduced to the formula

〈PZ(s.s.)〉 =
1

3
µρξω

∑

i=x,y,z

u2
i ri(ωτi) cos(ωt − ϕi)

(23)
=

1

3
µρξω

∑

i=x,y,z

[C/(−ω;ω) cos ωt + C//(−ω;ω) sin ωt]

in which the normalized linear electric susceptibilities are given by

C/(−ω;ω) =
∑

i=x,y,z

u2
i [ri(ωτi)]

2,

(24)
C//(−ω;ω) =

∑

i=x,y,z

u2
i ωτi[ri(ωτi)]

2
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Fig. 1. The quadratic Debye-Kielich relaxation functions ofthe asymmetric-top molecule[rx(ωτx)]2 in red;[ry(ωτy)]
2 in blue

and[rD(ωτD)]2 in black, forax = 0.25; ay = 0.5. Figure 1 a – the dispersion, Fig. 1 b – absorption curves.

We see that Eqs (23–24) for symmetric-top molecules,whenτx = τy = τ⊥, τz = τ‖, are reduced to

〈PZ(s.s.)〉 =
1

3
µρξω[r⊥(ωτ⊥) cos(ωt − ϕx) cos2 Θ

(25)
+ r‖(ωτ‖) cos(ωt − ϕz) sin2 Θ]

and for spherical-top, whenτx = τy = τz = τD, to

〈PZ(s.s.)〉 =
1

3
µρξωrD(ωτD) cos(ωt − ϕz) (26)

A detailed discussion, based on Eq. (25), of the influence of the anisotropy of the rotational diffusion
tensor of symmetric-top molecules, in the dielectric linear and nonlinear relaxation, was recently given by
us in [16,17]. In these papers the coefficient of anisotropyξ = Dxx/Dzz corresponds to2∆ = 1/ξ − 1.
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Fig. 2. The Debye-Kielich quadratic dispersion functions[rx(ωτi)]
2, [ry(ωτi)]

2 and[rD(ωτD)]2 for the asymmetric-top and
disk molecules, forax = 0.01; 0.1; 0.3; 0.5 (symmetric top),0.8; 1(disk); 1.5; 5; 10 and foray = 0.5.

For loss tangent of the asymmetric-top molecules we simply have from Eq. (24)

tan δ =
C//(−ω;ω)

C/(−ω;ω)
=

∑
i=x,y,z

u2
i ωτi[ri(ωτi)]

2

∑
i=x,y,z

u2
i [ri(ωτi)]2

. (27)

So for symmetric-top molecules

tan δ =
ωτ⊥[r⊥(ωτ⊥)]2 sin2 Θ + ωτ‖[r‖(ωτ‖)]

2 cos2 Θ

[r⊥(ωτ⊥)]2 sin2 Θ + [r‖(ωτ‖)]2 cos2 Θ
(28)

and finally, for spherical-top molecules

tan δ = ωτD. (29)
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Fig. 3. The absorptional Debye-Kielich functionsωτi[ri(ωτi)]
2 for the asymmetric-top and disk molecules forax = 0.01; 0.1;

0.3; 0.5 (symmetric top), 0.8; 1 (disk); 1.5; 5; 10 and foray = 0.5.

4. Graphical analysis of the linear dielectric relaxation processes of asymmetric-top molecules

Our aim is to analyze changes in the dielectric relaxation related to the asymmetric shape of molecules,
in comparison with those caused by the relaxation of spherical molecules. As first we present spectral
properties of the quadratic Debye-Kielich relaxation functions[ri(ωτi)]

2, given by Eq. (19). In Fig. 1 A
all three functions[ri(ωτi)]

2; i = x, y, z are plotted versus the frequencyω of the ac electric field, in
logarithmic scale, while Fig. 1 b present the absorption functionsωτi[ri(ωτi)]

2; i = x, y, z.
In order to describe the asymmetry of the components of the rotational diffusion tensor of the molecule

Dii; i = x, y, z; we introduce the coefficientsax anday defined as follows:

ax = Dxx/Dzz; ay = Dyy/Dzz. (30)



336 W. Alexiewicz and K. Grygiel / Dipolar, rigid, non-interacting and asymmetric-top molecules

Fig. 4. Ratios (a)τD/τx and (b)τD/τy as functions of anisotropy of the components of the rotational diffusion tensor.

In graphical analyses we takeDzz = 1, for simplicity. So from Eq. (14) we have

τx = 1/(1 + ax); τy = 1/(1 + ay); τD = 1/(ax + ay) (31)

Figure 2 illustrates the influence of anisotropy of the components of molecular rotational diffusion
tensor on Debye-Kielich dispersion functions[ri(ωτi)]

2.
We observe the shift of the dispersion curves towards smaller frequencies, with increasing the asym-

metry parameterax, from the large asymmetry top (ax = 0.01, ay = 0.5), through the symmetrical top
(ax = ay = 0.5), and the symmetrical disk (ax = 1, ay = 0.5) to the large asymmetrical disk (ax = 10,
ay = 0.5).

The absorptional Debye-Kielich functionsωτi[ri(ωτi)]
2 are given in Fig. 3. With increasing asymmetry

of the molecule, the maximum of the absorption functionωτi[ri(ωτi)]
2 is shifted towards smaller

frequenciesω. For dispersion and absorption we notice that the functions with indexesx andD are
sensitive to the changes in the parameter of asymmetryax but those with the indexy are constant (asay

is fixed). In contrast, when we changeay at a fixedax, the functions with indexesy andD are more
sensitive to the changes inay and those with indexesx will be constant.

In Fig. 4 the ratios of relaxation timesτD/τx and τD/τy to the parameters of asymmetry of the
components of rotational diffusion tensor are plotted. Both these values increase rapidly for smallax and
ay, also for extremely thin top molecules. The changes for the other shapes of the molecules are rather
small. The linear electric polarisation〈PZ(t)〉, given by Eq. (22) is an important parameter describing
dielectric properties of the molecules.

The beginning of the time evolution after the dc electric field is turned off is presented in Fig. 5A and
5C. The transient effects due to the exponential terms dominate. The time evolution in the stationary
state, given by Eq. (23) is illustrated in Fig. 5B and 5D. We start with time sufficiently late to fulfil the
condition of the stationary state (when the third term in Eq. (22) vanishes). We see that the increasing
asymmetry in diffusion leads to increasing amplitude of oscillations and induces a small phase shift. The
decrease in the amplitude of oscillation in the stationary state was much greater when the frequencyω
was increasing.
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Fig. 5. Time evolution of the linear electric polarization for selected cases of asymmetric-top molecules (ay = 0.5 andax =
0.01, 0.3, 0.5, 1, 5) (A,C) and after the initial transient evolution the electric polarization reach the stationary state (B,D).
Increasing asymmetry of the molecule leads to increase in the amplitude and a small phase shift of the oscillations. The
evolution is presented for two different frequenciesω.

It is very important to know the effect of asymmetry in molecular rotational diffusion on the linear elec-
tric susceptibilitiesC/(−ω;ω) andC//(−ω;ω). We have made numerical analysis of the dispersional
partC/(−ω;ω) given by Eq. (24) and the results are presented in Fig. 6.

It is easy to see that dispersion curves are shifted towards higher frequencies of ac field when the
asymmetry of molecule is increased. Moreover, the dispersion curves become more linear and perturbed
for the higher values of the polar angleθ between the dipole moment and thez molecular coordinate
axis. Similar behaviour of the dispersion phenomenon is observed for different azimuthal anglesφ.

Figure 7 presents the plot of the susceptibilityC//(−ω;ω) versusC//(−ω;ω) and the ratioax/ay for
selected values of the polar angleθ of the permanent dipole moment in the molecular coordinate system.
A similar phenomenon of the maximum absorption shift towards higher frequenciesω with increasing
asymmetry of the molecule is observed. For the large asymmetry we notice an interesting effect of
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Fig. 6. Plots of the linear electric susceptibilityC/(−ω;ω) versus frequencyω of harmonic electric field and versus the
parameter of asymmetry of components of the rotational diffusion tensorax/ay for selected values of the polar angleθ of the
permanent dipole moment in the molecular coordinate system.
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Fig. 7. Plots of the linear electric susceptibilityC//(−ω;ω) versus frequencyω of harmonic electric field and versus the
parameter of asymmetry of components of the rotational diffusion tensorax/ay for selected values of the polar angleθ of the
permanent dipole moment in the molecular coordinate system.
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Fig. 8. Cole-cole plots of the linear electric susceptibilities C//(−ω;ω)[C/(−ω;ω)] versus the parameter of asymmetry of
components of the rotational diffusion tensorax/ay, for selected values of the polar angleθ of the permanent dipole moment
in the molecular coordinate system.
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Fig. 9. Loss tangenttan δ, given by Eq. (27) versus the ratioax/ay and the frequencyω of harmonic electric field for selected
values of the polar angleθ of the permanent dipole moment in the molecular coordinate system.

the appearance of a second maximum in the absorption curve. Similar behaviour of the absorption for
different azimuthal anglesφ is also observed.

It is very useful to analyse the frequency dependence of the rotational diffusion in molecular sys-
tems with the familar Cole-Cole diagrams. We present the Cole-Cole diagram ofC//(−ω;ω) versus
C/(−ω;ω) as a function of the ratio of the asymmetry parametersax/ay, for selected values of the
polar angleθ between the permanent dipole moment and z-axis in the molecular coordinate system. We
observe, again, the perturbations for the large asymmetry of molecules. One can find the irregularity in
the circle-like Cole-Cole plots as well as decreasing the size of the plots for the caseθ > 0.5.

Finally we investigated the so-called loss tangent for the asymmetric-top moleculestan δ =
C//(−ω;ω)/C/(−ω;ω), given by Eq. (27). Figure 9 shows the dependence of loss tangent of the
ratio ax/ay and the frequencyω for selected values of the polar angleθ. Large increase in the value of
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loss tangent is observed for large values of the frequencyω and for low ratioax/ay, but this increase is
weakly reduced, when the angleθ is growing up.

We dedicate this article to our master, Professor Stanislaw Kielich, whose vast knowledge and scientific
insight were often of great help and inspiration in our scientific work. It was a great honor for us to have
had the oportunity of working with him for many years and be disciples one of the founders of nonlinear
optics.
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Abstract. Recently, a novel type of intermolecular covalent interaction has been found in dimers withπ-radical(s). In this paper,
the optimized structure of the tetrathiafulvalence radical-cation dimer (TTF·

+–TTF·+) is obtained with all-real frequencies,
in which a 20-center-2-electron intermolecular covalentπ/π bonding with a double-tube shape is theoretically predicted. The
covalentπ/π bonding energy is estimated to be about -21 kcal·mol−1 which counteracts partly the Coulombic repulsion
between two TTF·+ cations. This intermolecular covalent bonding can also influence the structure of the TTF·

+ subunit, i.e.,
its molecular plane is bent by an angleθ = 5.6◦. In addition, adding the background charges based on the TTF-TCNQ crystal
structure, the interaction energy of TTF·

+–TTF·+ changes from a positive value to a large negative value.
This work indicates that the TTF-TCNQ crystal structure built up from parallel, segregated stacks of cation radicals TTF·

+

and anions TCNQ·− is stabilized by two main factors: the intermolecular covalentπ/π bonding interaction between like-charged
radicals and the effect of counterions.

1. Introduction

Tetrathiafulvalene (TTF) and its derivatives have been extensively employed in the development
of electrical, magnetic, and optical material, and more recently utilized as building blocks for the
construction of supramolecular structures including molecular machines [1–10]. The famous one-
dimensional organic conductor tetrathiafulvalene-tetracyanoquinodimethane (TTF-TCNQ) is a charge
transfer salt exhibiting monoclinic crystal structures built up from parallel, segregated stacks of cations
TTF+ and anions TCNQ− [11–17]. Noticeably, these two ions TTF+ and TCNQ− are two radicals. In
this organic conductor, the unusual associations of like-charged radicals TTF·+–TTF·+ and TCNQ·−–
TCNQ·− cause the one-dimensional metallic behavior [16,17]. The similar cases also exhibit in other
one-dimensional organic conductors [18–21] Because of the strong Coulombic repulsion, the isolated
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TTF·+–TTF·+ should be unstable. Thus the stability of TTF·+–TTF·+ in the charge transfer salt
TTF-TCNQ should mainly ascribe to the counterion TCNQ−. The cation radical dimer TTF·+–TTF·+
encapsulated in the cavity of cucurbit[8]uril is also stable and has been isolated at room temperature
by Ziganshina and coworkers [10]. In addition, the identification of the infrared spectra demonstrates
the stability of the TTF·+–TTF·+ dimer in the dimethylsulphoxide solution [22]. However, is there an
intermolecular attraction in the like-charged radical pair TTF·+–TTF·+? If there is, what is the nature
of the possible intermolecular attraction? These challenging questions have not yet been solved.

Traditionalπ/π stacking systems normally consist of the closed-shellπ-systems [23–30]. For example,
the parallel benzene dimer with its inter-plane distance of 3.616 Å is a closed-shellπ-system [30]. The
interactions of theseπ/π stacking systems are noncovalentπ/π stacking interactions.

Contrast to the traditional noncovalentπ/π stacking systems between two closed-shell molecules, the
TTF·+–TTF·+ dimer is aπ/π stacking system between two open-shell cation radicals with unpaired
electron. For the dimer consisting of two radicals, it is possible that these two unpaired electrons interact
each other to form an intermolecular covalent bond. Recently, the unusual intermolecularπ/π covalent
bonding interaction [31–42] has been discovered in some dimers ofπ-radicals such as phenalenyl radical
and its derivatives [31–34], biphenylene cation radical [34], bithiophene cation radical (BT·+) [36],
TCNQ·− [35], and tetracyanoethylene cation radical (TCNE·−) [35,37]. The interplanar distances of
interactingπ-radicals (about 3.0∼ 3.5 Å) [31–42] are about twice that of a typical C–C bond but are less
than those of interacting closed-shellπ-systems (e.g. 3.616 Å [30] interplanar distance of the parallel
benzene dimer) which indicates further attractive intermolecular interactions (intermolecular covalent
π/π bonding) in addition to van der Waals forces.

The intermolecular covalentπ/π boding is an interesting research topic. Intermolecular interaction
effects on the second hyperpolarizabilityof open-shell singlet diphenalenyl radical dimmer is also report-
ed [43].

The aim of this paper is to explore the covalent bonding in the radical-cation dimer TTF·+–TTF·+,
which is concealed by the strong Coulombic repulsion. Its nature, bonding form in TTF·+–TTF·+ in gas
phase and in TTF-TCNQ crystal are investigated to assess the existence of dimerized bound states and
the role played by the environment.

2. Computational details

Geometry optimizations of the TTF·+–TTF·+ dimer were performed at the DFT (B3LYP) and MP2
levels. Both the spin-restricted methods (RB3LYP and RMP2) and spin-unrestricted methods with the
broken-symmetry (UB3LYP and UMP2 with the “guess=mix” command in a Gaussian03 input file) were
employed in geometry optimizations, and they all gave stable TTF·+–TTF·+ close-shell singlet dimer
structures (<S2 >= 0.0) with all-real frequencies. We found that, at either the B3LYP or the MP2 level,
both spin-restricted and spin-unrestricted geometry optimizations converge to the same singlet geometry.
The local minimum of triplet state structure was not found. This indicates that TTF·+–TTF·+ dimer
have a close-shell singlet ground state and that an intermolecular covalent interaction should occur in it.

In this work, the effect of basis set on the geometrical optimization of the TTF·+–TTF·+ was tested
by the UB3LYP method with six basis sets. As the geometry obtained by the 6-311G basis set is closest
to that obtained by the larger basis set 6-311+G(2df) at the UB3LYP level, the 6-311G basis set was
chosen for the geometrical optimization of the TTF·+–TTF·+ dimer at the higher UMP2 level. The
NBO analysis [44] is carried out at the MP2/6-311+G* level. The interaction energy is calculated at
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Table 1
The interplanar distances and the<S2 > values of TTF·+–
TTF·+ at the UB3LYP and UMP2 levelsa

Basis set <S2 > R R1 R2
UB3LYP 6-31G 0.0 3.713 3.799 4.136

6-31+G 0.0 3.714 3.812 4.173
6-311G 0.0 3.689 3.795 4.166
6-311+G 0.0 3.626 3.743 4.119
6-311+G(d) 0.0 3.641 3.738 4.071
6-311+G(2df) 0.0 3.679 3.748 4.059

UMP2 6-311G 0.0 3.394 3.544 3.901
6-311G(d) 0.0 3.231 3.386 3.636
6-311+G(2d) 0.0 3.150 3.373 3.695

EXPb 3.470
aThe UB3LYP and UMP2 methods give the same optimized
structures as the RB3LYP and RMP2, respectively.b The inter-
planar distance of TTF cation in the TTF-TCNQ crystal from
Ref 51.

the performable UMP2/6-311+G* level and the counterpoise method [45] is used to correct the basis set
superposition error (BSSE) in the calculation of the interaction energy.

The calculations in this paper are carried out with Gaussian03 [46] program package. The molecular
structure and molecular orbitals are plotted with GaussView program.

3. Results and discussions

3.1. Bond length of the intermolecular bonding in TTF·+–TTF·+

The effect of basis set on the geometrical optimization of the TTF·+–TTF·+ was tested by the UB3LYP
method with six basis sets (see Table 1). As can be seen from Table 1, with increasing of basis sets
from 6-311G to 6-311+G(2df), the change of the interplanar distance of the TTF·+–TTF·+ dimer is very
small and the 6-311G basis set is enough to optimize the structure of this dimer. Thus the 6-311G basis
set was chosen for the geometrical optimization of the TTF·+–TTF·+ dimer at the MP2 level.

Density functional theory (DFT) calculations [47], such as B3LYP, are the most common choice for
organic molecules. DFT calculations, however, are not necessarily appropriate for the TTF·+–TTF·+
π-radical dimer, because they do not properly describe the long-range dispersion interactions [48] or the
separation of chargedπ-dimers into fragments [31,49]. Alternatively, the MP2 method, in which the
dispersion can be reincorporated, has been shown to be reasonably accurate for calculations of stacking
interactions [50]. While, special care should be taken onto the unrestricted UMP2 as it is very sensitive
to spin contamination [51].

For the TTF·+–TTF·+ dimer, the unrestricted UMP2 singlet geometry optimization gives the close-
shell singlet stable structure (<S2 >= 0.0) same as that obtained by RMP2 method. As can be seen
from Table 1, the interplanar C-C distance (3.394 Å) at the UMP2/6-311G level is obviously shorter than
that (3.626 Å) at the UB3LYP/6-311G level, and the former is much closer to the interplanar distance
(3.47 Å) of TTF cations in the TTF-TCNQ crystal [52]. The geometry at the UMP2/6-311G level is used
in the following discussions.

In the TTF·+–TTF·+ dimer, the calculated R(C-C) value of 3.394 Å is the shortest interplanar atomic
distance between two TTF·+ which is close to the interplanar stack distance of TTF·+ 3.47 Å in the
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Table 2
The NBO charges and intermolecular Wiberg bond index of TTF·

+–TTF·+

and TTF·+ calculated at the MP2/6-311+G* level. n is the number of pair
of atoms between two monomers

NBO charge C S C’ H

TTF·+–TTF·+ −0.439 0.528 −0.333 0.275
Wiberg bond index n C· · ·C n S· · ·S n C’· · ·C’ total

TTF·+–TTF·+ 2 0.011 4 0.027 4 0.001 0.134
TTF–TTF 2 0.001 4 0.001 4 0.000 0.006
(Phenalenyl)a2 6 0.029 1 0.003 0.177
H3C-CH3 1 0.986 0.986
aThe results of phenalenyl radical/radicalπ-dimer with the interplanar dis-
tance of 3.3 Å at the MP2/6-31G* level.

Fig. 1. The optimized geometrical structures of the TTF·

+–TTF·+ dimer and TTF·+.

TCNQ-TTF crystal [52] and lies in the reported range of 3.0–3.5 Å [31–42] for intermolecular covalent
π/π bonding. This indicates that there is a further attractive intermolecular interaction in addition to van
der Waals forces, which may be intermolecular covalentπ/π bonding. The R(C-C 3.394 Å) distance
is shorter than the R1(S-S 3.544 Å)) and R2(C’-C’ 3.901 Å) values, so that the TTF·+ plane is bent
with the angleθ = 5.6◦ in the TTF·+–TTF·+ dimer (see Figure 1). While geometry optimization at the
UMP2/6-311+G(2d) level shows that the isolated TTF·+ cation radical has a planar structure with the
r1(S-C 1.731 Å) and r2(S-C’ 1.725 Å) values which are close to the r1(S-C 1.732 Å) and r2(S-C’ 1. 723
Å) values at UMP2/6-311+G(2d) level for TTF·+–TTF·+ dimer.

The intermolecular potential energy surfaces of the dimmers TTF·+–TTF·+ and TTF–TTF at the
UMP2/6-311+G* level show that the minimum interplanar distance of TTF·+–TTF·+ with the cation-
cation repulsion is not larger than that of TTF–TTF without the cation-cation repulsion, but smaller by
about 0.3 Å (Fig. 2). This indicates that the attraction interaction in TTF·+–TTF·+ is stronger than that
in TTF–TTF.

3.2. Natural Bond Orbital(NBO) analysis

The NBO charges of TTF·+–TTF·+ and Wiberg bond indexes [53] of the intermolecular bond at the
MP2/6-311+G* level are listed in Table 2.
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Fig. 2. The interaction potential energy surfaces (PES) at the UMP2/6-311+G* level, as functions of the interplanar distance
R, for the TTF·+–TTF·+ and TTF–TTF dimers. For the R values corresponding to the minimum of Eint, R(TTF·+–TTF·+) is
smaller than R(TTF–TTF).

From Table 2, the NBO charges of TTF·+–TTF·+ show that the C atoms carry negative charges but
the S and H atoms carry positive charges. The values of NBO charges are respectively QC = −0.439,
QC’ = −0.333, QS = 0.528, and QH = 0.275. These atomic charges will be used to estimate the
Coulombic repulsion between two cations in the dimer TTF·+–TTF·+.

The study on the bond index of the intermolecular interaction should be an interesting try. The Wiberg
bond indexes of the intermolecular C-C, S-S, and C’-C’ are respectively 0.011, 0.027, 0.001. The total
bond index of this intermolecular interaction is 0.134 which is the sum of the bond indexes of two
C-C, four S-S, and four C’-C’. In order to compare with the corresponding noncovalent interaction, we
calculated the bond index of the neutral dimer TTF–TTF (R= 3.7 Å) to be 0.006 (see Table 2). The bond
index 0.134 of the cation radical dimer TTF·+–TTF·+ is much larger than the bond index 0.006 of this
noncovalentπ/π stacking interaction and is about 26 times of the bond index of TTF–TTF. This supports
that the long-range interaction between two cation TTF·+ is a covalent intermolecular interaction.

For intermolecular multicenter covalentπ/π bonding, we also calculated the intermolecular Wiberg
bond index for the phenalenyl radical dimer. We found that the intermolecular Wiberg bond index (0.134)
of TTF·+–TTF·+ approximates to the 0.177 of the phenalenyl radical dimer, which also supports that
the interaction between two cation TTF·+ is an intermolecular covalent bonding.

Compared with the intramolecular covalent C-C single bond, the bond index between two cation
TTF·+ is 1/7 of the bond index (0.986) of the C-C single bond of ethane (H3C-CH3) at the same level.
It indicates that the long-range intermolecular interaction between two cation TTF·+ is a weak covalent
interaction.

3.3. Energy of the intermolecular covalent bonding in TTF·+–TTF·+

The interaction energy (Eint) of the dimer TTF·+–TTF·+ are calculated at the UMP2 level with the
6-311+G* basis set, and the counterpoise method [45] is used to correct the basis set superposition error
(BSSE). Energy data are listed in Table 3.

The interaction energy of TTF·+–TTF·+ is a positive value of 26 kcal·mol−1 which indicates that
the isolated dimer TTF·+–TTF·+ in vacuum is unstable because of the strong Coulombic repulsion.
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Table 3
The intermolecular interaction energy (Eint), the Coulomb repulsion energy (Ecoul), the van der
Waals energy (Evdw), and the intermolecular covalent bonding energy (Ecov) of TTF·+–TTF·+

(in kcal·mol−1) at the MP2/6-311+G* level

Eint Eelst(TTF·+–TTF·+) Eelst(TTF–TTF) Ecoul Ecov Evdw

TTF·+–TTF·+ 26 58 8 50 −21 −3
TTF–TTF −3 −3
(Phenalenyl)2a

−11
a Ref 31.

While the interaction potential energy surfaces (PES) (Fig. 2) shows that there is a local minimum for
TTF·+–TTF·+ at R= 3.47 Å, that is to say TTF·+–TTF·+ is metastable in gas phase. Obviously, some
attractive interactions exist in the dimer TTF·+–TTF·+. On the other hand, the minimum interplanar
distance of TTF·+–TTF·+ with the cation-cation repulsion actually is smaller by about 0.3 Å than that
of TTF–TTF without the cation-cation repulsion, and thus a covalentπ/π bonding interaction obviously
emerge. It is a challenging question how to calculate the covalent bonding energy concealed by the
strong Coulombic repulsion.

The interaction energy (Eint = 26 kcal·mol−1) between two TTF·+ can be described by an approximate
fomula:

Eint = Ecov + Ecoul + Evdw,

whereEcov is the covalent bonding energy,Ecoul is the Coulombic repulsion energy, andEvdw is the
van der Waals energy of the neutral dimer TTF–TTF (−3 kcal·mol−1).

The Coulombic repulsion energyEcoul can be estimated by the following equation:

Ecoul = Eelst(TTF ·+ −TTF·+) − Eelst(TTF −−TTF),

whereEelst(TTF·+–TTF·+) (58 kcal·mol−1) is calculated by an atomic point charge model using the
NBO atomic charges of TTF·+–TTF·+, andEelst(TTF–TTF) (8 kcal·mol−1) is calculated by the same
model using the NBO atomic charges of TTF–TTF:

Eelst =
∑

i<j

QiQj

Rij

Then, the intermolecular covalent bonding energyEcov can be estimated by

Ecov = Eint − Ecoul − Evdw

For the UMP2/6-311+G* result, theEcov value is about –21 kcal·mol−1 (see Table 3).
The covalent bonding interactionEcov of the dimer TTF·+–TTF·+ is actually larger than that of the

phenalenyl radical dimer (−11 kcal·mol−1)31. Its main reasons may be (1) the intermolecular covalent
interaction of S· · ·S in the dimer TTF·+–TTF·+ is much stronger than that of C· · ·C in the dimer; (2) 10
intermolecular atomic pair interactions in the parallel dimer TTF·+–TTF·+ is more than 7 intermolecular
atomic pair interaction in the antiparallel phenalenyl radical dimmer; (3) the covalent bonding energy
Ecov may include the attractive interaction between the cation charge of one TTF·+ and theπ electronic
cloud of the other TTF·+.

Compared with a common covalent bond, the ratio of intermolecular covalent bonding interaction
Ecov to the average bond energy of the C-C single bond (89.6 kcal·mol−1)55 is about 1/4. This indicates
that this intermolecular covalent bonding is a weak covalent interaction and a strong intermolecular
interaction.
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Fig. 3. (a) The intermolecular 20-center-2-electronπ/π bonding orbital, and (b) double tube type 20-center-2-electronπ/π
bonding for the radical pair TTF·+–TTF·+.

Fig. 4. (a) The intermolecularπ/π bonding interaction of TTF·+–TTF·+ and (b) The intermolecularπ/π nonbonding interaction
of TTF–TTF.

3.4. Intermolecular covalent bonding from SOMO-SOMOπ/π overlapping

Figure 3 shows the nature of the covalent bonding interaction between two TTF·+ cation radicals which
comes from double occupied highest occupied bonding orbitals (HOMO) of dimer TTF·+–TTF·+. The
intermolecular covalent bonding is concealed by the strong Coulombic repulsion.

In order to understand the nature of the intermolecular covalent bonding, the analysis of molecular
orbitals is carried out. Figure 4 shows the difference between TTF·+–TTF·+ and TTF–TTF. As a cation
radical, the HOMO of TTF·+ is a single occupied molecular orbital (SOMO). In TTF·+–TTF·+, the
SOMO-SOMOπ/π overlapping forms a new bonding molecular orbital and a new antibonding molecular
orbital of the dimer. The two unpaired electrons of TTF·+ pair in the overlapping of two SOMOs in
TTF·+–TTF·+ and occupy the bonding molecular orbital with lower energy. The antibonding molecular
orbital is unoccupied. Thus, the total energy of this system decreases. Then this intermolecular covalent
interaction is called as a double-tube shaped 20-center 2-electron intermolecularπ/π bonding.

The intermolecular covalent bonding energyEcov can also be approximated by the stablilization energy
coming from theπ/π through-space overlap between the SOMOs of TTF cation radical. The dimer level
splitting of 2|β| reflects the overlap between the two SOMOs; the better the overlap, the larger the value
of 2|β|. Since the dimer bonding orbital is lower than the SOMO by approximately the same amount as
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Fig. 5. (a) A model constructed for the TTF·+–TTF·+ dimer with a background charge distribution according to the part
in the frame. The structural parameters of TTF and TCNQ are taken from those of TTF-TCNQ crystal. (b) The negative
charges of every half TCNQ anion are replaced by two point charges of−0.25 which are located at the two ghost atoms X. The
TTF·+–TTF·+ dimer is wrapped by 8 point charges of−0.25.

the dimer antibonding orbital is higher than the SOMO, 2|β| is the approximately the magnitude of the
intermolecular covalent bonding energyEcov [54]. At the LDA/6-31G* level, the 2|β| is calculated to
be 18 kcal·mol−1, thus theEcov value is –18 kcal·mol−1, which is close to –21 kcal·mol−1 estimated by
the former method.

3.5. The intermolecular covalent interaction in TTF-TCNQ crystal

In this section, we roughly calculated the interaction energy of the dimer TTF·+–TTF·+ with the
background charge distribution of TCNQ to partly mimick the case in TTF-TCNQ crystal. The system
calculated is shown in Fig. 5. The structure of TTF and TCNQ is from the parameters of TTF-TCNQ
crystal. The negative charges of every half TCNQ anion are replaced by two point charge of –0.25 which
locate at the two ghost atoms X, because the negative charges of every TCNQ anion are shared by two
TTF cations.

With the background charges, the rough interaction energy of TTF·+–TTF·+ is estimated to be –
77.6 kcal·mol−1 at the MP2/6-311+G* level with the counterpoise [45] method. It indicates that the
dimer TTF·+–TTF·+ with the strong Coulombic repulsion can be stable in an environment with TCNQ−

counterions. In the stable crystal structure, the electron delocalization caused by the intermolecular
covalentπ/π bonding interaction is closely related to the one-dimensional organic metallic property.

4. Conclusion

This work demonstrates that there exists intermolecular covalent bonding interaction in the radical-
cation dimer TTF·+–TTF·+, which is concealed by the strong Coulombic repulsion. The key points of
this work are summarized as followings.

1. The two cation radical TTF·+ can interact each other to form an intermolecular covalent dimer.
2. The interplanar distance of the radical-cation dimer TTF·+–TTF·+ with strong cation-cation re-

pulsion is actually shorter than that of the neutral dimer TTF–TTF with noncovalentπ/π attractive
interaction. The interplanar distance of TTF·+–TTF·+ lies in the range of 3.0–3.5 Å [31–42] for
intermolecular covalentπ/π bonding. It shows that the attractive interaction in TTF·+–TTF·+ is
covalentπ/π bonding interaction.
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3. The Wiberg bond index of the intermolecular interaction of the parallel dimer TTF·+–TTF·+ (0.134)
is approximate to that of the multicenter covalentπ/π bonding for the antiparallel phenalenyl radical
dimer (0.177). It indicates that there is an intermolecular covalent bonding interaction between two
radical-cation TTF·+ in TTF·+–TTF·+.

4. The intermolecular covalent bonding energy of the parallel dimer TTF·+–TTF·+ is estimated by
reducing the Coulombic repulsion energy and the van der Waals energy from the total interaction
energy. It is about−21 kcal·mol−1.

5. The molecular orbital analysis shows the existence of the doubly-occupied covalent bonding orbital
between two cation radicals in TTF·+–TTF·+.

6. This intermolecular covalent interaction is the nature of the interaction between the like-charged
radicals in TTF·+–TTF·+. It results in the charge transfer crystal structures built up from parallel,
segregated stacks of cations TTF+ and anions TCNQ−.

These results support the conclusion that there exists an intermolecular 20-center 2-electron cova-
lent π/π bonding interaction in the radical-cation dimer TTF·+–TTF·+. This intermolecular covalent
interaction relates to the one-dimensional organic conductor of the TTF-TCNQ salt.
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[35] J.-M. Lü, S.V. Rosokha and J.K. Kochi,J Am Chem Soc125 (2003), 12161.
[36] D.A. Scherlis and N. Marzari,J Phys Chem B108 (2004), 17791.
[37] J.J. Novoa, P. Lafuente, R.E. Del Sesto and J.S. Miller,Angew Chem, Int Ed40 (2001), 2540.
[38] R.E. Del Sesto, J.S. Miller, P. Lafuente and J.J. Novoa,Chem Eur J8 (2002), 4894.
[39] J. Jakowski and J. Simons,J Am Chem Soc125 (2003), 16089.
[40] Y. Jung and M. Head-Gordon,Phys Chem Chem Phys6 (2004), 2008.
[41] G. Brocks,J Chem Phys112 (2000), 5353.
[42] T. Devic, M. Yuan, J. Adams, D.C. Fredrickson, S. Lee and D. Venkataraman,J Am Chem Soc127 (2005), 14616.
[43] M. Nakano, A. Takebe, R. Kishi, H. Fukui, T. Minami, K. Kubota, H. Takahashi, T. Kubo, K. Kamada, K. Ohta, B.

Champagne and E. Botek,Chem Phys Lett454 (2008), 97.
[44] NBO 5.0. E.D. Glendening, J.K. Badenhoop, A.E. Reed, J.E. Carpenter, J.A. Bohmann, C.M. Morales and F. Weinhold,

Theoretical Chemistry Institute, University of Wisconsin, MI, 2001
[45] S.F. Boys and F. Bernardi,Mol Phys19 (1970), 553.
[46] M.J. Frisch, et al., GAUSSIAN 03, revision B03, Gaussian, Inc., Wallingford, CT, 2004.
[47] W. Kohn, A.D. Becke and R.G. Parr,J Phys Chem100 (1996), 12974–12980.
[48] S. Kristyan and P. Pulay,Chem Phys Lett229 (1994), 175–180.
[49] T. Bally and G.N. Sastry,J Phys Chem A101 (1997), 7923–7925.
[50] (a) S. Tsuzuki, K. Honda, T. Uchimaru, M. Mikami and K. Tanabe,J Am Chem Soc124 (2002), 104. (b) M.O. Sinnokrot,

E.F. Valeev and C.D. Sherrill,J Am Chem Soc124 (2002), 10887. (c) M.O. Sinnokrot and C.D. Sherrill,J Phys Chem A
107 (2003), 8377.

[51] T. Bally and W.T. Borden, in:Reviews in Computational Chemistry, K.B. Lipkowitz and D.B. Boyd, eds, Wiley-VCH:
New York, 1999, Vol. 13, pp. 1–97,Calculations on Open-Shell Molecules: A Beginner’s Guide.

[52] P.W.R. Corfield and S.J. La Placa,Acta CrystB52 (1996), 384.
[53] K. Wiberg,Tetrahedron24 (1968), 1083–1096.
[54] J. Huang, M. Kertesz,J Chem Phys122 (2005), Art. No. 234707.
[55] J.M. Martell and R.J. Boyd,J Phys Chem96 (1992), 6287.



Journal of Computational Methods in Sciences and Engineering 10 (2010) 353–385 353
DOI 10.3233/JCM-2010-0328
IOS Press

The anisotropic polarizability of pairs of
hydrogen molecules and the depolarized
collision-induced roto-translational Raman
light scattering spectra

Xiaoping Lia, James F. Harrisona, Magnus Gustafssonb, Lothar Frommholdc and
Katharine L. C. Hunta,∗

aDepartment of Chemistry, Michigan State University, East Lansing, MI 48824-1322, USA
bDepartment of Chemistry, University of Gothenburg, SE 412 96, Gothenburg, Sweden
cPhysics Department, University of Texas at Austin, Austin, TX 78712-1081, USA

Abstract. In earlier work, Li, Ahuja, Harrison, and Hunt have calculated the collision-induced polarizability∆α of a pair of
hydrogen molecules at CCSD(T) level with an aug-cc-pV5Z basis, for 178 relative orientations of the pair, with the bond length
in each molecule fixed atr = 1.449 a.u. Here we present new results from an expansion of the second-rank tensor components
of ∆α as series in the spherical harmonics of the molecular orientation angles and the orientation angles of the intermolecular
vector. The coefficients in this expansion depend on the separation R between the molecules. We compare theab initio
coefficients with predictions from long-range perturbation theory, including the dipole-induced-dipole interactions at first and
second order, higher-multipole induction, effects of nonuniform local fields, hyperpolarization, and van der Waals dispersion.
Li and Hunt have derived equations for the long-range coefficients complete to order R−6, using spherical-tensor methods
developed by Bancewicz, Głaz, and Kielich for collision-induced light scattering by centrosymmetric linear molecules. We also
give new results here for the van der Waals dispersion terms in both isotropic and anisotropic polarizability coefficients. We have
calculated these coefficients by 64-point Gauss-Legendre quadrature, using the H2 polarizabilities and hyperpolarizabilities at
imaginary frequencies computed by Bishop and Pipin, with explicitly correlated wave functions for isolated H2 molecules. We
show that theab initio values for the larger anisotropic polarizability coefficients converge to the predictions of the long-range
theory, as the separation R between the molecules increases. The coefficients computedab initio have been used by Gustafsson,
Frommhold, Li, and Hunt to calculate the depolarized collision-induced roto-translational Raman spectra of hydrogen gas at
36 K and 50 K out to 800 cm−1, and at 296 K out to 300 cm−1. The general features of the experimental spectra are well
reproduced, although the calculated intensities are∼30% too large over much of the frequency range.
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1. Introduction

Interaction-induced changes∆α in the polarizabilities of a pair of colliding molecules give rise to
Rayleigh and Raman scattering with an intensity that is quadratic in the density of the molecules in the
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gas phase; interaction effects on molecular polarizabilities are also detected in the spectra of liquids
and solids [1–4]. In this work, we focus on the collision-induced anisotropic polarizability of a pair of
hydrogen molecules and the associated binary depolarized roto-translational Raman scattering spectra.

In earlier work, Li, Ahuja, Harrison and Hunt have obtained∆α for H2 · · · H2 ab initio [5], from finite-
field calculations at the CCSD(T) level [6–8], i.e., using coupled-cluster calculations [9–13] with single
and double excitations in the exponential operator applied to the reference state wave function, and with
triple excitations treated perturbatively. The Cartesian polarizability components have been determined
from quartic fits to the energy E(Fe) in uniform applied fieldsFe that have randomly selected components
in the range from 0.001 to 0.01 a.u. [5]. We have employed Dunning’s aug-cc-pV5Z basis [14–16] for
this work, because this basis is sufficiently large to give an accurate representation of the collision-
induced polarizability, yet sufficiently compact to permit the very large number of calculations needed
to determine∆α for a range of intermolecular distances R and a set of 18 relative orientations. In this
work, the bond lengths in the two interacting molecules have been fixed atr = 1.449 a.u., the averaged
bond length in ground vibrational state of H2.

We have used theab initio results to derive coefficients for the expansion of both the rank-zero and
the rank-two spherical tensor components of the collision-induced polarizability,∆α(0) and∆α(2), cast
as series in the spherical harmonics of the orientation angles of the two H2 molecules and the angles of
the intermolecular vector. In earlier work, we have analyzed the expansion coefficients for the isotropic
(rank-zero) component of∆α [17]. In the current work, we present and analyze the coefficients for
the second-rank tensor component∆α(2). We have fit theab initio results for the five spherical tensor
elements∆α

(2)
k with k = −2,−1, 0, 1, 2 to determine 23 distinct polarizability coefficients A2λλ′ΛL in

this expansion. These coefficients have molecular angular momentum indicesλ andλ′ up to 4 on one
molecule and 2 on the other.

We briefly review polarization mechanisms that affect∆α at long range, as obtained from perturbation
theory [18]. These mechanisms include dipole-induced-dipole interactions [19] of first and second order.
For molecules of D∞h symmetry, additional contributions derive from higher-multipole induction and the
nonuniformity of the local field [20–22], both associated with the dipole-octopole polarizability E [23].
Hyperpolarization effects contribute to∆α, since each molecule responds nonlinearly to the external
field acting together with the field from the permanent quadrupole of a neighboring molecule [18,24];
the response is governed by the dipole-dipole-quadrupole hyperpolarizability B [23]. Van der Waals
dispersion effects [24–28] influence the pair dipole at order R−6, due to hyperpolarization of each
molecule by the field from the fluctuating charge distribution of its neighbor [25–27], and also due to
changes in the spontaneous fluctuation correlations, induced by the applied field [28].

We have used spherical-tensor analysis [29] in order to obtain the long-range forms of the polarizability
coefficients A2λλ′ΛL. Spherical-tensor methods were developed in this context by Bancewicz [30,31];
Kaźmierczak and Bancewicz [32]; Bancewicz, Głaz, and Kielich [33,34]; Głaz [35,36]; and Kielich,
Bancewicz, and Wózniak [37] (see also the work of Kielich [38,39], Frenkel and McTague [40] and
Samson and Ben-Reuven [41]). To calculate the coefficients at long range, we require accurate values
for the multipole moments, polarizabilities, and hyperpolarizabilities of the isolated molecules.

Accurate values of the single-molecule properties have been made available for a number of molecular
species, from theab initio work of Maroulis for the non-polar diatomics N2 [42] and Cl2 [43], the
non-polar triatomics CO2 [44,45] and CS2 [46], the tetrahedral molecules CH4 and CF4 [47], and other
polyatomics [48,49]; from the work of Maroulis and Thakkar on N2 [50], F2 [51], CO2 [52], and linear
polyynes [53]; from the work of Hohm and Maroulis on Ge(CH3)4 [54], TiCl4, ZrCl4, HfCl4 [55], and
OsO4 [56]; from the work of Maroulis and Makris on Br2 [57], and the work of Maroulis, Makris, Hohm,
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and Goebel on I2 [58], as well as the work of Haskopoulos and Maroulis on property derivatives with
respect to the asymmetric stretch of CO2 [59]; and from studies of molecules as large as adamantane,
C10H16, by Maroulis, Xenides, Hohm, and Loose [60]. In our perturbation analysis for H2 · · · H2, we
have used the values of the quadrupole moment given by Poll and Wołniewicz [61], interpolated tor =
1.449 a.u., by Visser, Wormer, and Jacobs [62], the polarizability and the E-tensor values computed by
Bishop and Pipin [63], and static B-tensor values provided by Bishop [64].

In this paper, we also give new numerical results for the dispersion contributions to the polarizability
coefficients, using the equations derived by Li and Hunt [18]. These equations link the dispersion
effects in∆α to integrals containing the polarizabilities and hyperpolarizabilities of H2 at imaginary
frequencies. The necessary propertiesααβ(iω) and γαβγδ(−iω; iω, 0, 0) have been determined by
Bishop and Pipin [65], using explicitly correlated wave functions, and the values have been tabulated for
a number of imaginary frequencies. We have used the results of Bishop and Pipin [65] in 64-point Gauss-
Legendre quadratures, to evaluate the dispersion contributions through order R−6 to both the isotropic
polarizability coefficients A0λλ′ΛL and the anisotropic coefficients A2λλ′ΛL. Previously, Bishop and
Pipin have calculated the dispersion coefficients that have angular momentum indices for either of the
H2 molecules (λ andλ′) equal to zero [65]. For those coefficients, our results agree with the results of
Bishop and Pipin, to all figures given. Dispersion polarizability coefficients with non-zero values for
bothλ andλ′ have not been reported prior to this work.

Below, we compare the directab initio results for A2λλ′ΛL with the coefficients obtained from the
long-range perturbation analysis [18]. We also compare the numerical values with coefficients derived
from a few-parameter fit of ourab initio results by Gustafsson, Frommhold, Li, and Hunt [66], and with
coefficients obtained by Ulivi and Zoppi [67], from a fit to earlier self-consistent field (SCF) results for
∆α obtained by Bounds [68].

Gustafsson, Frommhold, Li, and Hunt have used the anisotropic polarizability coefficients to calculate
the binary depolarized roto-translational Raman spectra of H2 · · · H2 in close-coupled scattering calcu-
lations with “dressed” basis states, which include the states of the laser field [66]. These calculations
account for the collision-induced light scattering as well as collisional broadening of the allowed rota-
tional transitions of H2. We have obtained good agreement with experiments [69–71], for the spectra
at 36 K, 50 K, and 296 K. The calculated intensities are affected by the difference between the static
polarizabilities∆α (from theab initio calculations) and the frequency-dependent values of∆α(ω) at
λ = 514.5 nm, probed in the light scattering experiments. The scattered intensity due to dipole-induced-
dipole effects scales as the single-molecule polarizabilityα to the fourth power, so that a 3% difference
betweenα(ω) andα(ω = 0) would lead to a difference of slightly more than 12% in the intensities.
However, we note that the calculated intensities arehigher than the experimental intensities [66], while
the static polarizability of an H2 molecule issmaller than the frequency-dependent polarizability for
light of wavelengthλ = 514.5 nm. Discrepancies between our calculated spectra and the experimental
spectra may derive in part from our use of fixed bond lengths (r = 1.449 a.u.) for both H2 molecules, to
approximate the effects of ground-state vibrational averaging. This approach contrasts with the studies
by Li, Hunt, Wang, Abel, and Frommhold of collision-induced roto-translational absorption by H2 · · ·
H2 [72]; in that case, we were able to determine the collision-induced dipolesab initio for a range of
bond lengths, and we carried out the vibrational averaging explicitly [72,73]. Values of∆α for H2 · · ·
H2 with different bond lengths are not yet available.

2. Related work of Professor Stanisław Kielich and collaborators

This paper is dedicated in honor Professor Stanisław Kielich’s ground-breaking contributions to the
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fields of intermolecular interactions in light scattering and nonlinear optical processes. Kielich was
among the first contributors to the theories of the Kerr effect [74,75], second harmonic scattering [76–
78], and collision-induced light scattering [79–81]. With J. R. Lalanne and F. B. Martin, Kielich reported
the first measurements of hyper-Rayleigh scattering by centrosymmetric molecules in liquids [82,83];
he subsequently developed the theory of hyper-Rayleigh and hyper-Raman scattering, in collaboration
with Ożgo, Bancewicz, and Kozierowski [84–90]. With Lalanne, Sein, Buchert, Skupinski, Pouligny,
Chmielowski, and Knast [91–94], he investigated thermal effects, such as light scattering by fluids in
temperature gradients [91,92], thermal lensing [93], and laser-induced thermal blooming [94]. His
major theoretical contributions covered an unusually wide range of dielectric and optical phenome-
na, including magneto-optical effects, with Zawodny, Manakov, and Ovsiannikov [95–100]; circular
birefringence [101,102], reversal coefficients [90] and differential scattering of circularly polarized ra-
diation [103], with Zawodny, Bancewicz, and Woźniak; reorientation of molecules that can form liquid
crystals, with Lalanne, Martin, and Pouligny [104,105]; quantum statistical properties of photons in
Raman and hyper-Raman scattering by phonons, with Peřinová, Pěrina, and Szlachetka [106–109]; and
second harmonic and sum-frequency generation, with Fizek and Chmela [110–112].

In the 1980’s, Professor Kielich turned his attention to the phenomena of photon antibunching and
squeezing, with studies of resonance fluorescence from two interacting atoms, in work with Ficek and
Tanás [113–117]. This was extended to considerations of N atoms [118] and to observables such as
quantum beats and super-radiant effects in spontaneous emission [119]. Together with Tanaś, Zawodny,
and later Miranowicz, Kielich made major contributions to the theory of self-squeezed light [120–126].

This brief overview can cover only a small fraction of the scientific contributions by Kielich, beginning
from his first publications co-authored with Piekara, and then continuing with his co-workers Przeniczny,
Wołejko, Alexiewicz, Kasprowicz-Kielich, Ḋebska-Kotłowska, Sczaniecki, Steele, Roman, Gadomski,
Leonski, Grygiel, Kaczmarek, and Gantsog, in addition to the collaborators mentioned above. The new
results derived by Kielich and co-workers have continued importance for research in light scattering,
dielectric theory, and opto-electronics.

In the current work, we draw upon contributions of Kielich and his collaborators Bancewicz, Głaz,
Woźniak, Knast, Chmielowski, and Steele [33,34,37,39,79,81,127–134] to the theory of collision-
induced light scattering. In early publications, Kielich analyzed the role of molecular interactions
in anisotropic light scattering by liquids [79,127,128]. Prior to the experimental measurements by Mc-
Tague and Birnbaum [135] of the intensity of depolarized Rayleigh scattering (translational Raman) by
argon, krypton, and xenon gases as a function of frequency shift, Kielich [79,127,128] – and independent-
ly Buckingham and Stephen [136] and Theimer and Paul [137] – noted that atomic fluids could scatter
anisotropically, due to the radial correlations in the fluids. Kielich identified contributions to depolarized
light scattering by centrosymmetric, quadrupolar molecules [79,128], due to nonlinear response to the
field of the incident light wave and the gradient of the quadrupolar field from a neighboring molecule,
via the B-tensor (labeled as qαβγδ). He also commented on the relationship between anisotropic light
scattering and the optical Kerr effect [79].

Kielich analyzed the effects of three-body correlations on depolarized light scattering, and observed
that ternary interactions generally reduce the effective optical anisotropy [81]. Later Bancewicz, Kielich,
and Steele used projection operator techniques to analyze interaction-induced Rayleigh light scattering
by fluids [134], separating the interaction-induced changes in polarizability into part that behaves like the
single-molecule polarizability (isotropic or anisotropic) and an orthogonal part that is purely collision-
induced. (See also the related work of Frenkel and McTague [40], Felderhof [138], Keyes [139],
Ladanyi and Keyes [140,141], and Ladanyi [142].) In several analyses of Rayleigh scattering by linear
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centrosymmetric molecules, the simplifying assumption has been made that the molecules are correlated
radially, but not angularly. Bancewicz, Głaz and Kielich [33] traced the success of this assumption in
fluid N2 to a near cancellation of the binary and ternary angular-radial correlations, which operates at
the dipole-induced-dipole level, but not when dipole-induced-octopole interactions are also taken into
account. Bancewicz and Kielich first noted the possibility of isotropic Raman scattering for non-totally
symmetric vibrations of correlated, anisotropic molecules [132].

In particular, in this work we employ the elegant spherical-tensor methods developed in the context
of collision-induced light scattering by linear, centrosymmetric molecules, in the work of Bancewicz,
Głaz, and Kielich [33,34] and Bancewicz [30,31,143]. We use results for the polarizability coefficients
associated with first- and second-order DID and E-tensor mechanisms derived in that work ([30,31,33,
34,143]; also [32]) and results for the B-hyperpolarization and dispersion contributions derived by Li and
Hunt [18]. The spherical-tensor results are important for two major reasons: First, they greatly facilitate
the derivation of the expansion coefficients for the collision-induced polarizability components, as series
in the spherical harmonics of the molecular orientations and the orientations of the intermolecular vector.
Second, the spherical-tensor analysis separates different physical contributions to∆α into different
coefficients: first-order dipole-induced-dipole (DID) interactions appear in five distinct coefficients, but
not in others. Second-order DID and van der Waals dispersion effects appear in most coefficients, but
the effects of hyperpolarization (represented by B) and higher-multipole susceptibilities such as the
dipole-octopole polarizability E are clearly discernible in coefficients that lack a first-order DID term.
In contrast, the effects are not separated in the Cartesian components of the polarizability∆α.

3. Ab initio calculations of the collision-induced polarizability anisotropy of H2 · · · H2

The results of Li, Ahuja, Harrison, and Hunt [5] for the interaction-induced polarizability∆α of H2 · · ·
H2 are based on approximately 20,000 individualab initio calculations, performed with MOLPRO [144].
The H2 molecules are separated along the Z axis by distances R beginning withR = 2.0 a.u. andR = 2.5
a.u. and then increasing in steps of 1.0 a.u., from 3.0 a.u. to 10.0 a.u. (except for the linear configuration,
where the smallest value of R is 3.0 a.u.). The analysis of the pair polarizability anisotropy given in the
current work is based on results for 18 geometrical configurations of the H2 pair at each R value [5]. The
strengths of the finite fields in the calculations were selected randomly in the range from 0.001 to 0.01
a.u., with the field confined to the XY, XZ, or YZ plane in each case. A total of 80 calculations with
different field strengths were performed at each R, for each of the pair configurations such thatαXY =
0; and 120 calculations were performed for each of the pair configurations withαXY 6= 0. The bond
lengths in both molecules have been held fixed at ro = 1.449 a.u.

To obtain the collision-induced polarizability∆ααβ from the total polarizability of the pair, we have
subtracted theαβ components of the polarizabilities of the isolated H2 molecules from theαβ component
for the pair, in the pair-fixed XYZ frame. The symmetry axis of the H2 molecule is chosen as the z axis
of the molecular frame. In the aug-cc-pV5Z (spdf) basis [14–16],αxx = αyy = 4.729 a.u. andαzz =
6.720 a.u. [5]. For comparison, the accurate values obtained by Bishop and Pipin with an explicitly
correlated wave function areαxx = αyy = 4.7369 a.u. andαzz = 6.7161 a.u. [63]. For an individual
H2 molecule, with orientation angles (θ, ϕ) for the molecular z axis relative to the XYZ frame,

ααβ = αxx[δαβ − cos(z, α)cos(z, β)] + αzzcos(z, α)cos(z, β), (1)

where cos(z,α) denotes the direction cosine between the molecular z axis and theα axis in the XYZ
frame; thus cos(z, Z)= cosθ, cos(z, X)= sinθ cosϕ and cos(z, Y)= sinθ sinϕ.
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We fit the computed energies E(Fe) to a quartic polynomial in the applied field and then selected the
coefficients of the quadratic terms to obtain the total polarizability for the pair of molecules. As described
in the work of Li, Ahuja, Harrison, and Hunt [5], the reliability of the computational procedure has been
tested in multiple ways:

a) The 120-field fit of E(Fe) to a quartic polynomial was compared with 120-field fits to a quintic, and
with 200-field fits to quartic, quintic, and sixth-order polynomials.

b) The results were compared to an analytic fit using a truncated polynomial for E(Fe), with field
strengths in the following sets:{f , 21/2f , 31/2f , −f , −21/2f , −31/2f}, {f , 21/2 f , 51/2f , −f ,
−21/2f ,−51/2f}, and{f , 21/2f , 31/2f , 51/2f ,−f ,−21/2f ,−31/2f ,−51/2f}, wheref = 0.001,
0.002, 0.003, and 0.004 a.u.

c) Values of∆αXX obtained with fields in the XZ plane were compared with the values obtained
with field in the XY plane, and∆αZZ values obtained with fields in the XZ and YZ planes were
compared.

d) At the self-consistent field (SCF) level, the random-field results were compared with the results of
analytic differentiation, using GAUSSIAN 98 [145].

e) Basis-set superposition errors have been estimated using function counterpoise techniques [146]
for the linear and rectangular configurations, over the full range of R values.

The results of the numerical tests are detailed in Ref. [5].
We have also compared the CCSD(T) values of Li, Ahuja, Harrison, and Hunt [5] with those obtained

by Maroulis at two relative orientations (linear and T-shaped) atR = 6.5 a.u., in a study with a [6s,
4p 1d] basis [147]. We have found quite close agreement between the results of Maroulis [147] and
results from a new interpolating polynomial, generated to estimate the values atR = 6.5, based on
Ref. 5: For the linear configuration atR = 6.5 a.u., the interpolation gives∆αXX = − 0.189 a.u.,
while Maroulis obtained∆αXX = − 0.1931 a.u. [147]; for the ZZ component, the interpolation gives
∆αZZ = 0.773 a.u., while Maroulis obtained∆αZZ = 0.7870 a.u. [147]. Similarly, for the T-shape,
the interpolation gives∆αXX = − 0.230 a.u.,∆αY Y = −0.168 a.u., and∆αZZ = 0.468 a.u., for
comparison with∆αXX = −0.2354 a.u.,∆αY Y = −0.1704 a.u., and∆αZZ = 0.4636 a.u., as obtained
by Maroulis [147]. The differences between values in the two sets (based on interpolation from Ref. 5
vs. Ref. 147) range from 0.95% to 2.29%.

In 1979, Bounds [68] obtained values of∆α for 6 relative orientations of the H2 molecules, at
separations from 2.0 a.u. to 6.0 a.u. for four of the relative orientations, and at separations from 2.0 a.u.
to 8.0 a.u. for the remaining two. Bounds carried out the calculations at self-consistent field (SCF) level,
with a (3s 2p) Gaussian basis set on each H center – small by current standards, but not by those of 1979!
Li, Ahuja, Harrison, and Hunt [5] carried out separate CCSD(T) calculations for the relative orientations
studied by Bounds [68], with the H2 bond lengths fixed atr = 1.4008 a.u., the location of the minimum in
the ground-state potential. Given the differences in basis sets and computational methodology between
the two calculations, the results of Li, Ahuja, Harrison, and Hunt agree remarkably well with the results
obtained by Bounds. Comparisons are made in detail in Table 3 of Ref. 5 and illustrated in Figs 1 and 2.
The discrepancies between the results are less than 10% for half of the Cartesian components, and less
than 20% for more than four-fifths of the Cartesian components available for comparison (90 in all).

The results for∆αZZ in Ref. 5 are larger than those obtained by Bounds and positive, while the results
for ∆αXX and∆αY Y are smaller in absolute value and negative. As a result, the differences largely
cancel in the polarizability anisotropy, 2∆αZZ – ∆αXX – ∆αY Y . On the other hand, the differences in
∆αXX , ∆αY Y , and∆αZZ shift the trace of the polarizability in the same direction, making values from
Ref. [5] larger (more positive in some cases, less negative in others) than those obtained by Bounds [68].
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Fig. 1. Values of the polarizability anisotropyαZZ – αXX of H2 · · · H2 vs. intermolecular separation R, for four relative
orientations of the two molecules. CCSD(T) results, filled symbols, LAHH (Li, Ahuja, Harrison, and Hunt, Ref. 5). SCF
results, open symbols, B (Bounds, Ref. 68). All results are given in atomic units (a.u.).

In Fig. 1, the results forαZZ – αXX from theab initio CCSD(T) calculations of Li, Ahuja, Harrison,
and Hunt [5] are plotted vs. the intermolecular separation R along the Z axis, for comparison with the
earlier SCF results [68], for four of the six geometrical configurations studied by Bounds: linear, cross-T,
rectangular, and parallelogram. We have omitted two configurations for clarity in the figure. Figure 1
shows excellent agreement between the two calculations of the polarizability anisotropyαZZ – αXX in
the linear and parallelogram configurations. The results forαZZ – αXX for the cross-T configuration
are very close to the results for the rectangular configuration, in both sets of calculations [5,68]; however
the CCSD(T) anisotropy is slightly larger than the SCF value, for R6 6.0 a.u. The anisotropy is positive
for all of the configurations studied by Bounds. The CCSD(T) values for the anisotropy [5] differ from
those of Bounds [68] by∼7.6%, averaged over the geometrical configurations.

In Fig. 2, the CCSD(T) results for∆α = (∆αXX + ∆αY Y + ∆αZZ)/3 in Ref. 5 are compared with
the SCF results [68], for the linear, cross-T, rectangular, and T-shaped configurations. For the linear
configuration, the results agree well for R> 6.0 a.u.; but at shorter range, the effects of correlation
and basis functions of higher angular momentum become more important, and the CCSD(T) trace
differs significantly from the SCF values. Similarly, the CCSD(T) and SCF results for the T-shaped
configuration diverge from each other as R decreases. As found for the pair polarizability anisotropy,
the trace of the pair polarizability is quite similar in the rectangular and cross-T configurations, though
the CCSD(T) results are shifted up (to smaller absolute values), relative to the SCF results. For three of
the configurations, the sign of∆α is unchanged over the range fromR = 3.0 a.u. toR = 8.0 a.u.; it
is positive for collinear pairs and negative for the rectangular and cross-T pairs. For the T-shaped pairs,
∆α is negative at short range and positive at long range. Results for the parallelogram (not shown in
Fig. 2) have a more complicated R dependence:∆α is positive at short range, negative at intermediate
range, and positive again at long range in both calculations, although the actual magnitudes of∆α are
quite different in the two calculations (see Table 3 in Ref. 5). The differences in∆α values from the
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Fig. 2. Values of the isotropically averaged pair polarizability ∆α(R) of H2 · · · H2 vs. intermolecular separation R, for four
relative orientations of the two molecules. CCSD(T) results, filled symbols, LAHH (Li, Ahuja, Harrison, and Hunt, Ref. 5).
SCF results, open symbols, B (Bounds, Ref. 68). All results are given in atomic units (a.u.).

two calculations [5,68] average to 97%, for the six relative orientations and all R values studied. The
difference is largest for the parallelogram atR = 5.0 a.u., near the R value where∆α changes sign; in
this case the results differ by a factor of∼6 [5,68].

4. Spherical-tensor form of collision-induced polarizabilities

The static polarizability has spherical-tensor components of ranks 0 and 2, the isotropic and anisotropic
polarizabilities, respectively. Li, Harrison, Gustafsson, Wang, Abel, Frommhold, and Hunt have analyzed
the isotropic pair polarizability in earlier work [17]. Here we focus on the second-rank tensor components
∆α

(2)
k , which give rise to depolarized, collision-induced scattering. The components havek = 2, 1, 0,

−1, and−2, where [148,149]

∆α20 = (1/
√

6)(2∆αZZ − ∆αXX − ∆αY Y ) (2)

∆α2±1 = ∓ (1/2)[(∆αXZ + ∆αZX) ± i(∆αY Z + ∆αZY )] (3)

∆α2±2 = (1/2)[(∆αXX − ∆αY Y ) ± i(∆αXY + ∆αY X)]. (4)

The collision-induced polarizability∆α
(2)
k of second rank has an expansion in the spherical harmonics

of the orientation angles (θA, ϕA) of the bond axis of molecule A, the orientation angles (θB, ϕB) of the
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bond axis of molecule B, and the orientation angles (θ, ϕ) of the intermolecular vector, given by [18,
30–37,39,150–152]

∆α
(2)
k =

∑

λ,λ′,m,m′

Λ,µ,L,M

A2λλ′ΛL(rA, rB , R)Yλm(θA, ϕA)Yλ′m′(θB , ϕB)YLM (θ, ϕ)

(5)×〈λλ′mm′|Λµ〉〈ΛLµM |2k〉.

In Eq. (5),〈λλ′ m m′|Λµ〉 denotes a Clebsch-Gordancoefficient. We fit theab initio results to expressions
of this form, for the sets of 18 relative orientations of H2 · · · H2 at each R value from 3.0 a.u. to 10.0 a.u.
We have obtained 23 distinct coefficients A2λλ′ΛL(rA, rB , R) as functions of R, with rA = rB = 1.449
a.u. Results for 13 coefficients withλ, λ′ = 0 or 2 are listed in Table 1.

5. Long-range pair polarizability anisotropy from perturbation theory

The interaction-induced polarizability∆ααβ of a pair of well-separated molecules is determined by
classical polarization and van der Waals dispersion effects. The classical polarization terms in∆α
are obtained by solving self-consistently for the multipole moments of the two molecules in a uniform
applied fieldFe. Then∆ααβ is computed by summing the net dipolesµA andµB of molecules A and
B, taking the zero-field limit of the derivative with respect to the external field, and subtracting the sum
of the individual molecule polarizabilities,

∆ααβ = lim
F e→0

∂(µA
α + µB

α )/∂F e
β − αA

αβ − αB
αβ (6)

The moments of each molecule are expressed as Taylor series in the local fieldF, the local field
gradientF′, and higher gradients; the local field is the sum of the applied fieldFe and the field due to the
moments of the neighboring molecule, both permanent and induced. For a non-dipolar molecule A, the
induced dipole momentµA

α is [18,23,24]

µA
α = αA

αβFβ + (1/3)AA
α,βγF ′

βγ + (1/15)EA
α,βγδF

′′
βγδ + (1/105)GA

α,βγδεF
′′′
βγδε

+(1/2)βA
αβγFβFγ + (1/3)BA

α,β,γδFβF ′
γδ + (1/15)DA

α,β,γδεFβF ′′
γδε + . . .

(7)
+(1/6)γA

αβγδFβFγFδ + . . .

Similarly, the net quadrupole momentΘA
αβ, octopole momentΩA

αβγ , and hexadecapole momentΦA
αβγδ

are given to leading order by

ΘA
αβ = ΘA,0

αβ + AA
γ,αβFγ + CA

αβ,γδF
′
γδ + (1/2)BA

γ,δ,αβFγFδ + . . . (8)

ΩA
αβγ = ΩA,0

αβγ + EA
δ,αβγFδ + (1/2)DA

δ,ε,αβγFδFε + . . . (9)

ΦA
αβγδ = ΦA,0

αβγδ + GA
ε,αβγδFε + . . . (10)

whereΘA,0
αβ , ΩA,0

αβγ , andΦA,0
αβγδ denote the permanent moments. The linear response tensors in Eqs (7)–

(10) are the dipole polarizabilityαA
αβ , the dipole-quadrupole polarizability AAα,βγ , the dipole-octopole

polarizability EA
α,βγδ, the dipole-hexadecapole polarizability GA

α,βγδε, and the quadrupole polarizability
CA

αβ,γδ. The nonlinear response to the local field depends on the dipole hyperpolarizabilityβA
αβγ ,
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Table 1
Spherical-tensor expansion coefficients for the anisotropic polarizability of H2 · · · H2

R (a.u.) 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
A20002

LAHH 310300 134400 75400 48200 32000 21800 15400 11200
GFLH 310300 134200 76250 47580 31230 21350 15120 11060
BUZ 135200 64750 42790 31510 23690 17870 13530 10340
DID-1 409300 172700 88410 51160 32220 21580 15160 11050
LR 540000 195900 94510 53210 33030 21950 15340 11150

A20220 = A22020

LAHH 22100 5100 1170 340 130 52 12 3
GFLH 22100 5101 1162 353 139 65 33 18
LR 27940 4972 1303 436 173 78 38 20

A20222 = A22022

LAHH −47900 −20200 −9680 −5430 −3390 −2260 −1580 −1150
GFLH −47900 −20180 −9741 −5394 −3321 −2204 −1544 −1125
BUZ −11220 −9527 −6664 −4507 −3065 −2131 −1523 −1119
DID-1 −41870 −17660 −9043 −5233 −3296 −2208 −1551 −1130
LR −49210 −18970 −9386 −5348 −3341 −2228 −1561 −1136

A20224 = A22024

LAHH 47700 19900 7880 3360 1570 800 450 260
GFLH 47700 19870 7959 3350 1504 725 378 212
LR 112700 25850 8295 3287 1505 766 423 248

A22202

LAHH −1080 240 160 73 43 31 16 8
BUZ 2247 370 141 75 46 30 21 15
DID-1 547 231 118 68 43 29 20 15
LR 876 289 134 74 45 30 21 15

A22222

LAHH −1690 −290 −170 −130 −91 −59 −32 −21
BUZ 2448 1341 340 59 −12 −27 −27 −23
DID-1 −1223 −516 −264 −153 −96 −65 −45 −33
LR 163 −269 −200 −131 −88 −61 −43 −32

A22224

LAHH −2240 −1310 −510 −190 −83 −25 7 12
LR −6842 −1551 −494 −195 −89 −45 −25 −15

A22242

LAHH 17600 6280 2650 1340 810 530 360 260
GFLH 17600 6280 2649 1349 798 522 363 265
BUZ −4295 −765 376 603 549 438 335 255
DID-1 9849 4155 2127 1231 775 519 365 266
LR 11350 4422 2197 1255 785 524 367 267

A22244

LAHH −12700 −4190 −1400 −530 −240 −120 −66 −40
GFLH −12700 −4184 −1419 −523 −215 −100 −52 −30
LR −17940 −4065 −1294 −510 −233 −118 −65 −38

A22246

LAHH 10400 3650 1120 360 120 56 29 17
GFLH 10400 3646 1137 347 105 32 10 3

Coefficients A2λλ′ΛL (in a.u., multiplied by 105) in Eq. (5). LAHH: Fit of theab initio anisotropic
polarizability from Ref. 5, for 18 relative orientations. GFLH: Few-parameter fit from Ref. 66 to the
results of Ref. 5. BUZ: Fit by Ulivi and Zoppi [67] to the SCF results of Bounds [68]. DID-1: First-order
DID approximation. LR: Long-range perturbation theory, complete to order R−6.
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the dipole-quadrupole hyperpolarizability BA
α,β,γδ, the dipole-octopole hyperpolarizability DA

α,β,γδε, the
second dipole hyperpolarizabilityγA

αβγδ, and higher-order tensors.
For molecule A in a uniform applied fieldFe and the nonuniform field from molecule B, the total field

acting on A and its gradients are given by

Fα = F e
α + TαβµB

β + (1/3)TαβγΘB
βγ + (1/15)TαβγδΩ

B
βγδ + (1/105)TαβγδεΦ

A
βγδε + . . . (11)

F ′
αβ = −TαβγµB

γ − (1/3)TαβγδΘ
B
γδ − (1/15)TαβγδεΩ

B
γδε − . . . (12)

F ′′
αβγ = Tαβγδµ

B
δ + (1/3)TαβγδεΘ

B
δε + . . . (13)

F ′′′
αβγδ = −Tαβγδεµ

B
ε + . . . (14)

The dipole propagator Tαβ is defined by

Tαβ(R) = (4πεo)
−1∂/∂Rα∂/∂Rβ(1/R) (15)

and similarly

Tαβγ · ζ(R) = (4πεo)
−1∂/∂Rα∂/∂Rβ∂/∂Rγ · · · ∂/∂Rζ(1/R) (16)

in terms of the vectorR which runs from a center in molecule A to a center in B. The T-tensors of
even order are even inR, and those of odd order are odd. The Einstein convention of summation over
repeated Greek indices is followed throughout this work.

For centrosymmetric molecules, the permanent octopoleΩA,0
αβγ and the response tensors AA

α,βγ, GA
α,βγδε,

βA
αβγ , and DA

α,β,γδε vanish identically, although these properties are non-vanishing for nonpolar molecules
of Td symmetry, such as CH4 and CCl4. The remaining tensors appearing in Eqs (7)–(10) are nonzero
for centrosymmetric species.

Solving Eqs (6)–(16) and the corresponding equations for molecule B self-consistently gives the
classical polarization contributions to the collision-induced polarizability as [18]

∆ααβ = (1 + PAB)[αA
αγTγδ(R)αB

δβ + αA
αγTγδ(R)αB

δεTεζ(R)αA
ζβ

+(1/15)αA
αγTγδεζ(R)EB

β,δεζ + (1/15)EA
α,γδεTγδεζ(R)αB

ζβ
(17)

−(1/9)BA
α,β,γδTγδεζ(R)ΘB,0

εζ + . . .],

where all classical terms that contribute to the pair polarizability through order R−6 have been included.
The operator PAB in Eq. (17) and below interchanges the labels of molecules A and B.

The first two terms in Eq. (17) represent dipole-induced-dipole (DID) contributions to∆α, first treated
by Silberstein [19]. The first order DID term varies as R−3 in the distance between A and B and gives the
dominant contribution to the collision-induced polarizability, while the second-order DID term varies
as R−6. For atoms in S states, the first order DID term in thetraceof the pair polarizability vanishes
identically, but for linear centrosymmetric molecules, this effect is non-vanishing, as discussed below.

The E-tensor terms in Eq. (17) reflect higher-multipole induction and nonuniform field effects: The
applied fieldFe induces an octopole momentΩαβγ in each molecule, as well as a dipole (both are
linear inFe); and the field from the induced octopole polarizes the neighboring molecule. In addition,
a dipole moment is induced in each molecule by the nonuniform local field gradient arising from the



364 X. Li et al. / The anisotropic polarizability of pairs of hydrogen molecules

dipole induced in the neighboring molecule byFe. Both of these effects vary as R−5. E-tensor effects
have been treated by Buckingham and Tabisz, in a study of the Rayleigh scattering by molecules of Oh

symmetry, such as SF6 [21], by Kielich [131], and by Bancewicz, Głaz and Kielich, with application to
light scattering by linear centrosymmetric molecules [33,34]. The E-tensor terms contribute to scattering
in the far wings of the Rayleigh spectra (roto-translational Raman), because they permit transitions with
∆J up to±4, even when the intermolecular potential is isotropic. For Td molecules, the analogous A-
tensor terms also contribute to scattering in the far wings of the roto-translational Raman spectrum [21],
by permitting transitions with∆J up to±3 (for an isotropic intermolecular potential).

The remaining classical polarization effect in Eq. (17) depends on the B-tensor [18,23,24]. This effect
results from the simultaneous response of each molecule to the applied field and the field-gradient from
the permanent quadrupole moment of the neighboring molecule, and it varies as R−5.

Advances in theab initio computation of higher multipole polarizabilities and hyperpolarizabilities, in
the work of Maroulis and other researchers (see, e.g. Refs. 42–65), have made it possible to determine
the classical polarization contributions to∆α to high accuracy. The magnitudes of these terms in the
Cartesian components of∆α for H2 · · · H2 have been analyzed in detail by Li and Hunt [18].

Van der Waals dispersion interactions result from correlations between the spontaneous quantum
mechanical fluctuations in the charge density on each molecule. These fluctuations also affect the
pair polarizability. Buckingham introduced the first model for the dispersion contributions to∆α, by
considering the hyperpolarization of each of the interacting molecules, in the fluctuating field from its
neighbor [25]. Buckingham estimated the mean square dipoles of the interacting charge distributions,
using the C6 dispersion energy coefficient (with the convention C6 > 0), as

µ2 = (4πεo)
2C6/(2α). (18)

For two atoms A and B in S states, this approach gives an estimate of the van der Waals contribution
to the isotropically averaged pair polarizability [25], as

∆αvdW = (5/18)(1 + PAB)CAA
6 γBR−6/αA (19)

in terms of the static atomic hyperpolarizabilityγ, where

γαβγδ = (γ/3)(δαβδγδ + δαγδβδ + δαδδβγ). (20)

Buckingham and Clarke [26] subsequently extended the model to estimate the van der Waals contri-
bution to the anisotropy of the pair polarizability for two atoms in S states as

(∆αZZ − ∆αXX)vdW = (1 + PAB)CAA
6 γBR−6/(6αA) (21)

with the atoms separated along the Z axis. Compared with the accurate results from fourth-order
perturbation theory, obtained by Buckingham, Martin, and Watts for H· · · H [153] and by Certain and
Fortune for He· · · He [154], the model in Eqs (19) and (21) has errors of∼15% or less (as low as 2%,
for the polarizability anisotropy of He· · · He).

Hunt, Zilles, and Bohr [27] proved that the fourth-order perturbation expression for the van der Waals
contribution to∆α for a pair of atoms in S states reduces to an integration over imaginary frequencies:

∆ααβ = ~/(4π)TγεTδε(1 + PAB)
∞

∫
−∞

γA
αβγδ(0; 0, iω,−iω)αB (iω)dω. (22)



X. Li et al. / The anisotropic polarizability of pairs of hydrogen molecules 365

They also showed that van der Waals interactionsdecreasethe orientational polarizability of a pair of
dipolar rotors, sinceγ is negative for rotors, due to saturation effects; and van der Waals interactions
have no effect on the polarizability of a pair of harmonic oscillators, for whichγ = 0. Based on Eq. (22),
Hunt, Zilles, and Bohr developed a mean-frequency approximation [27],

∆αvdW = (5/18)(1 + PAB)CAB
6 γAR−6/αA (23)

(∆αZZ − ∆αXX)vdW = (1 + PAB)CAB
6 γAR−6/(6αA). (24)

This approximation is equivalent to Eqs (19) and (21) for identical atoms, but different for heterodi-
atoms; Eqs (23) and (24) are expected to be more accurate than (19) and (21) when the dipole transition
energies for the two atoms differ significantly.

For atoms and centrosymmetric molecules, the next terms in the series for the van der Waals contri-
butions to the pair polarizability vary as R−8. Buckingham and Clarke [26] approximated these, using
an estimate of the mean-square fluctuating quadrupole moment based on C6 and C8 dispersion energy
coefficients,α, and the quadrupole polarizability C. Fowler, Hunt, Kelly, and Sadlej [155] later extended
the theory to obtain the R−8 effects accurately in terms of integrals over imaginary frequencies. In this
case, the integrals contain the nonlinear higher-multipole susceptibilities P(0; 0,−iω, iω) and Q(−iω;
0, 0, iω), as well asα(iω), the quadrupole polarizability C(iω), γ(−iω; iω, 0, 0), and the dipole-dipole-
quadrupole hyperpolarizability B(−iω; 0, iω). Thus, the R−8 terms have been evaluated numerically
only for the pairs H· · · H, H · · · He, and He· · · He [155].

6. Spherical-tensor analysis of∆α at long-range

In the context of collision-induced light scattering by centrosymmetric molecules, spherical-tensor
analysis and angular momentum recoupling were suggested and applied by Bancewicz, Głaz, Kielich,
and Kázmierczak (see Refs. 30–36), in order to separate terms in the collision-induced polarizabilities
according to their transformations under rotations of the molecular axes and the intermolecular vectorR.
The analysis casts the results for∆α into the symmetry-adapted form needed for line shape calculations.
In addition, we find that the dipole-induced-dipole interaction effects are separated – at least in part –
from the effects of higher-multipole induction, hyperpolarization, and nonuniform fields, when∆α is
cast as a series in spherical harmonics of the orientation anglesΩA, ΩB, andΩR. For example, through
order R−6, the only non-zero contributions to the coefficients A00444, A02444, A04044,A04244, A20444, and
A24044 come from the E-tensor polarization mechanisms, which vary as R−5.

At first order in the molecular interaction, perturbation theory gives the net dipole induced by a uniform
applied field in terms of two pair dipole operators (µA + µB), coupled with operators representing the
intermolecular interactions. The long-range interaction operators consist of a multipole operator on
molecule A, a multipole operator on B, and a T-tensor, coupled to give a quantity of spherical-tensor
rank zero. At second order, the net dipole is given in terms of two pair dipole operators (as before) and
two sets of operators for the molecular interactions, individually coupled to rank zero.

For the first-order DID terms, Bancewicz [30,31] has obtained

Aαα
JjkΛ2 = 6

√
2(2Λ + 1)1/2(−1)1+J/2 ×





j 1 1
k 1 1
Λ 2 J



 αA(j, 0)αB(k, 0)R−3, (25)
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where the brackets denote a 9-j symbol,

α(0, 0) = −
√

3α (26)

and

α(2, 0) = (2/
√

6)(αzz − αxx), (27)

for both molecules A and B.
The contribution of theα-E term to the Jth-rank part of∆α transforms as

TαE = [µA(1) ⊗ {[µA(1) ⊗ (T (4) ⊗ ΩB(3))(1)](0) ⊗ µB(1)}(1)](J). (28)

In this equation, T(4) denotes the spherical tensor of fourth rank that corresponds to the Cartesian
propagator Tαβγδ given by Eq. (16).

Each of the operators in TαE has non-vanishing components of a single spherical-tensor rank. Li
and Hunt [18] have simplified TαE using results given by Zare in Eqs (4.3), (4.9), (4.19), and (4.24)
of Ref. 149. They have also used the fact that only the components ofα(j, q) and E(k, q) withq = 0
are non-vanishing in the molecule-fixed frame, for molecules of D∞h symmetry. Hence the spherical
tensor componentsα(j, q′) and E(k, q′) in the space-fixed frame take the relatively simple form given in
Eq. (24) of Ref. 18. Li and Hunt have obtained results for the expansion coefficients derived from the
α-E terms that are consistent with those of Bancewicz, Głaz, and Kielich [33,34]:

AαE
JjkΛ4 = 4

√
21(2Λ + 1)1/2(−1)1+J/2 ×





j 1 1
k 3 1
Λ 4 J



 αA(j, 0)EB(k, 0)R−5. (29)

The relevant spherical-tensor components of E are given by

E(2, 0) = 3
√

21E3 = (1/
√

21)(8Ex,xxx − 3Ez,zzz) (30)

and

E(4, 0) = 4
√

7E7 = (2/
√

7)(Ez,zzz + 2Ex,xxx) (31)

The E tensor has no isotropic component: E(0, 0)= 0. The corresponding coefficients that depend on
the E tensor for molecule A and the dipole polarizability of molecule B are given by

AEα
JkjΛ4 = (−1)ΛPABAαE

JjkΛ4. (32)

The coefficients that depend on E(2, 0) agree with the results of Borysow and Moraldi [22] as well as
the results of Bancewicz, Głaz, and Kielich [33,34].

The hyperpolarization and dispersion effects were first analyzed using spherical-tensor algebra by
Li and Hunt [18]. The contribution to∆α that depends on polarization of molecule A bilinear in the
external field and the field from the permanent quadrupole of molecule B yields the coefficients

ABΘ
Jj2Λ4 = −

√
42[(2Λ + 1)/(2J + 1)]1/2(−1)1+J/2 ×

{
j 2 Λ
4 J 2

}
BA(J ; j, 0)ΘB(2, 0)R−5, (33)

where the brackets denote a 6-j symbol, and

ΘB(2, 0) = ΘB = ΘB
zz = −2ΘB

xx = −2ΘB
yy, (34)
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Table 2
Molecular properties (in a.u.) of H2
used to calculate collision-induced
polarizabilities at long range

Property Value Reference

Θ0 0.4828 [61,62]
αzz 6.7161 [63]
αxx 4.7369 [63]

Ez,zzz 4.4424 [63]
Ex,xxx −1.7740 [63]
Bz,z,zz −97.671 [64]
Bx,z,xz −63.417 [64]
Bx,x,zz 36.746 [64]
Bx,x,xx −71.250 [64]

in terms of the components of the quadrupole moment in the molecular frame. The tensor operators
that appear in BA(J; j, 0) have the structure [(µA(1) ⊗ µA(1))(J) ⊗ ΘA(2)](j), where⊗ denotes the direct
product. The quantities BA(J; j, 0) in Eq. (33) are related to the B-tensor coefficients B1-B7 given in
terms of the four independent static components of the B-tensor, Bz,z,zz, Bx,z,xz, Bx,x,zz, and Bx,x,xx,
by Eq. (19) and Table 2 of Ref. 18, according to

BA(0; 2, 0) = −2/
√

3 (3BA
4 + 4BA

5 ) (35)

BA(2; 0, 0) = 2
√

10/3 BA
2 (36)

BA(2; 2, 0) = −4/3
√

21 BA
5 (37)

BA(2; 4, 0) = 140/
√

105 BA
7 . (38)

The corresponding polarization effects that depend onΘA and BB yield coefficients of the form

AΘB
J2jΛ4 = (−1)ΛPABABΘ

Jj2Λ4, (39)

wherePAB interchanges the labels A and B on the molecular properties.
The second-order dipole-induced-dipole and dispersion terms both derive from perturbation expres-

sions with an underlying tensor-operator structure of the form

TAAB = {µA(1) ⊗ [{[µA(1) ⊗ (T (2) ⊗ µB(1))(1)](0)

(40)
⊗[µA(1) ⊗ (T (2) ⊗ µB(1))(1)](0)}(0) ⊗ µA(1)](1)}(J).

The four operatorsµA(1) can either be recoupled to produce two factors of the polarizability of molecule
A, or to give theγ hyperpolarizability of A [18]. Both re-coupling schemes contribute to∆α, the first
giving the second-order DID effects and the second giving the dispersion terms.

Bancewicz has obtained the second-order DID coefficients [30,31], which can be cast as

AABA
JjkΛL = ( − 1)1+J/2 30

√
3 Σa Σb Σn (2n + 1)

·ΠabΛ〈ab00|j0〉〈2200|L0〉αA(a, 0)αA(b, 0)αB(k, 0)R−6

×





1 1 2
1 1 2
k n L









1 1 a
1 1 b
n J j





{
j k Λ
L J n

}
(41)
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whereΠab···z = [(2a + 1) (2b + 1)· · ·(2z+1)]1/2. The R−6 DID coefficients for theαBαAαB term are

ABAB
JkjΛL = (−1)ΛPABAABA

JjkΛL. (42)

The dispersion coefficients have been given by Li and Hunt [18] as

Aγα
JjkΛL = ( − 1)1+J/2 15

√
3 ΣaΠLa/Πj〈2200|L0〉(~/π)R−6

×





2 1 1
2 2 1
L k a





{
j k Λ
L J a

}

(43)
×

∞

∫
0

γA(a, J ; j, 0|iω, 0, 0)αB (k, 0; iω)dω,

with (a, J)= (0, 0) or (2, 0) combined with (j, 0)= (0, 0); (a, J)= (0, 2), (2, 0), or (2, 2) combined with (j,
0)= (2, 0); and (a, J)= (2, 2) combined with (j, 0)= (4, 0). Explicit equations for these components and
their relations to the coefficientsγ1 throughγ7 in the general Cartesian form of the hyperpolarizability
are given by Eqs (37a)–(37f), together with Eqs (17) and (18) and Table 1 by Li and Hunt [18]. The
corresponding dispersion terms that depend on theγ-hyperpolarizability of molecule B and the dipole
polarizability of molecule A are given by

Aαγ
JkjΛL = (−1)ΛPABAγα

JjkΛL. (44)

7. Anisotropic polarizability coefficients for like pairs at long range

In this section, we simplify the results from Sec. 6 to obtain∆α for two identical diatomic molecules
that are interacting. Averaging isotropically over the orientations of the molecular axesr̂A andr̂B yields
a non-zero anisotropic polarizability, analogous to∆α

(2)
k found for interacting atoms in S states at first

order in the DID approximation, and higher orders. For diatomics, A20002 depends on (αzz – αxx)2 as
well as the isotropically averaged polarizabilityα, and

A20002 = 6
√

10/5 α2R−3 + 6
√

10/5 α3R−6 + 2
√

10/75(αzz − αxx)2 αR−6

(45)
+6

√
10/5 (~/π)

∞

∫
0

dω γ2(iω, 0, 0)α(iω)R−6.

The coefficients A2202L give rise to transitions with∆J = ±2 on one molecule and no change in the
J value for the other (with an isotropic potential). These coefficients have contributions from all of the
polarization mechanisms through order R−6: first- and second-order DID, higher-multipole induction,
field nonuniformity, hyperpolarization, and dispersion.

A2202L = −2
√

7/5 δL2α(αzz − αxx)R−3

+4
√

35/35 δL4[α(3Ez,zzz − 8Ex,xxx) − 7B2Θ
0]R−5

+[(aL + bL)α2(αzz − αxx) + cLα(αzz − αxx)2 + dL(αzz − αxx)3]R−6

(46)
+eL(~/π)

∞

∫
0

dω γ2(iω, 0, 0)[αzz(iω) − αxx(iω)]R−6

+(~/π)
∞

∫
0

dω[9
√

10/5 δL0 γ4(iω, 0, 0) + fL γ5(iω, 0, 0)]α(iω)R−6
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Table 3
Coefficients of R−6 for van der Waals dispersion
terms in the polarizability of H2 · · · H2. Results in
this work have been obtained by 64-point Gauss –
Legendre quadrature, based on the values of the
imaginary-frequency components of the polariz-
ability and hyperpolarizability tensors for H2, tab-
ulated by Bishop and Pipin [65]. Results of Bishop
and Pipin from Table 7 of [65] have been scaled
by

√

3/(4π) to allow for differences of prefactors
in the definitions of the coefficients. All values are
given in atomic units (a.u.)

This work Ref. 65
A00000 2960.82 2960.8
A00222 =A02022 90.63 90.6
A02200 0.80 −

A02222 0.96 −

A02244 7.73 −

A20002 354.79 354.8
A20220 = A22020 41.56 41.6
A20222 = A22022 −2.28 −2.3
A20224 = A22024 38.76 38.7
A20442 = A24042 −1.20 −1.2
A22202 0.58 −

A22220 −0.34 −

A22222 1.79 −

A22224 −0.93 −

A22242 2.13 −

A22244 −2.43 −

A22420 = A24220 −0.03 −

A22422 = A24222 −0.01 −

A22424 = A24224 −0.002 −

A22442 = A24242 −0.02 −

A22444 = A24244 −0.04 −

A22464 = A24264 −0.23 −

with coefficientsaL − fL listed in Table 3 of Ref. 18. Analogously, the coefficients A24042 and A24044

give rise to transitions with∆J= ± 4 on one molecule and no change in the J value for the other. A24042

depends on second-order DID and dispersion interactions (through order R−6), while A24044 depends
exclusively on the E-tensor mechanisms (i.e., higher-multipole induction and field nonuniformity):

A24042 = 12
√

35/175 α(αzz − αxx)
2R−6 + 6

√
35/5(~/π)

∫ ∞

0
dω γ7(iω, 0, 0)α(iω)R−6 (47)

A24044 = −2
√

154/21 α(Ez,zzz + 2Ex,xxx)R
−5 (48)

The coefficients A222ΛL and A242ΛL give rise to simultaneous rotational transitions on both molecules.
A222ΛL varies as R−3 at long range and depends on all of the polarization mechanisms through order
R−6, while A242ΛL has no first-order DID contributions and varies as R−5 at lowest order.

A222ΛL = aΛL(αzz − αxx)2R−3

+[(−1)Λ + 1][bΛLB5Θ
0 − cΛL(αzz − αxx)(3Ez,zzz − 8Ex,xxx)]R

−5

+[(−1)Λ + 1][dΛLα(αzz − αxx)2 + eΛL(αzz − αxx)3]R−6

(49)
+(~/π)

∞

∫
0

dω[fΛLγ4(iω, 0, 0) + gΛLγ5(iω, 0, 0)][αzz(iω) − αxx(iω)]R−6
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Table 4
Long-range contributions to the polarizability coefficient
A22024 . The table lists theαER−5 terms, the BΘR−5

terms, the sum of those terms (labeled E+B), the full
long-range expansion through order R−6 (LR), and the
fit to the ab initio calculations (LAHH). All entries are
scaled by 105 and given in a.u.

R αER−5 BΘR−5 E+B LR LAHH
3.0 41320 56380 97700 112700 47700
4.0 9806 11380 23190 25850 19900
5.0 3213 4384 7597 8295 7880
6.0 1291 1762 3053 3287 3360
7.0 597 815 1413 1505 1570
8.0 306 418 725 766 800
9.0 170 232 402 423 450

10.0 100 137 237 248 260

with coefficientsaΛL – gΛL in Table 4 of the work by Li and Hunt [18], for L= 0, 2, or 4.

A242ΛL = [(−1)Λ+1hΛLB7Θ
0 + (−1)ΛqΛL(αzz − αxx)(Ez,zzz + 2Ex,xxx)]R

−5

+(−1)ΛsΛL(αzz − αxx)3R−6

(50)
+tΛL(~/π)

∞

∫
0

dω γ7(iω, 0, 0)[αzz(iω) − αxx(iω)]R−6

with hΛL, qΛL, sΛL, and tΛL listed in Table 5 of the work by Li and Hunt [18]. The remaining
non-vanishing coefficients are given by

A2022L = A2202L (forL = 0, 2, 4) (51)

A2044L = A2404L (forL = 2, 4) (52)

and

A224ΛL = (−1)ΛA242ΛL (53)

for like pairs.
The equations of Li and Hunt [18] for the dispersion terms in A2λλ′ΛL follow from the theory of

Hunt and Bohr [28] for the van der Waals dispersion effects on∆α. The results are equivalent to
those obtained from two-center, fourth-order perturbation theory, as in Refs. 153 and 154, but they
are expressed as quadratures – integrals over imaginary frequencies, with integrands that depend on the
polarizability components for one of the molecules (at frequency iω) and theγ-hyperpolarizability of
the other molecule as a function of frequency,γ(iω, 0, 0).

We have evaluated the long-range coefficients, complete to order R−6 in the separation R between the
two H2 molecules, using the values of the quadrupole moment and the static susceptibilities for H2 listed
in Table 2.

We have obtained the dispersion contributions in Table 3 by 64-point Gauss-Legendre quadrature,
based on the imaginary-frequency polarizabilities and hyperpolarizabilities of H2, tabulated by Bishop
and Pipin [65]. For comparison, Table 3 also lists the values of the coefficients withλA or λB = 0,
as calculated by Bishop and Pipin [65], by use of equations for the dispersion effects in atom-diatom
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systems derived by Hunt, Liang, and Sethuraman [24]. Our results agree, in those cases. Results for
coefficients withλA andλB both non-zero have not been obtained previously. These are relatively small,
as the dispersion effects tend to be highly isotropic: The largest dispersion coefficient in∆α, by an order
of magnitude, is A00000, and the next largest is A20002, which is proportional to the pair polarizability
anisotropy, isotropically averaged over the molecular orientations.

8. Comparison ofab initio and long-range results for the anisotropic polarizability coefficients

Results for the anisotropic polarizability coefficients A2λλ′ΛL are listed in Table 1. The rows labeled
LAHH give the coefficients obtained directly by least-squares fit of the angular dependence in theab
initio results of Li, Ahuja, Harrison, and Hunt [5] for each intermolecular separation R, based on 18
different geometrical configurations for the pair. The dominant coefficient is A20002, which is directly
related to the pair polarizability anisotropy averaged over all orientations of molecules A and B. In fact,
at frequency shifts less than 240 cm−1 in the calculated Raman spectrum, the coefficient A20002 accounts
for approximately 97% of the observed spectral intensity [66]. Other large coefficients include A20220,
A22020, A20222, A22022, A20224, A22024, A22242, A22244, and A22246. Coefficients withλA = 4 andλB =
2 (or vice versa) are smaller; these are not listed.

The rows of entries that are labeled GFLH give the results from a few-parameter fit by Gustafsson,
Frommhold, Li, and Hunt [66] to the coefficients derived from theab initio results in Ref. 5. Ten of the
pair polarizability coefficients – the most important for the spectra – were fit with functions of the form

A2λλ′ΛL = DmR−m + DnR−n + De exp(−DR), (54)

with n > m, for H2−H2 separations from 2.0 a.u. to 10.0 a.u. (For the linear configuration of the
pairs, the smallest value of R in the calculations is R= 3.0 a.u.) The exponents were set by the leading
long-range terms in the collision-induced polarizability. Thus, for example, A20002, A22022, A20222, and
A22242 havem = 3 andn = 6; A22024, A20224, and A22244 havem = 5 andn = 6; A22020 and A20220

havem = 6 andn = 8, and A22246 hasm = 8 and Dn = 0 (i.e., no second term at long range). The
exponential term reflects short-range exchange effects. In calculating the spectra, additional values of
the A coefficients are needed at longer range, beyond the R values covered by theab initio calculations.
For R> 10.0 a.u., the A coefficients were assumed to have the form

A2λλ′ΛL = DmR−m + D∞
n R−n. (55)

The values of Dm are identical in both equations and the fitting parameters are selected to make
A2λλ′ΛL continuous at R= 10.0 a.u. The resulting values of the parameters Dm, Dn, De, D, and D∞n
from the fit are listed in Table 1 of Ref. 66.

As shown by Table 1, the agreement between theab initio values of the A coefficients and the fit to
the comparatively simple functional forms of Eqs (54) and (55) is excellent, particularly in light of the
small number of parameters used.

The rows labeled BUZ give the anisotropic polarizability coefficients from a fit by Ulivi and Zoppi [67]
to the SCF pair polarizabilities of Bounds [68]. Ulivi and Zoppi fit the coefficients A20002, A20222, A22022,
A22202, A22222, and A22242, using the form

Ak(R) = A3kR−3 + B1kR
−6 + B2k exp(−R/R0k), (56)
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where k denotes the indices 2,λA, λB, Λ, and L. The coefficients A3k were constrained to equal the
DID-1 values, but no constraints were imposed on B1k, B2k or R0k.

Table 1 shows that the BUZ results approximately equal the LAHH and GFLH results at larger R,
where all are approximately equal to the DID-1 results. For purposes of comparison with our results,
we have scaled the numerical values of Ulivi and Zoppi by (3/5)1/2, to account for the differences in the
definition of the A coefficients. We have also scaled their coefficients to reflect differences in the isotropic
polarizability and the polarizability anisotropy of an isolated H2 molecule, as obtained from the accurate,
explicitly correlated method of Bishop and Pipin [63], vs. those obtained from the SCF calculations
by Bounds [68]. The scaling was determined by the form of the first-order DID expressions for the
coefficients: All are quadratic in the polarizability, but they depend differently onα vs.αzz – αxx. Thus,
we have scaled Ulivi and Zoppi’s value of A20002 by (5.3966/5.26)2, their values of A20222 and A22022

by (5.3966/5.26) (1.9792/1.800), and their values of A22202, A22222, and A22242 by (1.9792/1.800)2.
At shorter range, the BUZ values are noticeably smaller those of LAHH and GFLH. These differences

stem in part from the differences between the SCF results [68] and our CCSD(T) results, and in part from
limitations in the size of data set available for fitting. Bounds computed the pair polarizabilities for 6
relative orientations of the pair [68]. This represented a major computational effort at the time! From this
set of relative orientations, Ulivi and Zoppi [67] determined the 6 anisotropic polarizability coefficients
(5 of them distinct) that have non-zero values at DID-1 level. At short range, other coefficients such
as A20220, A22020, A20224, A22024, A22244, and A22246 are sizeable, and this affects the 6-coefficient
fits. We note that the BUZ coefficients yield values for the first three moments of the depolarized light
scattering spectra that are too low by∼45% at 50 K [67,71] and at 297 K [67,156]. Our coefficients
would therefore be expected to yield improved agreement with experiment, for these moments.

The first-order DID results are listed in the rows labeled DID-1, for coefficients that are non-vanishing
at that level of approximation. The coefficients with a first-order DID contribution tend to converge
to the DID-1 values at large R. Exceptions are observed – in terms of the relative error – only for the
coefficients A22202 and A22222, which are quite small at long range.

Finally, in Table 1 the rows labeled LR give the results from the long-range model that includes
all polarization mechanisms through order R−6: first- and second-order DID effects, van der Waals
dispersion, polarization in the local field from the octopole moment induced in a neighboring molecule
by the external field, polarization by the gradient of the field gradient from the dipole induced in a
neighboring molecule by the external field, and hyperpolarization by the external field and the field
gradient of the permanent quadrupole of the neighboring molecule [18]. At short range, exchange and
overlap damping of the long-range polarization mechanisms become significant, with the result that the
LR values may be farther from theab initio results than the DID-1 values are. However, at larger R,
for coefficients with non-vanishing DID-1 contributions, the LR approximation generally models the
coefficient more closely than DID-1.

Over a range of R values, the LR approximation accurately models several coefficients that lack a first-
order DID contribution. The coefficients A22024 and A22244 illustrate this point. The leading polarization
mechanisms in A22024 and A22244 vary as R−5 (E- and B-tensor terms). Except for the smallest R values,
the long-range model based on perturbation theory agrees well with theab initio results. The same is
true for A22224, at intermediate range. For this coefficient, the discrepancies found at longer range (R>
8.0 a.u.) reflect in part the uncertainties in all of the smaller coefficients from the fit to theab initio
results for various geometrical configurations.

In Fig. 3, we have plotted the values of A20002, the largest coefficient in the pair polarizability of
second rank, vs. the intermolecular separation R. The diamonds (�) mark the results from the direct fit
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Fig. 3. Polarizability coefficient A20002 in Eq. (5). LAHH (�): Direct fit of ab initio results in Ref. 5. GFLH (N):
Few-parameter fit [66] to theab initio results in Ref. 5. BUZ (•): Fit by Ulivi and Zoppi [67] to the SCF results of Bounds [68].
DID-1: First-order DID approximation. LR: Long-range perturbation result through order R−6, from Eq. (45), with the
dispersion coefficient from Table 3.

of theab initio calculations by Li, Ahuja, Harrison, and Hunt [5], with 18 geometrical configurations at
each R value. The triangles (N) mark the results from the few-parameter fit to the results in Ref. 5, by
Gustafsson, Frommhold, Li, and Hunt [66]. These two sets of points very nearly coincide. The circles
(•) show the results from the fit by Ulivi and Zoppi [67] to the SCF values obtained by Bounds [68].
These results converge to the first-order DID form at long range (R∼ 9 a.u. or larger), but the BUZ
values of A20002 are generally much smaller than the other values at smaller R, which would lead to
lower predicted intensities for depolarized scattering. The discrepancy probably results primarily from
the limited number of pair orientations (six) available for the earlier fit by Ulivi and Zoppi [67]. The
dashed line shows the first-order dipole-induced-dipole values for this coefficient (DID-1), while the solid
line (LR) shows the full long-range results [18], through order R−6. The LR-results include second-order
DID and van der Waals dispersion contributions, as well as the first-order DID terms. Table 1 shows
that the LR results are closer to theab initio results than the DID values are, for R> 8.0 a.u. At R=
7.0 a.u. and R= 6.0 a.u., the DID-1 approximation is closer to theab initio results than the full LR
approximation. This probably reflects an approximate cancellation of (negative) overlap effects with
(positive) higher-order polarization effects that are present in the LR approximation, but not in DID-1.
At short range, exchange and overlap damping reduce theab initio values of A20002 significantly below
the DID-1 and LR results.
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Fig. 4. Polarizability coefficient A22024 in Eq. (5). LAHH (�): Direct fit of ab initio results in Ref. 5. GFLH (N):
Few-parameter fit [66] to theab initio results in Ref. 5. E+ B: Sum of the terms in A22024 that vary as R−5 (higher-multipole
induction, nonuniform field effects and hyperpolarization). LR: Long-range perturbation result through order R−6, from
Eq. (46), with the dispersion coefficient from Table 3.

Figure 4 shows the coefficient A22024, which vanishes at first order in the DID approximation. This
coefficient is smaller than A20002 by roughly a factor of 10 at R= 5.0 a.u. The LAHH and GFLH values
are almost identical for this coefficient. For comparison, the solid line in Fig. 4 shows the long-range
approximation (LR). The LR approximation includes E-tensor induction, the BΘ terms, second-order
DID effects, and van der Waals dispersion. The LR approximation agrees very well with theab initio
results over the range from R= 5.0 a.u. to R= 10.0 a.u.; the terms through order R−6 seem to be
sufficient to characterize this coefficient. At R= 4.0 a.u., the LR result is∼ 30% too large; and at R=
3.0 a.u., it is too large by a factor of∼ 2.4, due to short-range overlap and exchange effects. In the figure,
the dotted line shows the contributions to this coefficient that vary as R−5, i.e., terms in A22024 that vary
asα (3 Ez,zzz – 8 Ex,xxx) R−5 and B2Θ0R−5, where B2 is a linear combination of the dipole-dipole-
quadrupole hyperpolarizability components Bz,z,zz, Bx,z,xz, Bx,x,zz, and Bx,x,xx, as specified by Eq. (19)
and Table 2 of Ref. 18. The major contribution to A22024 comes from these classical polarization and
hyperpolarization effects. The remaining terms in the LR approximation come from second-order DID
effects and van der Waals dispersion. The full long-range series (LR) provides a better fit to theab initio
results than is provided by the R−5 terms alone, for R> 6.0 a.u. However, the LR curve rises too rapidly
as R decreases.

Table 4 shows the breakdown of the LR approximation into the E-tensor, B-tensor, and total R−5 parts
(E + B). Theab initio values are also shown in Table 4 for comparison. From the table, it is apparent
that the B-hyperpolarization contributions to A22024 are actually larger than the E- tensor terms, with
the contributions from B2Θ0R−5 accounting for∼58% of the R−5 terms, more than 50% of the full LR
sum for R> 5.0 a.u., and more than 50% of theab initio values [5] over the same range of R values. In
contrast, the coefficient A24044 depends solely on the E-tensor mechanism, through order R−5, as shown
in Eq. (48).
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9. Comparison of experimental results and calculations of the depolarized collision-induced
roto-translational Raman spectra of H2 · · · H2

The depolarized light scattering spectra for H2 in the gas phase have been obtained by Bafileet
al. [69,71,156–158], by Brownet al. [70,159,160], by Le Duff and Ouillon [161], and by Fleury and
McTague [162,163]. The binary scattering profile (with intensity quadratic in the density) has been
derived from the experimental gas-phase spectra for both H2 [69–71,156,157] and D2 [70]. Pure
collision-induced scattering, pressure-broadened rotational transitions, and interference between these
two mechanisms determine the binary light scattering spectra [1–4]. The current work focuses on gas-
phase spectra; however, depolarized spectra for H2 in the liquid phase have been determined by Fleury
and McTague [162,163] and by Barocchi and co-workers [164,165]. Barocchiet al. have also studied
depolarized light scattering by solid H2 [164].

Roto-translational Raman scattering has been observed experimentally in the frequency range from 0
to ∼900 cm−1. This range includes the single-molecule rotational Raman lines S0(0) at 354.4 cm−1 (J
= 0 → 2), S0(1) at 587.3 cm−1 (J = 1 → 3) and S0(2) at 815.2 cm−1 (J = 2 → 4) [156,166–169]. In
addition, a double Raman transition S0(0) + S0(0) has been observed at 705 cm−1 in the solid and liquid
phases of para-hydrogen [164,165]. The double transitions have been studied in liquid para-hydrogen
over a temperature range from 18.5 to 28 K and a pressure range from 17 to 600 bar [164,165]. In the
solid phase, the S0(0) + S0(0) band shows structure at various densities [40,164,170,171].

At very low frequency shifts, near room temperature, scattered light comes preponderantly from
pressure broadening of the wings of the Q0(J) bands [22,71,150,172,173]. As the temperature is
reduced, these bands disappear from the depolarized scattering spectrum of pure para-hydrogen, but the
Q0(1) line remains in the ortho-hydrogen spectrum [150,172]. There is no Q0(0) line. Scattering from
bound dimers is also expected to contribute at low frequency shifts, but this has not yet been observed
experimentally [70,173,174].

Collision-induced light scattering predominates [22,70,156] between the Q bands and the pressure-
broadened wing of the S0(0) line; that is, in the range from 40 to 240 cm−1 at 297 K and densities
between 17.8 and 129 amagat [156]; and from 15 to 280 cm−1 at 50 K and densities from 20 to 530
amagat [157]. In this region, the logarithmic slopes of the polarized and depolarized light scattering
intensities vs. frequency nearly match, suggesting that the spatial ranges of the trace and the anisotropy of
∆α are comparable for H2 · · · H2 [70,175]. The DID model [19] accounts qualitatively for the similarity
in the logarithmic slopes, because both∆α

(0)
0 and∆α

(2)
k vary as R−3 in the separation R between the

two hydrogen molecules. However, the DID model does not provide the quantitative theory needed to
extract accurate information on intermolecular interactions from the spectra: This model overestimates
the binary depolarized scattering intensities between the Q and S0(0) bands, while underestimating the
intensities at higher frequencies [69,70,150].

To calculate the roto-translational Raman spectra, we have relied (for the present) on calculations of
the pair polarizabilities with the bond lengths in each H2 molecule fixed at the ground-state vibrational
average. This provides a lowest-order representation of the vibrational effects on the rotational transitions.
Gustafsson, Frommhold, Li, and Hunt [66] have solved the Schrödinger equation in the presence of the
radiation field, using a basis of dressed states, with specified numbers of photons n′

0 and n′s at the incident
and scattered frequencies respectively:

ΨM
αn0ns
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where r̂A and r̂B denote unit vectors along the molecular axes of A and B. The angular functions
YJ ′M

jA′jB′j′l′(r̂A, r̂B , R̂) are obtained from

Y JM
jAjBjl(r̂A, r̂B , R̂) =

∑

mA,mB,mj ,ml

YjAmA(r̂A)YjBmB(r̂B)Ylml(R̂)

(58)
×〈jAjBmAmB |jmj〉〈jlmjml|JM〉,

by coupling the spherical harmonics of the molecular orientations to give a resultant angular momentum
j, and then coupling that resultant to a spherical harmonic of the orientation angles of the intermolecular
vector, using the Clebsch-Gordan coefficients. In Eq. (57), the indexα = (jA, jB , j, l, J) specifies the set
of angular momentum quantum numbers [66].

After integrating over the angular coordinates, Gustafsson, Frommhold, Li, and Hunt obtained the
radial Schr̈odinger equation for light scattering by an H2 pair in the form [66]

[Ev
A′′ jA′′

+ Ev
B′′ jB′′

− (~2/2µ)d2/dR2 + ~
2l′′(l′′ + 1)/(2µR2)

+n′′
0~ω0 + n′′

s~ωs − E]Fαn0ns

α′′n′′

0n′′

s

(R;E)
(59)
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0)δ(n
′′
s , n

′
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0 ± 1, n′
0)δ(n

′′
s ± n′

s)]

×Fαn0ns

α′n′

0n′

s

(R;E) = 0,

where Evj denotes the energy of an isolated H2 molecule with vibrational quantum numberv and
rotational quantum numberj, µ is the reduced mass of H2 · · · H2, ω0 is the angular frequency of the
incident radiation,ωs is the angular frequency of the scattered radiation, and we have used the notation
δ(j, k) for the Kronecker deltaδjk. The potential matrix elements Vαα′ are defined in Ref. 176. Due
to the anisotropy of the potential, Vαα′ contains off-diagonal elements, which mix angular momentum
states in the scattering eigenfunctions, even in the absence of the radiation field. In the isotropic potential
approximation (IPA), Vαα′ is diagonal in the angular momentum quantum number representation.

The radiative coupling Wαα′ (R) for depolarized light scattering by para-H2 colliding with ortho-H2

is specified in Eqs (14) and (15) of Ref. 66, in terms of the polarizability coefficients A2λλ′ΛL(R) and
the polarizability anisotropy of an isolated H2 molecule, the radiation fluxesφ0 andφs, and frequencies
ω0 andωs, as well as 3j- and 9j-symbols and other numerical factors. The collision-broadened wings of
the allowed rotational Raman lines are obtained with this form of Wαα′ (R), since the single-molecule
anisotropy is included in Wαα′(R) [66]. For collisions of para-H2 with para-H2 or ortho-H2 with ortho-
H2, the expressions for the radiative coupling matrix elements allow for the appropriate symmetrization.
The symmetrized versions and the corresponding statistical weights are given in the Appendix of Ref.
176. The radiative coupling matrix elements for polarized scattering are given in Ref. 177.

The radial Schr̈odinger equation has been solved [66] using the COUPLE program of Mies, Julienne,
and Sando [178], to obtain the scattering matrix elements Sf

i (Ei), representing transitions accompanied
by the loss of a photon at the incident frequencyω0 and the gain of a photon at the scattered frequency
ωs. The initial and final state vectors are specified by the sets of quantum numbers f= (jAf , jBf , jf , lf ,
Jf , n0 – 1, ns+ 1) and i= (jAi, jBi, ji, li, Ji, n0 and ns).

With a right-angle experimental scattering geometry and linearly polarized incident radiation, the
cross section (per pair of molecules) for light scattered to a detector placed parallel to the direction of
polarization of the incident radiation isσ|| and with a detector placed perpendicular to that direction, the
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cross section isσ⊥. These cross sections are connected to the depolarized intensity D and the polarized
intensity P, and to the VV and VH scattering intensities by [148,151,179]

V ∂2σ||/(∂Ω∂ν) = D = 2IV H (60)

and

V ∂2σ⊥/(∂Ω∂ν) = P + (7/6)D = IV V + IV H (61)

whereΩ denotes the solid angle andν the frequency. The cross-sectionσ|| is related to the S matrix
computed with the radiative coupling matrix elements Wαα′ (R) from Eqs (14) and (15) of Ref. 66,

V ∂2σ||/(∂Ω∂ν) = 2cλ3
0ν

2
s/(φ0φsh)

∑
P0jAi

P0jBi

∞

∫
0

dEiexp(−βEi)|Sf
i (Ei)|2 (62)

and similarly forσ⊥ [66]. In Eq. (62),λ0 denotes the thermal de Broglie wavelength and Pvj gives the
thermal roto-vibrational population of the H2 state with vibrational quantum numberv and rotational
quantum numberj. Here we consider only the ground vibrational state. The results in the weak field
limit (as here) are equivalent to the results from the distorted-wave approximation [180].

Gustafsson, Frommhold, Li, and Hunt [66] have used the symmetry of the H2 · · ·H2 system, parity, and
angular momentum conservation to simplify the computations. For example, the total angular momentum
J of an H2 · · · H2 pair changes by a maximum of±2 in the scattering process in the radiation field, the
symmetry of the para-para and ortho-ortho pairs is maintained, and the orbital angular momentum l
for such pairs does not change parity. As noted in Ref. 66, for collisions of ortho-H2 with ortho-H2,
these considerations lead to 20 separate sets of equations to be solved (allowing for rotational states
with jA and jB each equal to 1 or 3 in the initial and final states). Each set has from 25 to 43 coupled
equations. Overall, the calculated intensities in the spectra are accurate to within a few percent, or
better. For purposes of comparison, the spectra have also been calculated within the isotropic potential
approximation, which reduces Vαα′ to a diagonal form [66].

The binary, collision-induced depolarized translational Raman spectrum of H2 at 36 K has been com-
puted from theab initio values of∆α [5] in Ref. [66], for a sample consisting of 92.6% para-hydrogen
and 7.4% ortho-hydrogen. For the Stokes side of the translational Raman spectrum, measurements
of the spectrum at 36 K [69] extend out to 100 cm−1. Pressure broadening of the allowed rotational
transitions does not contribute significantly in this frequency range. Intensities predicted with the DID-1
approximation and the isotropic potential approximation (IPA) are appreciably larger than theab initio
intensities [66].

When theab initio values of∆α are used in the calculations, the close-coupled intensities exceed the
measured intensities at 36 K by∼10–30%, depending on the frequency shift [66]. This direction of the
discrepancy between theory and experiment is difficult to explain, because the static polarizability of an
isolated H2 molecule issmallerthan the polarizability of H2 in light of wavelengthλ = 514.5 nm (the
green line of an argon-ion laser); and the principal contributions to the spectrum at low frequency come
from A20002.

The IPA intensities computed with theab initio values of∆α [5] are also higher than the measured
intensities; and in fact, the IPA intensities almost superimpose on the close-coupled results (see Fig. 1
of Ref. 66). This means that the anisotropy of the interaction potential does not affect the translational
part of the spectrum significantly, at low frequencies.

At 296 K, the Stokes side of the binary, depolarized translational Raman spectrum has been measured
out to∼ 250 cm−1 [70], and the spectrum has been calculated in the IPA [66], with theab initio values
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of ∆α [5] (Close-coupled calculations are impracticable at this temperature, due to the large number of
rotational states involved.) In this case, the slope of the experimental intensity vs. frequency shift is very
well reproduced by the calculations, as shown in Fig. 2 of Ref. 66. Again, the calculated intensities are
∼30% larger than the experimental intensities. The discrepancy between the experimental and calculated
DID-1 intensities is appreciably larger, and the slope of the DID-1 results differs from experiment at the
larger frequency shifts [66].

The binary roto-translational Raman spectrum of pure para-hydrogen at 36 K has been calculated
over a broader frequency range, extending to 800 cm−1. The calculated spectrum is shown in Fig. 3 of
Ref. 66. At low frequencies (< 200 cm−1), the collision-induced polarizability∆α accounts for most
of the intensity. The allowed S0(0) rotational transition of para-hydrogen occurs at 354.4 cm−1. Near
300 cm−1, interference between collision-induced scattering and the pressure-broadened wings of the
single-molecule rotational transition reduces the calculated intensity below either of these intensities,
computed individually. Constructive interference occurs near 600 cm−1 [66]. The interference effects
are due to rotational couplings and thus they appear in the close-coupled calculations, but not in the IPA.

Near 700 cm−1 the feature S0(0) + S0(0), due to simultaneous rotational transitions on both of the
interacting para-hydrogen molecules, is apparent in the calculations [66]. The band is rather broad,
since collision durations of 10−13 s correspond to a line width of± 30 cm−1. The feature is observed
in the collision-induced intensities calculated with∆α in the IPA, and in the calculations based on the
permanent polarizability anisotropy of an isolated H2 molecule, but not∆α (as well as in the close-
coupled calculations). This shows that the double rotational transitions result both from collision-induced
changes in the polarizability and from mixing of the rotational channels due to the anisotropy of the pair
potential. The double transitions are interesting because they provide a direct probe of the pair dynamics,
if the collision-induced polarizability of a cluster can be approximated as pairwise additive. In that case,
the line shapes for S0(0) + S0(0) are unaffected by three-and four-body correlations, in contrast with the
translational line shapes [40,165].

Additional narrow features are expected near the Rayleigh line center and the S0(j) lines, due to bound
dimers [174]. These are not represented in the calculations of Gustafsson, Frommhold, Li, and Hunt [66],
which primarily involve free-to-free transitions. The calculations in Ref. 66 do include pre-dissociating
dimer states (having energies higher than the asymptotic potential energy), however. These decay and
give rise to weak structures near the S0(0) + S0(0) band close to 700 cm−1, but the effects are not
discernible in the calculated spectrum at 36 K [66].

At 50 K, the roto-translational Raman intensities have been determined experimentally [71], out to
800 cm−1 (and slightly beyond). The spectrum has been calculated for a gas composition of 65%
para-hydrogen and 35% ortho-hydrogen; see Fig. 4 in Ref. 66. In addition to the prominent S0(0)
line at 354.4 cm−1, the ortho-hydrogen S0(1) line centered at 587.3 cm−1 is present in the spectrum,
and the double transition near 700 cm−1 appears as a shoulder on the high-frequency side of the S0(1)
line. Generally, the close-coupled calculation reproduces the experimental spectrum well [66], while the
IPA approximation (above 150 cm−1) does not. However, unexplained differences remain between the
close-coupled theory and experimental intensities. Above 700 cm−1, the difference amounts to more
than a factor of two.

We note that the trace spectrum of H2 and an appropriately scaled trace spectrum of D2 at 296 K have
been reproduced for the first time, within the experimental error bars [70], based on theab initio values
of ∆α from Ref. 5 and the isotropic potential approximation for the scattering [66]. Calculations based
on the second-order DID trace lead to intensities that are too small by a factor of∼5.
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10. Summary and relation to other work

In Table 1, we have listed the coefficients A2λλ′ΛL for the spherical-harmonic expansion of the second-
rank collision-induced polarizability, derived from a direct fit of theab initio calculations of Li, Ahuja,
Harrison, and Hunt [5], with CCSD(T) methods and an aug-cc-pV5Z basis. A comparison of these
coefficients with the few-parameter fit by Gustafsson, Frommhold, Li, and Hunt [66] shows excellent
agreement. At long range – when R>∼ 5 a.u or 6 a.u., depending on the coefficient – we find excellent
agreement with the results from perturbation theory [18] for the larger coefficients. Agreement is found
not only for the coefficients that are dominated by the first-order dipole-induced-dipole effects, but also
for coefficients that vary as R−5 at leading order. At shorter range, exchange, overlap damping, and
orbital distortion tend to reduce the coefficients below their long-range values.

Increases in computer speed and memory – as well as advances inab initio computational methods –
have made it possible to calculate collision-induced properties accurately. Examples involving H2

interactions include the current work, the work of Haskopoulos and Maroulis [181] on the polarizability
andβ hyperpolarizability of H2·· ·He, and the work of Bancewicz and Maroulis on the polarizability [182]
and hyperpolarizability [183] of H2 · · · Ar. Beginning with the calculations by Dacre of the pair
polarizability of helium at the single- and double-excitation configuration interaction level [184,185],
extensive studies based on fourth-order Møller-Plesset perturbation theory (MP4) [186], symmetry-
adapted perturbation theory (SAPT) [187,188], CCSD methods [189], smaller-basis full configuration-
interaction calculations [189], and explicitly correlated CCSD(T)-R12 calculations [190] have led to
very accurate determinations of the trace and anisotropy of the polarizability of He· · · He. Similarly,
accurate results for the polarizabilities of heavier inert gas pairs have become available, with correlation
effects treated by SAPT methods [191] for Ne2, at the CCSD [192] and CCSD(T) [147] levels for Ne2,
at second-order Møller-Plesset (MP2) level with a frozen core for Ar2 [193], at CCSD level for Ar2 [189,
194], at MP2 level for Xe2 [195], from density functional theory (DFT) with the B3LYP functional
for Xe2 [195], and from time-dependent DFT with the Amsterdam Density Functional package for
Xe2 [196]. Pair polarizabilities for heavy hetero-diatoms such as Kr· · · Xe have also been determined
at the MP2 and B3LYP/DFT levels [197]. Dispersion polarizability coefficients have been calculated
not only for pairs containing H, He, and H2 [65], but also for pairs containing Ne, Ar, Kr and N2 [198].
Relativistic DFT methods have been used to obtain the polarizability of Hg2 [199]. Calculations at the
MP2 level have provided results for the collision-induced polarizability of CO2 interacting with He, Ne,
Ar, Kr, or Xe [200]. Recently,ab initio work on collision-induced polarizabilities has been extended to
include frame-distortion effects in a system with a relatively large number of degrees of freedom, CH4 · ·
· N2 [201].

Beginning with the work of Proffitt, Keto, and Frommhold [202], quantum mechanical line shapes for
collision-induced light scattering have been obtained withab initio values of∆α that include correlation
effects [184]. In addition to further analysis of the isotropic [203,204] and anisotropic [204,205] light
scattering by He· · · He, line shapes have been calculated recently for the collision-induced Rayleigh
spectra extending into the far wings for neon gas [206] and for neon/argon [207], and krypton/xenon [208]
mixtures. Related properties such as dielectric and refractivity virial coefficients [209] have also been
determined from high qualityab initio results for∆α (see, e.g., Refs. 192 and 210). Papadopoulos and
Waite carried out an early investigation of interaction-induced hyperpolarizabilities of He2, Ne2, and
He3 at self-consistent field level [211]. This work was followed by the experimental determination of
hyperpolarizability virial coefficients [212] and by calculations at the CCSD(T) level [147]. Accurate
calculations of collision-inducedβ hyperpolarizabilities have now made it possible to compute collision-
induced hyper-Rayleigh spectra from first principles for systems including He· · · Ne [213], He· · ·
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Ar [214], Ne · · · Ar [215,216], Kr · · · Xe [217], H2· ·· He [218], and H2 · · · Ar [219]. Studies of the
optical Kerr effect on the femtosecond time scale [220–227] and transient grating experiments [228,229]
offer further challenges for computational work on interaction-induced changes in the polarizabilities of
molecules in condensed phases.

The far wings of the Rayleigh spectra (i.e., the collision-induced rotational Raman spectra) of poly-
atomic molecules in the gas phase provide information on higher-multipole polarizabilities. The light
scattering intensities depend upon the dipole-quadrupole polarizability A and the dipole-octopole po-
larizability E for tetrahedral molecules such as CH4 [21,230–232] and CF4 [21,233,234], and upon the
dipole-octopole polarizability E for octahedral molecules, such as SF6 [21]. Although∆α for these
species is expected to differ from the multipolar-induction form at short range, agreement is excellent
between the values of A and E derived from the spectra [230–232] and theab initio values: For CH4,
the value of A obtained by Amos [235] from a single- and double-excitation configuration-interaction
calculation lies just outside the error bars of the most recent determination of A from the isotropic
scattering spectrum [231], but within the error bars of the value derived from the anisotropic scattering
spectrum [232]. The value of A for CH4 obtained by Maroulis at CCSD(T) level [47] lies within the
experimental error bars from both sources [231,232]; and the twoab initio values of E [47,235] lie
within the somewhat larger error bars from both the isotropic [231] and the anisotropic [232] scattering
spectra. The values of A and E obtained by Maroulis at MP4 level for CF4 [47] agree with the best
values determined experimentally [233,234]; however, these values yield intensities that are too low at
the highest frequency shifts observed in experiments – a probable indicator of short-range effects in∆α.
For SF6, the value of E derived from the roto-translational light scattering spectrum [236] depends on
the pair potential used for the analysis [236], but the recommended value of E is consistent with the MP2
result obtained by Maroulis [237]. The derivative of the E-tensor with respect to the normal mode coor-
dinate for theν1 vibration has been obtained from collision-induced vibrational Raman intensities [238],
in this case agreeing in order of magnitude with theab initio derivative [237]. The collision-induced
hyper-Rayleigh spectrum has also been calculated for SF6 [239].

Ab initio methods for calculating pair polarizabilities have now advanced sufficiently to predict exper-
imental spectra for binary collision-induced Rayleigh and roto-vibrational Raman light scattering. It has
also become possible to predict hyper-Rayleigh and roto-vibrational hyper-Raman scattering spectra,
based onβ-hyperpolarizability calculations for pairs of molecules. At the same time, single-molecule
properties are needed to evaluate collision-induced polarizability coefficients (such as A2λλ′ΛL) derived
from perturbation theory, in order to testab initio results for convergence to the perturbation-theoretic
forms at long range, as found here. Similarly, experimental line shape studies highlight the significance
and utility of accurate calculations of the multipole moments, polarizabilities, and hyperpolarizabilities
of individual molecules.
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[129] S. Wózniak and S. Kielich,Acta Phys Polonica A52 (1977), 863.
[130] K. Knast, W. Chmielowski and S. Kielich,J Mol Struct61 (1980), 137.
[131] S. Kielich,Opt Comm34 (1980), 367.
[132] T. Bancewicz and S. Kielich,J Chem Phys75 (1981), 107.
[133] S. Kielich,J Phys Lett(Paris) 43 (1982), L389.
[134] T. Bancewicz, S. Kielich and W.A. Steele,Mol Phys54 (1985), 637.
[135] J.P. McTague and G. Birnbaum,Phys Rev Lett21 (1968), 661.
[136] A.D. Buckingham and M.J. Stephen,Trans Faraday Soc53 (1957), 884.
[137] O. Theimer and R. Paul,J Chem Phys42 (1965), 2508.
[138] B.U. Felderhof,Physica76 (1974), 486.
[139] T. Keyes,J Chem Phys70 (1979), 5438.
[140] B.M. Ladanyi and T. Keyes,Mol Phys33 (1977), 1063.
[141] B.M. Ladanyi and T. Keyes,Mol Phys33 (1977), 1247.
[142] B.M. Ladanyi,J Chem Phys78 (1983), 2189.
[143] T. Bancewicz,Chem Phys Lett213(1993), 363.
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[194] B. Ferńandez, C. Ḧattig, H. Koch and A. Rizzo,J Chem Phys110(1999), 2872.
[195] G. Maroulis, A. Haskopoulos and D. Xenides,Chem Phys Lett396(2004), 59.
[196] N.H. Boeijenga, A. Pugzlys, T.L.C. Jansen, J.G. Snijders and K. Duppen,J Chem Phys117(2002), 1181.
[197] A. Haskopoulos, D. Xenides and G. Maroulis,Chem Phys309(2005), 271.
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Abstract. Some of the experimental measurements of the frequency shift and phase-conjugation fidelity gained from previous
studies of stimulated scattering (SS) of nanosecond (5÷ 10 ns) near-ultraviolet (uv) (λ = 193 ÷ 351 nm) laser pulses in
liquids (hexane, heptane, and others) are found to disagree with the theory of SS, which takes into account only the linear
(single-photon) light absorption. To resolve the inconsistency, SS of XeCl excimer laser radiation (λ = 308 nm) with the
duration of 8 ns in liquid hexane is investigated experimentally. A theoretical analysis of the results obtained revealed three
nonlinear optical phenomena induced by the heating due to two-photon absorption: stimulated thermal scattering (two-photon
STS-2), phase mismatch for stimulated Brillouin scattering (SBS), and phase self-modulation. The experimental SS spectrum
contains two additional lines – a two-photon STS-2 line and a genuine SBS line in the near-uv region.

1. Introduction

Stimulated scattering (SS) is widely used in scientific research and practical applications [1–5]. This
motivates studies of the physicalmechanisms responsible for SS in various spectral regions. An important
application is phase conjugation (PC) via stimulated backscattering [6]. Various SS mechanisms have
specific characteristics (frequency shift, decay time, etc.) that manifest themselves in the PC mirror
properties [4].

Detailed experimental studies of SS have been conducted only in the near-infrared (near-ir) region. For
such experiments the pump radiation must have both high power and narrow bandwidth. The first sources
of this kind were Q-switched single-mode ruby (λ = 0.69µm) and Nd:glass (λ = 1.06µm) lasers. For
weak linear absorption, stimulated Brillouin scattering (SBS) and stimulated Raman scattering (SRS)
were usually observed, and for stronger linear absorption – stimulated thermal scattering caused by the
heating due to linear absorption (linear STS-2).

In the first experimental studies of SBS with near-ir pump radiation [7–10], the unshifted spectral
components were expected to be the pump spectral lines. But under the experimental conditions of [7–
10], the pump spectral lines could not be distinguished from slightly-shifted components corresponding,
for instance, to linear STS-2.

1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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Multiphoton absorption could not influence the experiments because 5÷ 10 near-ir photons with
energies 1÷ 2 eV would be required to obtain the nearest electron resonance with an energy about 10 eV.

Theoretical studies of SS have mostly relied on experimental results obtained for the near-ir region,
and the modern SS theory applies only to linearly absorbing media [1–5,11,12]. The theory of stimulated
thermal scattering (STS) proposed in [13,14] incorporates linear absorption only.

Reliable near-ultraviolet (near-uv) radiation sources (discharge XeF, XeCl, KrF, and ArF excimer
lasers) became available considerably later than the solid-state near-ir lasers. When experimentalists
in the 1980-s had to deal with the PC via SS driven by excimer laser beams [15–22], the SS theory
developed for the near-ir was applied to the near-uv spectral region.

2. Previous studies of stimulated scattering and phase conjugation in the near-ultraviolet region

The first studies concerning PC via SS in liquids (hexane, heptane, and others) were reported in [15]
(XeF,λ = 351 nm) [18], (XeCl,λ = 308 nm) [16,19], (KrF,λ = 248 nm), and [17] (ArF,λ = 193 nm).
In the above and subsequent studies [20,21], the experimental SS spectrum comprised a single shifted
line, which was attributed to “SBS”. Note that the frequency shift of the “SBS” line in [17–19] was
comparable to the laser system spectral resolution.

The reflection coefficient of the “Brillouin” mirror measured in [19] gradually decreased with increasing
pump intensityIL from 25% at the threshold (ITHR

L ≈ 1010 W/cm2) to 10% atIL ≈ 1011 W/cm2. Note
that in this experiment the decrease in the reflection coefficient was due to the decrease in PC fidelity for
the “Brillouin” mirror.

In [15,16,18,20] the PC fidelity for the “Brillouin” mirror was found to degrade with increasing linear
absorption coefficientα of the nonlinear liquid.

In [22] the experimental SS spectrum obtained in hexane by using KrF laser radiation also comprised
a single line, which was attributed to “linear STS-2”.

The linear absorption coefficient varied fromα = 0.02 to 0.1 cm−1 in the studies of “SBS” [15–21]
and amounted toα = 0.22 cm−1 in the investigation of “linear STS-2” [22].

In order to increase the pump intensities in [15–22], the amplified laser beams were focused by lenses
with focal lengthsF = 5 ÷ 10 cm. The focal caustics corresponded to the volumes of the nonlinear
interaction, and their lengths (see Section 6.2) wereL 6 0.1 cm. A considerable intensity attenuation
due to the linear absorption over such distances occurs whenα > 1 cm−1, which exceeds the values
mentioned above.

The pump pulse durations in [15–22] wereτ0 = 5 ÷ 10 ns.
Table 1 summarizes the results gained from the previous studies of stimulated backscattering in hexane

for near-uv pump radiation. The first column presents a reference to the previous study; the second and
third columns – the pump wavelengthλ and intensityIL; the fourth column – is the experimentally
measured frequency shiftΩ; the last column – is the physical mechanism, that, the authors of the
reference believed to be responsible for the observed SS.

3. Inconsistency between previous experimental results and the existing theory of stimulated
scattering

3.1. “SBS” frequency shift

No one in the previous studies of “SBS” [15–21] calculated the theoretically predicted frequency shift
to compare it with the experimentally measured one.
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Table 1
Previous studies of the stimulated backscattering in hexane for the near-uv pump radiation gen-
erated by ArF (193 nm), KrF (248 nm), XeCl (308 nm), and XeF (351 nm) excimer lasers

Reference Pump Pump inten- Experimentally measured Physical mechanism of
wavelength sity frequency shift in hexane SS suggested by authors

λ nm IL, W/cm2 Ω cm−1 of the reference

[17] 193 ≈ 1010
≈ 0.2 SBS

[16] 248 > 2× 1010
≈ 0.1 SBS

[19] 248 > 1010
≈ 0.1 SBS

[18] 308 > 1011 < 0.15 SBS
[21] 308 > 1012 0.24 SBS
[15] 351 > 5× 109 0.2 SBS
[22] 248 > 1011 < 0.02 Linear STS-2

Table 2
Theoretically predicted backward (θ = π) SBS frequency
shiftΩB in hexane for the pump wavelengths listed in Table 1

Pump wavelength Theoretically predicted SBS frequency
λ nm shift in hexaneΩB , cm−1

193 0.49
248 0.41
308 0.33
351 0.30

In accordance with the existing theory [1–5], the SBS frequency shift ΩB depends on the pump
frequencyωL (the pump wavelengthλ) and the scattering angleθ (see Eq. (13) below). Table 2 shows
the values ofΩB calculated for hexane,θ = π, and the pump wavelengths listed in Table 1 (for the
material data see Section 6.3). It is clear that for the sameλ the predicted values (Table 2) disagree with
the measured values attributed to “SBS” (Table 1). The disagreement, which is too large to be entirely
caused by experimental errors, emerges for pump wavelengths ranging fromλ = 193 to 351 nm.

3.2. Phase conjugation fidelity for “brillouin” mirror

The decrease in PC fidelity for increased the pump intensity above its threshold value detected in [19]
is not dependent on SBS, because, in accordance with existing theory [4,11], strong pump saturation
improves the discrimination of noise sources.

3.3. Emergence of “Linear STS-2” Component and Disappearance of “SBS” Component

Emergence of the “linear STS-2” component in [22] was explained by the increase in the linear
absorption coefficient fromα = 0.02÷ 0.1 cm−1 mentioned in [15–21], toα = 0.22 cm−1. But it
was not explained how such an increase inα could cause the suppression of “SBS” in [22]. Indeed, the
“SBS” component has been observed in [15–21] for practically the same experimental conditions as in
this paper.

4. Experimental setup

The problem concerns the understanding of both the temporal and the spatial behavior of the back-
reflected pulses manifested in the frequency shift and the PC fidelity, respectively. The abnormal “SBS”
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Fig. 1. Experimental setup for the investigation of the stimulated backscattering of a XeCl excimer laser beam in hexane: (1)
the master oscillator and (2) the preamplifier based on the first ELI-91 XeCl laser; (3, 12, 18) beamsplitters; (4) the Fabry-Perot
etalon and (5) the prism of the spectrum analyzer; (6) the luminescent screen; (7, 20) cameras; (8) the two-pass amplifier based
on the second ELI-91 XeCl laser; (9) the lens with one of three possible focal lengthsF = 11, or 50, or 100 cm; (10) the cell
filled with hexane; (11) the FEK-29KPU photodiode and (16) the S7-19 oscilloscope of the time-domain analyzer; (13, 19)
back-reflecting mirrors; (14, 15) the neutral filters; (17) the divergence analyzing lens with the focal lengthf1 = 3 m.

was detected in a variety of studies conducted by a number of laboratories for nearly a decade [15–
21], which rules out accidental experimental errors. This problem may be resolved by examining the
fundamental physical mechanisms responsible for SS.

To investigate the physical mechanisms responsible for stimulated backscattering of nanosecond near-
uv pulses, we constructed the experimental setup (Fig. 1) based on two commercially available ELI-91
XeCl excimer lasers (λ = 308 nm). The setup was designed as a master-oscillator-power-amplifier
(MOPA) system. Hexane was used as the nonlinear liquid.

4.1. Master oscillator

The master oscillator generates a weak narrow-bandwidth beam, whose diffraction-limited divergence
was created by two apertures A of radiusr0 = 0.8 mm mounted one on each side of the MO active cell.

The bandwidth was narrowed by means of a cavity consisting of a nontransparent mirror R at one
end and a mode selector S at the other. The selector operates as an interference filter with a frequency-
dependent reflection coefficient. Originally [23], a selector of this kind was used in a Nd:glass laser
characterized by a spontaneous lifetime close to 1µs. The spontaneous lifetime for a XeCl laser is
about 20 ns. For a 1 m- long cavity, this yields six round trips which is not sufficient to select a single
longitudinal mode. The optical system proposed in [23] is useless when applied to the XeCl laser.
However, a single longitudinal mode was selected by using an extra Fabry-Perot etalon E placed inside
the MO cavity.
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Table 3
Laser parameters

Parameter Commercially available ELI-91 laser Master oscillator Amplified beam

Bandwidth, cm−1 15 5× 10−3 5× 10−3

Aperture 10 mm× 20 mm ∅ 1.6 mm 8 mm× 10 mm
Divergence, rad 10−2 6× 10−4 3× 10−4

Pulse duration (FWHM), ns 20 8 8
Pulse energy, mJ 50 5× 10−2 3
Wavelength, nm 308 308 308

The MO output characteristics are presented in the third column of Table 3; the characteristics of a
commercially available ELI-91 laser are listed in the second column.

4.2. Experimental technique

The beam generated by MO 1 was expanded by a telescope and preamplified in the same active volume
2 of the first ELI-91 XeCl laser to approximately 1 mJ. After going twice through the amplifier 8 using
the second ELI-91 XeCl laser head, the pulse achieved a nearly Gaussian temporal shape of 8-ns duration
[full width at half maximum (FWHM)], 3-mJ energy, and 5× 10−3cm−1 bandwidth. Characteristics of
the amplified beam are specified in the last column of Table 3.

The amplified beam was focused by lens 9 into cell 10 filled with hexane. The nonlinear interaction
took place in the focal caustic of lens 9. The backscattered wave traveled back through the system and
was amplified in 8.

Beamsplitter 12 was used to guide both forward- and backward-propagating beams into the time-
domain analyzer. The temporal power profiles were measured by means of the FEK-29KPU photodiode
11 (the resolution being equal to 200 ps) and S7-19 oscilloscope 16 (the bandwidth being equal to 5 GHz).
The phase-conjugation mirror reflectivity was determined as the ratio of the backscattered beam to the
amplified beam peak power.

Beamsplitter 3 was used to guide both forward- and backward-propagating beams into the spectrum
analyzer (Fabry-Perot etalon 4 with a variable dispersion-free region combined with prism 5), which
produced the composite temporal spectrum of both the pump wave and the stimulated backscattered wave
simultaneously on luminescent screen 6 or camera 7. This facilitated the measurement of the relative
frequency shift. The temporal spectra were not changed by amplification in 8.

Beamsplitter 18 was used to guide both forward- and backward-propagating beams into the divergence
analyzer. For each beam, camera 20 created a photographic image of the focal spot produced by lens 17
with the focal lengthf1 = 3 m. This photographic image carries only the amplitude information. Since
the phase modulation gets transformed into an amplitude modulation in the focal region as in the far field,
the beam divergenceθL can be calculated from the relationθL ≈ d

f1
, whered is the focal spot diameter.

In order to measure the amplified beam divergence the divergence analyzer was placed downstream of
amplifier 8.

4.3. Nonlinear liquids and cells

In the previous experiments [15–22], the amplified beams were focused by lenses with the focal lengths
F = 5 ÷ 10 cm into about 5 cm – long cells filled with nonlinear liquids. Organic solvents utilized in
uv chromatography, such as hexane, heptane, and ethanol, were used as the nonlinear liquids. Similar
results were obtained for different liquids. Since hexane (C6H14) was investigated in almost all of these
studies (see Table 1), we also chose it.
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In our experiments, the amplified beam was focused by lens 9 into the center of cylindrical glass cell
10 with internal diameter 40 mm, filled with hexane. We used 5 cm – long cells in combination with lens
9 havingF = 11 cm and 30 cm – long cells in combination with lens 9 havingF = 50, and 100 cm. Each
cell was sealed by two fused-silica input-output windows inclined at the angle of50 to avoid parasitic
reflections.

We used the high-performance liquid chromatography grade hexane produced by Oldrich Chemical
Co., Milwaukee, WI, and chemically pure hexane from Russian suppliers. Their linear absorption
coefficients measured atλ = 308 nm wereα = (0.01 ± 0.003) andα = (0.046± 0.003) cm−1,
respectively.

We added extremely small amounts of acetone to the hexane to slightly increase the linear absorption
coefficient, so that the liquids used in our cells were characterized byα = 0.01, 0.046, 0.08, 0.17 cm−1

atλ = 308 nm.
The refractive index of hexane atλ = 308 nm and its temperature derivative at constant pressure are [2]

n ≈ 1.4,
(

∂n
∂T

)
p

= −53× 10−5 K−1. The corresponding permittivity and its derivative areε = n2 ≈ 2,
(

∂ε
∂T

)
p

= ∂ε
∂n

(
∂n
∂T

)
p

= 2n
(

∂n
∂T

)
p
≈ −1.5× 10−3K−1.

5. Experimental results

5.1. Experiment 1: The dependence of the temporal stimulated backscattering spectrum on the pump
intensity

When constant parameters of the amplified beam (see Table 3) are maintained, the pump intensity in
cell 10 (see Fig. 1) can be varied by means of neutral filters or by changing the focal length of lens 9.
The SS was close to its threshold for any lens 9 employed. Therefore, we could not use neutral filters,
which reduce the amplified beam power. The pump intensityIL was varied only by changing the focal
lengthF of lens 9.

Three different lenses 9 withF = 11, 50, and 100 cm were used. For each lens (F = const), the
temporal spectrum was obtained by the spectrum analyzer described above with the Fabry-Perot etalon 4
having a dispersion-free region of 0.66 cm−1. Only the chromatography-grade hexane (α = 0.01 cm−1)
was used.

Figure 2 shows three images corresponding to the three values ofF . Each photograph comprises
two parts: the pump spectrum (right) and the stimulated backscattered spectrum (left). The stimulated
backscattered spectrum has a single unshifted component whenF = 11 cm (Fig. 2a); two components
whenF = 50 cm: an unshifted one and a Stokes one shifted by 0.33 cm−1 (Fig. 2b); and a single Stokes
component shifted by 0.33 cm−1 whenF = 100 cm (Fig. 2c).

5.2. Experiment 2: The dependence of the temporal stimulated backscattering spectrum on the linear
absorption coefficient

We used all cells havingα = 0.01, 0.046, 0.08, 0.17 cm−1. For eachα = const we examined the
dependence of the stimulated backscattering spectrum on the pump intensity, which was controlled by
changing the focal length of lens 9. The dependence onF for α = 0.046, 0.08 cm−1 was similar to that
for α = 0.01 cm−1 illustrated by Figs 2a–2c. Each stimulated backscattering spectrum obtained forα =
0.17 cm−1 contained a single unshifted component (as in Fig. 2a).
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Fig. 2. Results of Experiments 1 and 2: three temporal spectraobtained by the spectrum analyzer with Fabry-Perot etalon
4 having the dispersion-free region of 0.66 cm−1. Each photograph comprises two parts: the pump spectrum (right) and the
stimulated backscattered spectrum (left) in hexane at a constant linear absorption coefficientα for three focal lengths of lens 9:
F = (a) 11, (b) 50, (c) 100 cm. The dependence of the stimulated backscattering spectrum onF is similar forα = 0.01, 0.046,
0.08 cm−1.

5.3. Experiment 3: The dependence of the phase-conjugation fidelity on the pump intensity

When the forward-propagating beam passes amplifier 8, its divergence increases by a factor of 3. We
measured the divergences of forward- and backward-propagating beams at the location of beamsplitter
18 with the help of the divergence analyzer described above. We examined the dependence of the
backward-propagating beam divergence on the pump intensity, which was controlled by changing the
focal length of lens 9. We used only the chromatography-grade hexane (α = 0.01 cm−1) to avoid the
thermal self-action caused by linear absorption. The experiment provided information on the phase-
conjugation fidelity: when the PC fidelity is “high”, the forward and the backward aberrations must
compensate each other.

Figure 3 shows three photographic images created by camera 20. The resulting divergences are:θL ≈
3 × 10−4rad for the forward-propagating beam (Fig. 3a);θL ≈ 3 × 10−4rad for the “high” phase-
conjugation fidelity backscattered beam obtained withF = 100 cm (Fig. 3b); andθL ≈ 2× 10−3rad for
the “poor” phase-conjugation fidelity backscattered beam obtained withF = 11 cm (Fig. 3c).
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Fig. 3. Results of Experiment 3: three focal spots obtained bythe divergence analyzer for (a) the forward-propagating beam;
(b) the backward-propagating beam (F = 100 cm, “high” phase-conjugation fidelity); (c) the backward-propagating beam
(F = 11 cm, “poor” phase-conjugation fidelity). Images (b) and (c) were obtained for hexane withα = 0.01 cm−1.

5.4. Experiment 4: The temporal power profiles and the phase-conjugation mirror reflectivity

The analysis of the temporal evolution of the pulses with the time-domain analyzer described above
is important, because the nonlinear mirror may change their amplitudes, durations, and shapes. All the
liquids used hadα = 0.01, 0.046, 0.08, 0.17 cm−1.

The backscattered temporal power profile was found to have a nearly Gaussian shape and the duration
(FWHM) of approximately 7 ns. The slightly shorter duration as compared to that of the pump (see
Table 3) can be attributed to the threshold nature of SS.

The phase-conjugation mirror reflectivity reached 20% forα = 0.01 cm−1 and gradually decreased
with increasingα. The reflectivity increased as the focal caustic of lens 9 was shifted from the center
toward the input window of cell 10.

6. Analysis and interpretation of experimental results

6.1. Results of experiments which require theoretical analysis

The observations in our Experiments 1–4 on stimulated backscattering in hexane for different values
of α andF that require further theoretical analysis can be summarized as follows.
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1. The dependence of the backscattering spectrum onF obtained forα = 0.01÷ 0.08 cm−1:

(1.1) the presence of two components whenF = 50 cm: an unshifted one (with the experimental
error 0.02 cm−1) and the Stokes one shifted by 0.33 cm−1 (Fig. 2b);

(1.2) the disappearanceof the unshifted component whenF is increased from 50 to 100 cm (Figs 2b
and 2c);

(1.3) the disappearance of the shifted component whenF is reduced from 50 to 11 cm (Figs 2a
and 2b).

2. The dependence of the backscattering spectrum whenα is varied from 0.01÷ 0.08 to 0.17 cm−1:

(2.1) the disappearance of the shifted component whenF = 50, 100 cm;
(2.2) the appearance of the unshifted component whenF = 100 cm.

3. The substantial decrease in the phase-conjugation fidelity obtained when atα = 0.01 cm−1F is
reduced from 100 to 11 cm (Figs 3b and 3c).

6.2. The specific features of the stimulated scattering in our experiments

At the initial stage of the SS process, a weak scattered wave is generated as a result of the spontaneous
scattering of the pump wave. In the resulting steady state without considerable pump saturation, the
scattered wave intensityIS is expressed as [1–5]:

IS (L) = IS (0) exp(ILGL) , (1)

whereIS (0) is the spontaneously scattered intensity,IL is the pump intensity,G is the gain factor, and
L is the nonlinear interaction length. The threshold condition for SS is

(ILGL)THR ≈ 30. (2)

If the total gain(ILGL) for a certain SS mechanism is below the threshold (2), the mechanism does not
contribute to the overall SS pattern observed in an experiment.

Unfortunately, three-dimensional calculations of the real beam focal caustic are problematic even for
vacuum. For organic liquids, only rough approximations can be used. Fortunately, in contrast to the
near-ir, for the near-uv due to the fluorescence of hexane a blue track of the focused laser beam was
simply observed through a thin transparent glass wall of the cell (of course, in a dark laboratory). The
focal caustic geometry was measured and successively compared with the values calculated below.

The length of a light pulse with duration 8 ns isLP ≈ 2.4 m. The amplified beam with durationτ0 ≈
8 ns, divergenceθL ≈ 3 × 10−4 rad, and radiusRL ≈ 0.5 cm (Table 3) was focused by lens 9. In
accordance with Eq. (5), the lengthL of the focal caustic varied fromLMIN ≈ 0.6 mm forF = 11 cm
to LMID ≈ 1.5 cm for F = 50 cm andLMAX ≈ 6 cm for F = 100 cm. The long-pulse condition
LP >> L is met for the entire range of values ofF . At any moment of time, the pump powerWL can
be treated as constant over the caustic lengthL, which is approximately equal to the length of the area
where the nonlinear interaction occurs. To simplify the analysis, we assume that the pump intensityIL

is uniformly distributed over a cylindrical focal caustic of diameterdf and lengthL.
It should be noted that such a technique is frequently met in nonlinear optical studies. For instance, the

impact of the focal caustic dimensions upon the optical breakdown threshold has been studied in [24].
Ruby laser pulses were focused by lenses of focal lengthsF = 1÷ 13 cm into gases. The focal caustics
were supposed to have cylindrical shapes, but their dimensions were not measured. The transition from
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the focal length to the focal spot diameter was performed with the help of the equationdf ≈ FθL, where
θL is the laser beam divergence. In contrast to [24], long-focal-length lenses withF > 11 cm were used
in our experimental conditions. Moreover, due to the fluorescence of hexane, the focal caustics were
seen with the naked eye, and forF = 50 and 100 cm their lengths could be measured with a ruler.

When a laser beam with powerWL, radiusRL, and divergenceθL is focused by a lens, the product
(ILL) is independent of the focal lengthF of this lens. Indeed,

IL ≈ WL

Sf
, (3)

Sf =
πd2

f

4
≈ π (FθL)2

4
, (4)

L ≈ df

θ0/2
≈ FθL

RL/F
=

F 2θL

RL
, (5)

whereWL, RL, θL are independent ofF ; df ≈ FθL; Sf is the cross-sectional area of the focal caustic;
θ0 ≈ 2RL/F is the convergence angle of the beam after the lens. We obtain

IL ∝ F−2, L ∝ F 2 ⇒ (ILL) ≈ const. (6)

The full expression is

(ILL) ≈ 4WL

π θLRL
≈ 4UL

π θLRLτ0
, (7)

whereUL andτ0 are the energy of the pulse and its duration, respectively. For the parameters of the
amplified beam presented in Table 3, Eq. (7) yields(ILL) ≈ 3 × 103 MW/cm. The amplified beam
energy 3 mJ (Table 3) corresponds to the absence of diagnostic equipment and reflects the maximum
possible value for this laser system before cell 10. Due to the diagnostic and other energy losses
between the exit of amplifier 2 and the focal caustic of lens 9, the real on-target energy isUL ≈ 1.5 mJ.
Accordingly, we have(ILL) ≈ 1.5× 103 MW/cm.

There are two varying parameters in our experiments –α andF . As far as the variation ofF is
concerned, Eq. (6) shows that the value

(ILL) ≈ 1.5 × 103 MW/cm (8)

is constant. Since(ILL) ≈ const, the only parameter that may affect the left part of Eq. (2) viaG is α.
If the SS process does not involve heating due to linear absorption,G is independent ofα, and the total
gain(ILGL) does not change in our experiments.

The diameter of the amplified beam incident on lens 9 isDL ≈ 1 cm (Table 3). The focal length of
lens 9 isF > 10 cm. Therefore,DL/F < 0.1, and the focal caustics were not distorted by spherical
aberrations of lens 9 or by a jump in the refractive index across the air-cell boundary.

6.3. The parameters of SBS and linear STS-2 for our experimental conditions

Since SBS and linear STS-2 were considered responsible for the observed SS in the previous studies
(see Table 1), we should calculate their parameters for our experimental conditions.
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6.3.1. Properties of SBS
According to the SBS model [1–5], the modulated electrostrictive force amplifies a hypersonic wave

with wave vectorq = kL − kS and frequency

ΩB = |q| v, (9)

whereωL, kL andωS, kS denote the frequencies and the wave vectors of the pump and scattered waves;
v is the speed of sound. The steady-state gain factor near the Stokes resonance peak is

GB =
ρ2 (∂ε/∂ρ)2

1 + (ωL − ωS − ΩB)2 /Γ2
B

· ωSq2

4ΩBΓBρn2c2
, (10)

whereρ is the density,c is the speed of light, andn is the unperturbed refractive index. The decay rate
ΓB is related to the decay timeτB:

ΓB (q) = A |q|2 , τB ≈ Γ−1
B . (11)

For liquids,A = 2η1

3ρ , whereη1 is the shear viscosity. The highest gain factor Eq. (10) is achieved when
ωL − ωS = ΩB . When the scattered wave propagates at an angleθ relative to the pump wave,

q = |q| = |kL − kS | ≈ 2 |kL| sin(θ / 2) = 2 (ωLn/c) sin(θ / 2) . (12)

Accordingly, the SBS frequency shift is

ΩB = q v = 2ωLn (v/c) sin(θ / 2) . (13)

6.3.2. Properties of linear STS-2
According to the linear STS-2 model [1–4,13], the modulated heating amplifies a thermal wave with

wave vectorq = kL − kS . The steady-state gain factor is

GT ≈ ωSα

cnρ cpΓT

(
∂ε

∂T

)
(ωL − ωS) /ΓT

1 + (ωL − ωS)2 /Γ2
T

, (14)

whereα is the linear absorption coefficient,cp is the specific heat, andχ = is the thermal diffusivity.
The decay rateΓT is related to the decay timeτT :

ΓT = χ |q|2 , τT ≈ Γ−1
T . (15)

Since ∂ε
∂T is negative for most substances, a positive gain corresponds to an anti-Stokes frequency shift

(ωL − ωS) < 0. The highest gain factor (14) is achieved when(ωL − ωS) = ΩT = −ΓT .

6.3.3. The predicted values of the SBS and linear STS-2 parameters for our experiments
Under our experimental conditions, the following numerical values [2,5,25] should be substituted into

Eqs (9)–(15):

λ = 308 nm , θ = π , ρ ≈ 0.66
g

cm3 , n ≈ 1.4 , η1 ≈ 3.2 × 10−3P ≈ 3.2 × 10−3 g
cm s ,

v ≈ 105 cm
s , c ≈ 3 × 1010 cm

s , ρ
(

∂ε
∂ρ

)
T
≈ 1 , ωS

2π ≈ ωL

2π ≈ 1015Hz , χ ≈ 10−3 cm2

s ,
(

∂n
∂T

)
P
≈ −53 × 10−5 K−1,

(
∂ε
∂T

)
P
≈ −1.5 × 10−3 K−1, cP ≈ 2.3 J

g K , δ = cP

cV

≈ 1.3.
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Table 4
Gain factorsGT , GB and total gains(ILGT L), (ILGBL) for linear STS-2
and SBS calculated for various values ofα, but for constant(ILL) ≈ 1.5×

103 MW/cm (as in our experiments)

α, cm−1 Linear STS-2 SBS
GT , cm/MW (ILGT L) GB , cm/MW (ILGBL)

0.01 0.002 3 0.07 105
0.046 0.009 14 0.07 105
0.1 0.02 30 0.07 105

The predicted SBS frequency shift isΩB = 0.33 cm−1 (see Table 2). The hypersonic grating decay time
is τB ≈ 1 ns. Since this time is shorter than the pump duration by a factor of 8, the steady-state model
can be used. The frequency-optimized SBS gain factor (10) is expressed as

GB =
ωSq2

4ΩBΓBρn2c2
=

3

16n3cvη1
≈ 0.07

cm
MW

. (16)

The predicted linear STS-2 frequency shift isΩT ≈ −ΓT ≈ −0.01 cm−1. The thermal grating decay
time isτT ≈ 3 ns. Even though it is shorter than the pump duration by almost a factor of 3, we can not
reliably use the steady-state model. Since we explore the possibility of the emergence of linear STS-2
in an experiment rather than attempting to maximize its efficiency, we do use the steady-state model to
simplify the further analysis. The thermal-grating wavelengthΛT associated with the backscattering is

ΛT =
2π

q
≈ 2π

2kL
=

λ

2n
≈ 10−7 m. (17)

The time of the pressure relaxation overΛT is

τpr =
ΛT

v
≈ 10−10 s. (18)

Sinceτpr << τ0, GT can be obtained by using the permittivity temperature derivative at constant
pressure. The frequency-optimized linear STS-2 gain factor (14) is expressed as

GT =
ωSα

2cnρcP ΓT

(
∂ε

∂T

)

P

=
α c

8ωLn3ρ cP χ

(
∂ε

∂T

)

P

≈ 0.2 α
cm2

MW
. (19)

The frequency-optimized gain factors and total gains for linear STS-2 and SBS calculated for various
values ofα, but for constant(ILL) ≈ 1.5× 103 MW/cm, as in our experiments, are listed in Table 4.
The first column of the table shows the linear absorption coefficientα; the second and fourth columns,
the gain factorsGT andGB ; the third and the last columns, the total gains(ILGT L) and(ILGBL).

The theoretical estimates presented in Table 4 lead to the following conclusions.
Linear STS-2. The total gain (depending onα via GT ) is much lower than the threshold given by

Eq. (2) both for the “chemically pure” (α = 0.046 cm−1), and a fortiori for the chromatography-grade
(α = 0.01 cm−1) hexane. The threshold is reached whenα = αTHR

STS ≈ 0.1 cm−1.
SBS. The total gain (independent ofα) is higher than the threshold given by Eq. (2).
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Fig. 4. Predicted SBS conversion efficiencyη vs. the total gain normalized to the threshold valueD ≈ 30 for hexane, forλ =
308 nm andα = (a) 0.0001, (b) 0.03, (c) 0.05, (d) 0.1 cm−1.

6.4. The emergence and disappearance of the spectral components in accordance with the existing
theory

6.4.1. The shifted component of the stimulated backscattering spectrum
Since the total gain(ILGBL) (Table 4) exceeds the threshold (2) and the measured value of the

frequency shift 0.33 cm−1 (Figs 2b and 2c) agrees with Eq. (13) (Table 2), the shifted component should
be attributed to SBS.

To explain the absence of the shifted component in Fig. 2a, we explore the possibility of SBS
breakdown. The only mechanism that can suppress SBS under our conditions is phase mismatch [11,
12]. When the permittivity of the medium changes with time due to the weak uniform heating caused by
linear absorption with the coefficientα, the wavelengths of the pump and scattered waves vary. Since
the acoustic wave has a finite response time, the phase matching conditions are violated. IfIL (L) is the
input pump intensity andIS (L) is the output backscattered intensity, then the SBS conversion efficiency
over the lengthL of nonlinear interaction isη = IS(L)

IL(L) . The dependence ofη on IL (L) is given by the
relation [11,12]:

h (D + ln η) = ΓBGB arctg { IL (L) (1 − η) L h/ΓB} , (20)

whereD ≈ 30,GB is the peak backward SBS gain factor defined by Eq. (16), and

h =
α ωL

2cnρcp

(
∂ε

∂T

)

P

.

Figure 4 shows the SBS conversion efficiencyη as a function of the total gain normalized by its threshold
valuex = (ILGBL)

D , evaluated numerically by using the relation Eq. (20) for hexane, forλ = 308 nm,
and for several values ofα. The critical value corresponding to curve “d” isαCR ≈ 0.1 cm−1. Forα =
0.01, 0.046, 0.08 cm−1, no SBS suppression due to phase mismatch should be expected.

6.4.2. The unshifted component of the stimulated backscattering spectrum
PC via SS can be caused by mechanisms other than SBS [1,3,4]. Since the measured frequency shift

does not exceed 0.02 cm−1 (the experimental error), we should consider stimulated thermal scattering
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caused by heating due to the electrocaloric effect (STS-1), linear STS-2, and stimulated Rayleigh wing
scattering (SRWS).

First, consider SRWS. Since the molecular anisotropy of liquid hexane is weak [26], the excita-
tion of SRWS is impossible. Normally, the SRWS gain factor for liquids does not exceedGRW ≈
10−3 cm/MW [1]. For our condition Eq. (8) the SRWS total gain does not exceed(ILGRW L) ≈ 1.5,
which is much lower than the threshold Eq. (2).

Now consider STS-1. According to [1], the STS-1 to SBS gain factor ratio is

GRL

GB
=

(δ − 1) cΓB

4π vωS
. (21)

For our experimental conditions,GRL

GB
6 10−2. From the value of(ILGBL) in the last column of Table 4,

the STS-1 total gain is(ILGRLL) 6 1, which is much lower than the threshold Eq. (2).
The processes of SRWS and STS-1 do not involve heating due to absorption of the radiation, and

their total gains do not change in our experiments as long as(ILL) is constant (see Section 6.2). The
emergence of SRWS and STS-1 components under our experimental conditions is impossible.

Now consider linear STS-2. The predicted frequency shiftΩT ≈ −0.01 cm−1 (see Section 6.3.3)
agrees with the measured one. Indeed, the absolute value of the latter is less than 0.02 cm−1 (the
experimental error). Heating due to absorption of the radiation is involved in the linear STS-2 process,
and its total gain varies withα while (ILL) is constant. The emergence of the linear STS-2 component
under our experimental conditions (Table 4) is possible only whenα > 0.1 cm−1.

6.5. Decrease in phase-conjugation fidelity in accordance with the existing theory

The only mechanism that can cause a decrease in the PC fidelity (Figs 3b and 3c) under our experimental
conditions is phase self-modulation [11,12]. Consider the following cylindrically symmetric problem in
coordinates(R, z, t). A wave with a plane front and a spatially nonuniform intensityIL (R, t) enters
a nonlinear medium att = 0 across a boundary located atz = 0 and propagates towards a boundary
located atz = L. The medium is characterized by the linear absorption coefficientα. Heat conduction
does not contribute in the transverse coordinateR. The temperature increment over timet is

δT (R, t) =
1

ρ cP

t∫

0

α IL (R, τ ) dτ =
α

ρ cP

t∫

0

IL (R, τ) dτ. (22)

The refractive index depends on temperature,n = n0 + δn (T ), where the nonlinear term is

δn (R, t) =

(
∂n

∂T

)
δT (R, t) =

(
∂n

∂T

)
α

ρ cP

t∫

0

IL (R, τ) dτ . (23)

The wave vector isk (R, t) ≈ ezk (R, t), wherek = k0 + δk = ω
c (n0 + δn).

The nonlinear phase increment over the distanceL is

δΦ (R, t) = δk L = ωL
c δn (R, t) = ωL

c

(
∂n
∂T

)
α

ρ cP

t∫
0

IL (R, τ) dτ =

= ω
c

(
∂n
∂T

)
α

ρ cP

t∫
0

IL (R, τ, F ) L (F ) dτ.

(24)
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A wave with a plane front atz = 0 will have a radially nonuniform front atz = L. The front distortion
is zero att = 0 and maximal at the end of the pulse.

Due to the phase self-modulation of the pump wave, the backscattered wave gets coupled to the
dynamically distorted beam. Taking into account the finite nonlinearity decay time, this effect may cause
a decrease in PC fidelity.

It must be noted that lenses 9 as well as cells 10 (see Fig. 1) were changed only in the intervals
between separate sets of experiments. The SS of a great number of pump pulses was studied in every
set. That is whyF is a parameter in the final form of expression (24), which remains invariant over the
pump duration. For pump pulses from different sets of experiments, at any instantτ the product(ILL)
contained in (24) does not depend onF , as shown by Eq. (6). Therefore,δΦ (R, t) does not depend on
F , and heating withα = const can not explain the decrease in the PC fidelity whenF is reduced from
100 to 11 cm.

Let’s make numerical evaluations ofδΦ for our experimental conditions:

δΦ =
ω

c

(
∂n

∂T

)
α

ρ cP

t∫

0

(IL L) dτ ≈ ω

c

(
∂n

∂T

)

P

α

ρ cP
(IL L) τ0 ≈ −α [cm−1] × 103rad. (24a)

Forα = 10−2 cm−1 we obtain|δΦ| ≈ 10 rad. Such a large value confirms strong effect of the phase
self-modulation. Equation (24a) expresses the upper limit of theδΦ estimation. Indeed, first, the value
of

(
∂n
∂T

)
at constant pressure was used, but the pressure stabilization over the focal caustic requires time.

Second, our model was developed for weak heating. For strong one the heat conduction should be taken
into account.

6.6. The implication of two-photon absorption in the theory of stimulated scattering

The existing SS theory developed for linearly absorbing media cannot explain our experimental results.
First, since the linear absorption withα < 0.1 cm−1 is not sufficiently strong to give rise to linear STS-2,
the physical mechanism responsible for the unshifted component observed forα = 0.01÷ 0.08 cm−1

(Figs 2a and 2b) remains unclear. Second, since the linear absorption withα < 0.1 cm−1 is not strong
enough to suppress SBS via phase mismatch, the disappearance of the SBS component whenF is reduced
from 50 to 11 cm (Figs 2a and 2b) observed forα = 0.01÷ 0.08 cm−1 is yet to be explained. Third, the
linear absorption withα = 0.01 cm−1 = const cannot explain the substantial decrease in the PC fidelity
caused by the decrease inF from 100 to 11 cm (Figs 3b and 3c).

Two-photon absorption should be expected in hexane forλ < 400 nm [27]. Suppose that our
experiments were strongly affected by the two-photon absorption. More specifically, assume that the
unshifted component corresponds to the STS-2 process associated with the heating caused by two-
photon absorption. We call this mechanism the two-photon STS-2, as distinct from the previously
known mechanism induced by linear (single-photon) absorption, i.e., linear STS-2.

The intensityI (z) of the radiation propagating along thezaxis is governed by the following equation [1,
28]

dI

dz
= −γI2, (25)

whereγ is the two-photon absorption coefficient. Its solution is

I (z) =
I0

1 + I0γz
, (26)
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whereI0 = I (0). For weak two-photon absorption (I0γz << 1), this solution gets reduced to

I (z) = I0 (1 − I0γz) . (27)

In our experiments, we have the condition (8) andγ ≈ 10−4 cm/MW (see Section 6.7). Thus,(ILγL) ≈
0.15 and Eq. (27) can be used.

The weak linear absorption with coefficientα is described by the equation

I (z) = I0 (1 − αz) . (28)

It follows from Eqs (27) and (28) that in our experiments(ILγ) plays the role ofα. We can define the
total absorption coefficient as

αΣ = α + (ILγ) , (29)

where(ILγ) is the two-photon contribution. The equivalence should be understood in a quantitative
sense. The linear (single-photon) and the two-photon absorption can be treated as similar processes only
with respect to the final result of the resonant light-matter interaction, i.e., the irreversible dissipation of
electromagnetic into thermal energy. Linear and two-photon absorption are different in terms of quantum
mechanical schemes and expressions for the absorption cross-section.

The physical mechanisms of linear STS-2 and two-photon STS-2 are essentially different, being
roughly similar with respect to transformation of temperature fluctuations into permittivity ones.

6.6.1. Why isI0 replaced byIL in Eqs(27)–(29)?
Due to the complexity of the theoretical task, including several connected linear and nonlinear effects,

we made the approximation that our pump intensity does not change along the nonlinear interaction
length. In accordance with this approximation, we replaced the input intensityI0 with the pump intensity
IL in Eqs (27)–(29). This approximation is based on the following considerations. The amplified beam
parameters provided conditions for SS very close to its threshold, so that strong pump saturation does
not take place. As follows from the title of this paper, there are two main objectives of this study: first,
to obtain a pure two-photon STS-2 spectral line, and second, to obtain a pure SBS spectral line. The
two-photon STS-2 mechanism should dominate for focusing as hard as possible with linear absorption as
weak as possible, i.e. forF = 11 cm andαMIN = 0.01 cm−1. The caustic length isLMIN = 0.06 cm.
Even forαMAX = 0.17 cm−1, αMAXLMIN = 0.01, and exp(−0.01) = 0.99. The linear absorption
is negligible. The SBS mechanism should dominate for as soft as possible focusing with as weak as
possible linear absorption, i.e. forF = 100 cm andαMIN = 0.01 cm−1. The caustic length isLMAX =

6 cm,αMINLMAX = 0.06, and exp(−0.06) = 0.94. The linear absorption is also negligible.
The observation of linear STS-2 in the previous study [22] is not clear (see Section 3.3). Therefore,

linear STS-2 also calls for further investigation. ForαTHR
STS ≈ 0.1 cm−1, αTHR

STS LMAX = 0.6 and
exp(−0.6) = 0.55. The linear absorption becomes considerable only forF = 100 cm (i.e.,L = LMAX)
andα > αTHR

STS ≈ 0.1 cm−1.
Under our experimental conditions, the two-photon absorption is constant and equal to(ILγL) ≈ 0.15

(see Section 6.6), and exp(−0.15) = 0.86. The two-photon absorption is weak.
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Table 5
The two-photon contribution(ILγ) to the to-
tal absorption coefficient (29) of hexane at
λ = 308 nm for pump intensitiesIL corre-
sponding to the three focal lengthsF of lens
9 used in our experiments

F, cm IL, W/cm2 (ILγ) , cm−1

11 > 1010 > 1.0
50 109

≈ 0.1 (experiment)
100 2.5× 108

≈ 0.025

6.7. The calculation of two-photon absorption cross-section from the threshold pump intensity for
two-photon STS-2

When(ILL) = const, linear STS-2 occurs ifα > αTHR
STS . The two-photon STS-2 must also exhibit

threshold behavior, but with respect to(ILγ) rather thanα. When the material propertiesα andγ
are kept constant, an increase inIL caused by a decrease inF leads to different consequences for the
total gain(ILGT L). It remains invariant for linear STS-2 and increases for two-photon STS-2, because
GT ∝ α = const (see Eq. (14)) in the former case andGT ∝ (ILγ) ∝ IL in the latter.

The linear and two-photon STS-2 can be distinguished experimentally. If the medium withα andγ
such thatα, (ILγ) << αTHR

STS is used andIL is gradually increased while(ILL) is kept constant, the
pure two-photon STS-2 component must appear in the spectrum when(ILγ) ≈ αTHR

STS .
Let us find(ILγ). The total gain for STS-2 caused both by the linear and the two-photon absorption

(29) reaches the threshold (2) whenαTHR
Σ ≈ αTHR

STS ≈ 0.1 cm−1 (Table 4). Forα = 0.01 cm−1, an
unshifted component appears in the backscattering spectrum whenITHR

L ≈ 109 W/cm2 (F = 50 cm)
(Fig. 2b). WhenIL ≈ 2.5× 108 W/cm2 (F = 100 cm) there is no unshifted component (Fig. 2c), i.e.,
the threshold is not reached. Sinceα = 0.01 cm−1 << αTHR

STS ≈ 0.1 cm−1, the unshifted component
must be attributed to the pure two-photon STS-2 mechanism. The threshold pump intensityITHR

L ≈
109 W/cm2 can be used to obtain the estimate

αTHR
Σ = α +

(
ITHR
L γ

)
≈

(
ITHR
L γ

)
≈ αTHR

STS ≈ 0.1 cm−1. (30)

For a particular pump wavelength (forλ = 308 nm in our case) the coefficientγ describes a property
of the medium (of the chromatography-grade hexane in our case). If(ILγ) is known for one value of
IL (for ITHR

L in our case), then it can readily be calculated for other values ofIL. The first column of
Table 5 gives the three focal lengthsF of lens 9 used in our experiments; the second column, the three
corresponding pump intensitiesIL; and the last column, the two-photon contribution(ILγ) to the total
absorption coefficient (29).

From
(
ITHR
L γ

)
≈ 0.1 cm−1 andITHR

L ≈ 109 W/cm2, we can calculate the two-photon absorption
coefficientγ and the cross-sectionσ2. Indeed,

γ =
ITHR
L γ

ITHR
L

≈ 0.1
[
cm−1

]

109 [W/cm2]
≈ 10−10 [cm/W ] ≈ 10−4 [cm/MW ] , (31)

(ILγ) = σ2N
IL

~ω
, (32)
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whereIL

~ω is the pump intensity in units of [photons×cm−2×s−1], andN = ρ
M is the molecular density

(M is the molecular mass). For hexane (C6H14) N ≈ 4× 1021 cm−3. The photon energy corresponding
to λ = 308 nm is~ω ≈ 4 eV≈ 6.4× 10−19 J. We have

σ2 =
~ω

(
ITHR
L γ

)

ITHR
L N

≈ (2 ± 1) × 10−50cm4s. (33)

The accuracy is estimated as

δσ2

σ2
≈ δαTHR

αTHR
+

δIL

IL
≈ 0.2 + 0.3 ≈ 0.5, (34)

whereαTHR is the experimental threshold value for the linear STS-2.
For comparison, consider the two-photon nonresonant ionization of a many-electron atom at a moderate

electric field strength, which does not involve near-threshold absorption, multiple ionization, and pertur-
bation of the atomic spectra. A typical cross-section of this process isσi

2 ≈ 10−49 ÷ 10−48 cm4s [29,
30]. Normally,σi

2 is smaller than the cross-section for the two-photon bound-bound transition at the
absorption-line center. The value (33) extracted from the experimental data is smaller thanσi

2. This
substantiates our assumption that the main contribution to the STS-2 gain is made by the two-photon
absorption. The relatively small value ofσ2 may be explained by the fact that the two-photon absorption
scheme (λ/2 = 154 nm, hexane) corresponds to a wing of the absorption line.

6.8. Phase mismatch for SBS caused by two-photon heating

The relationship betweenIL, (ILγ) andF (see Table 5) explains why the SBS component is not
observed forα = 0.01 cm−1 whenF = 11 cm (Fig. 2a). Indeed, in this caseIL > 1010 W/cm2, and
the total absorption coefficientαΣ = α + (ILγ) ≈ (ILγ) > 1.0 cm−1 is much larger than the critical
valueαCR ≈ 0.1 cm−1 corresponding to phase mismatch (Fig. 4). The heating due to the two-photon
absorption is sufficiently strong to cause SBS breakdown.

6.9. The phase self-modulation and the decrease in phase-conjugation fidelity caused by two-photon
heating

We consider only the case of Fig. 3 (α = 0.01 cm−1 = const), when linear absorption (Table 5) and
linear STS-2 (Table 4) do not contribute. The case of heating due to linear absorption was discussed
in [11,12].

Assuming that the two-photon absorption plays the dominant role, we replaceα with (ILγ) in Eqs (22)–
(24), and the nonlinear phase increment over distanceL becomes

δΦ (R, t, F ) = δk L =
ω

c

(
∂n

∂T

)
γ

ρ cP

t∫

0

I2
L (R, τ, F ) L (F ) dτ. (35)

The quantity
(
I2
LL

)
= IL (ILL) in Eq. (35) increases withIL as (ILL) = const, i.e. δΦ (R, t, F )

depends onF . The two-photon heating explains the increase in the phase self-modulation of the pump
wave whenF is reduced from 100 to 11 cm.
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Table 6
Physical mechanisms of the stimulated backscattering of XeCl (λ = 308 nm) laser pulses
with durationτ0 ≈8 ns in hexane characterized by two typical values of the linear absorption
coefficientα, for pump intensitiesIL corresponding to the three focal lengthsF of lens 9,
and(ILL) ≈ 1.5× 103 MW/cm (L is the nonlinear interaction length)

F, cm IL, W/cm2 Physical mechanisms of stimulated backscattering

α = 0.01÷ 0.08 cm−1 α = 0.17 cm−1

100 2.5× 108 SBS Linear STS-2
50 109 SBS+ Two-photon STS-2 Linear STS-2+ Two-photon STS-2
11 > 1010 Two-photon STS-2

The hypersonic grating decay timeτB ≈ 1 ns (see Section 6.3.3) is shorter than the pump duration
by a factor of 8. The phase hologram adjusts to the dynamic variations of the pump field caused by the
phase self-modulation due to the two-photon heating. The SBS ensures a high PC fidelity.

The thermal grating decay timeτT ≈ 3 ns (see Section 6.3.3) is shorter than the pump duration by a
factor of 3. The phase hologram cannot keep pace with the dynamic variations of the pump field caused
by the phase self-modulation due to two-photon heating. Since the pump wave is scattered by a retarded
hologram, the PC fidelity for two-photon STS-2 loses quality.

6.10. Stimulated scattering mechanisms consistent with the present studies

Table 6 summarizes our experimental and theoretical studies of stimulated backscattering of XeCl
(λ = 308 nm) laser pulses with the durationτ0 ≈ 8 ns in liquid hexane. The first two columns show
the three focal lengthsF of lens 9 used in our experiments and the corresponding pump intensitiesIL.
The last two columns list the revealed physical mechanisms of the stimulated backscattering in hexane
characterized by two typical values of the linear absorption coefficientα = 0.01÷ 0.08 cm−1 andα =
0.17 cm−1. Since the nonlinear region is the focal caustic of lengthL, the quantity(ILL) ≈ 1.5 ×
103 MW/cm remains unchanged for our experiments.

An analysis of the caseIL ≈ 2.5× 108 W/cm2 (F = 100 cm) where the two-photon absorption is
insignificant (see Table 5), leads to the following conclusions.

1. The presence of linear STS-2 forα = 0.17 cm−1 and its absence forα = 0.01÷ 0.08 cm−1 agree
with the estimated threshold valueαTHR

STS ≈ 0.1 cm−1 (see Table 4).
2. The absence of SBS forα = 0.17 cm−1 and its presence forα = 0.01÷ 0.08 cm−1 are consistent

with the theoretical critical value for the phase mismatchαCR ≈ 0.1 cm−1 (see Fig. 4).
3. The absence of the SBS + linear STS-2 combination is explained by the fact thatαTHR

STS ≈ 0.1 cm−1

is close toαCR ≈ 0.1 cm−1, while the step of the variation ofα from 0.08 to 0.17 cm−1 in our
experiments is not sufficiently small to observe both these mechanisms simultaneously.

The presence of the SBS + two-photon STS-2 combination indicates that the step of the variation of
αΣ = α + (ILγ) in our experiments is sufficient for a simultaneous observation of both mechanisms.

The presence of the linear STS-2+ two-photon STS-2 combination is yet to be substantiated. These
two mechanisms are virtually impossible to separate in our experimental spectra. Our theoretical analysis
shows that neither linear STS-2 nor two-photon STS-2 can be singled out as the dominant mechanism
whenα > 0.1 cm−1 andIL > 109 W/cm2.

6.11. Experimental observation of a genuine SBS line in the near-ultraviolet region

According to the existing theory, which takes into account linear absorption (see Table 4 and Fig. 4),
only SBS can play a role in our experiments whenα < 0.1 cm−1, while only linear STS-2 can contribute
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whenα > 0.1 cm−1 (in view of phase mismatch for SBS). It is not surprising that these two mechanisms
are listed in the last column of Table 1 as those suggested in the previous studies.

Both SBS and linear STS-2 in Table 1 are incorrect. Indeed, it follows from the third column of Table 1
thatIL > 1010 W/cm2 in all the previous studies. However, according to Table 6, forIL > 1010 W/cm2,
either two-photon STS-2 or the linear STS-2 + two-photon STS-2 combination should be observed in
hexane whenα < 0.1 cm−1 andα > 0.1 cm−1, respectively. Therefore SBS should be replaced by
two-photon STS-2 in all rows of Table 1 with the exception of the last one, while the linear STS-2 should
be replaced with the linear STS-2 + two-photon STS-2 combination in the last row. This consideration
is corroborated by the fact that the measured frequency shiftΩ in the fourth column of Table 1 is much
smaller than the Brillouin shiftΩB predicted theoretically for the sameλ (Table 2). It can be concluded
that the genuine SBS line has not been observed in previous studies of the stimulated scattering in the
near-uv region.

In our experiments the stimulated scattering of near-uv (λ = 308 nm) laser radiation in hexane was
studied, and a SBS line with frequency shift equal to 0.33 cm−1 (see Figs 2b and 2c) in full agreement
with the theory (see Table 2), was observed. To observe the genuine SBS line we had to reduce the pump
intensity fromIL > 1010 W/cm2 (Fig. 2a) as in previous studies (Table 1) toIL 6 109 W/cm2 (Figs 2b
and 2c), while keeping the total gain for SBS (Table 4) invariant. This made it possible to reduce the
two-photon contribution to the total absorption coefficient (Table 5) and to weaken the effect of the SBS
phase mismatch due to two-photon heating.

6.12. Effects of self-focusing and plasma formation on stimulated scattering

All light-producing phenomena were inspected visually through a thin transparent glass wall of the
cell.

First, consider self-focusing. There are two mechanisms responsible for self-focusing – the Kerr-
effect and electrostriction [31]. The relaxation time for the Kerr-effect isτK ≈ 10−11 s. The relaxation
time for electrostriction is approximately equal to the time for the acoustic wave to pass through
the focal caustic diameter. The minimal value for this time under our experimental conditions is

τMIN
STR ≈ FMIN θ

v ≈ (11 cm) (3×10−4rad)
105 cm/s ≈ 3 × 10−8 s = 30 ns, which is considerably more than the

pump pulse durationτ0 ≈ 8 ns. Therefore, as well as in [32,33], under our experimental conditions only
the Kerr-effect should be taken into account. The self-focusing is characterized by the critical power [34]

PCR =
(1.22 λ)2 4π c

128 c n n2
=

π (1.22 λ)2

32 n n2
≈ 8 × 105W,

wheren2 ≈ 4 × 10−13 [ESU ] ≈ 1.2× 10−12
[
cm2/kW

]
is a Kerr constant of hexane [26]. Our pump

power is

WL ≈ 1.5 mJ
8 ns

≈ 2 × 105 W ≈ 0.25 PCR.

For the input powerP < 0.273PCR self-focusing does not develop [34]. Hence, self-focusing should
not affect our experiments. Usually, self-focusing in liquids is followed by thin channels of light [35]
and by increase in the divergence angle of the radiation passing through the cell in the forward direction.
A visual inspection of the nonlinear liquid and the radiation did not show these signs of self-focusing.

Second, consider plasma formation. The acoustic wave generated as a result of SBS is supposed to be
the reason for optical destruction in solids [7,36]. The dynamics of internal optical destruction in solids
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was studied in [37]. During the course of the laser pulse, the destruction has the form of a thread placed
along the focal caustic. The pace of thread development is much higher than the speed of a shock wave.
The thread diameter is considerably smaller than the focal caustic diameter. Subsequent to the laser
pulse the destruction grows in the transverse direction and possesses the form of disks. The SBS can
not completely provide the energy transformation. Preference is given to the destruction mechanisms
associated with self-focusing and multi-photon ionization.

A theory of the optical breakdown in liquids does not exist, because not much is known about it [1,
34]. For~ω = 4 eV fast three-photon-ionization of hexane provides the initial electrons. The breakdown
threshold depends on the electron multiplication rate. Different approaches (classical or quantum) are
used to describe how the electron gains energy, depending on the relation between the photon energy~ω
and the average electron energy increment during a single collision,∆ε [38]. If ∆ε >> ~ω, the classical
kinetic equation can be used. If~ωe∆ε, the quantum kinetic equation containing finite-difference
expressions should be used. For our moderate pump intensityIL < 1011W/cm2, we have∆ε ≈ 1 eV .
Taking into account~ω = 4 eV > ∆ε ≈ 1 eV , the quantum kinetic equation should be solved.

As a rough approximation, a liquid could be considered as a gas under ultrahigh pressure of thousands
of atmospheres. For the noble gases under thousands of atmospheres [38,39] the optical breakdown
threshold reachesE ≈ 106 V/cm, I ≈ (E/20)2 ≈ 2.5 × 1049 W/cm2. For molecular gases [38,40]
the thresholds are hundred-folds higher than for single-atom gases, because it is more difficult for the
electron to pass the “dangerous” region between excitation and ionization.

Usually, the optical breakdown in a liquid is followed by a flash of light [35] and bubbles. That was
not detected by visual inspection. It is possible, that for organic liquids like hexane the electromagnetic
energy is transmitted to the hydrodynamic perturbations instead of an avalanche. The emergence of SBS
and STS-2 in our experiments confirms this supposition.

7. Summary

The present study focuses on the stimulated scattering of nanosecond (5÷ 10 ns) near-uv (λ = 193÷
351 nm) laser pulses in liquids (hexane, heptane, and others). Some experimental results gained from
previous studies concerning the frequency shift and phase-conjugation fidelity disagree with the existing
theory of SS, which was developed for the near-ir (λ = 0.69÷ 1.06µm) spectral region and takes into
account only linear (single-photon) light absorption.

To resolve the inconsistency, SS of XeCl excimer laser radiation (λ = 308 nm) with the duration 8 ns
in liquid hexane for various values of the linear absorption coefficientα and the pump intensityIL was
investigated experimentally.

In contrast to the previous near-uv studies, we managed to create a new master oscillator, running in a
single longitudinal mode. As is well-known, this mode of operation is characterized not only by a small
spectrum, but also by a near-Gaussian temporal behavior without uncontrolled intensity peaks (mode
interference). So our estimates of the pump intensity were much more reliable than previous ones. Due
to the smaller bandwidth, we had less amplified beam energy and limited experimental possibilities as
compared to the previous studies (we could not use neutral filters to control the pump intensity). We also
managed to create a spectrum analyzer, which monitored the temporal spectra of two counter-propagating
pulses in different but close enough fields. It allowed us to be sure that the right field involves only
a pump spectrum, and the left field – only a backscattered spectrum. Without such an analyzer, any
slightly-shifted backscattered spectral line may be simply confused with the spectral line of the pump
radiation.



408 V.B. Karpov and V.V. Korobkin / Stimulated thermal scattering induced by two-photon absorption

When the product(ILL) ≈ 1.5 × 103 MW/cm (L is the nonlinear interaction length) remains
invariant, the experimental SS spectrum depends not only onα, but also onIL. Forα < 0.1 cm−1 and
IL > 1010 W/cm2, the spectrum includes a line corresponding to the mechanism of stimulated thermal
scattering induced by the heating due to two-photon absorption. Forα < 0.1 cm−1 andIL 6 109 W/cm2,
the spectrum includes a line in the near-uv region, which corresponds to genuine stimulated Brillouin
scattering and is characterized by the frequency shiftΩB = 0.33 cm−1, in full agreement with the theory.
For α > 0.1 cm−1 or IL > 1010 W/cm2, SBS is suppressed by phase mismatch due to heating caused
by the linear or two-photon absorption, respectively. To detect the genuine SBS line forα < 0.1 cm−1,
we had to reduce the pump intensity while keeping constant the total gain for SBS and thus weaken the
phase mismatch due to the two-photon heating.

When two-photon STS-2 is used for phase-conjugation, the PC fidelity is lower than that achieved by
using SBS because of the two-photon thermal phase self-modulation.

The molecular cross-section for the two-photon absorption of hexane atλ = 308 nm,σ2 ≈ (2 ± 1)×
10−50 cm4 s, is found from the experimental threshold pump intensity for two-photon STS-2.

The SBS lines observed in previous studies have frequency shifts much smaller than those predicted
by the theory and must be interpreted as two-photon STS-2 lines. The physical mechanisms of linear
STS-2 and two-photon STS-2 are essentially different and their lines can readily be distinguished in the
spectrum. The total inconsistency between the experimental behavior of two-photon and linear STS-2
lines explains why the two-photon STS-2 lines observed in the previous studies were attributed to SBS
for almost a decade.

The physical mechanism of two-photon STS-2 is not specific for the near-uv spectral region.
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Abstract. The effects of linear (single-photon) and two-photon heating to the thin structures of the stokes and anti-stokes
spectral components of stimulated Brillouin scattering (SBS) and stimulated temperature scattering (STS) are compared. The
thin structures of the linear and two-photon STS-2 possess the same shapes. For the Fabry-Perot etalon based spectrum analyzer
the linear and two-photon STS-2 components are experimentally indistinguishable not only from one another, but also from
the STS-1 component. To reach the higher spectral resolution methods of heterodyning and intensity fluctuations correlation
should be used. In contrast to a linear (single-photon) case for two-photon heating a stokes SBS component exhibits the spectral
shift depending on the pump intensity. Emergence of the anti-stokes SBS component is possible when the pump intensity is
sufficiently high so that the positive two-photon thermal gain may compensate the negative electrostrictive gain.

1. Introduction

For high enough light intensity and coherence the well-known spontaneous Brillouin-Rayleigh
triplet [1,2] manifests itself as the doublet of a slightly anti-stokes shifted stimulated temperature scat-
tering caused by linear or two-photon absorption (linear or two-photon STS-2) line and a stokes-shifted
stimulated Brillouin scattering (SBS) line. For the near-ir spectral region (the pump wavelength isλ1 =
0.69÷ 1.06µm) this effect has been observed in [3,4]. For the near-uv spectral region (λ1 = 193÷
351 nm) this effect has been observed in [5], Fig. 2. Indeed, in the previous near-uv studies [6–13] the
two-photon STS-2 lines have been associated mistakenly with the SBS and linear STS-2 lines [5].

SBS is the unique converter of a powerful coherent light wave into a powerful coherent hyperacoustical
wave. SBS is the nonlinear-optical mechanism providing phase conjugation (PC) of the best quality [14,
15]. There are two physical mechanisms responsible for the acoustical wave amplification during an
SBS process [1,2,4,16,17]. One of these mechanisms (hereinafter called the conventional SBS) is due
to an electrostrictive variation of pressure [18–21]. The other one (hereinafter called the thermal SBS)
is attributed to a pressure variation caused by the thermal expansion. For the linear (single-photon) light
absorption the thermal SBS (hereinafter called the linear thermal SBS) has been discussed in [22–24].

It should be noted that the SBS analysis in [5], Section 6.3.1 is based on the purely conventional
mechanism. Even the effect of the linear thermal SBS was ignored. This is a quite typical approximation,
used for instance in the study of the PC provided by SBS [14].
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In this paper, a contribution of the two-photon heating to the thermal SBS mechanism (hereinafter
called the two-photon thermal SBS) modifying the thin structures of the stokes [5], Fig. 2 and anti-stokes
(not at all observed in [5]) components is analyzed.

The unshifted lines in the left sides of [5], Fig. 2 (relative to the pump ones in the right sides) correspond
to the linear and two-photon STS-2 mechanisms. The shifted lines correspond to the SBS mechanism.
The observation of the thin structures of these lines including the pump ones is restricted by the Fabry-
Perot etalon based spectrum analyzer [5]. The spectral resolution of a Fabry-Perot etalon is limited by
several MHz (or 10−3 cm−1) [25]. To reach the higher spectral resolution methods of heterodyning and
intensity fluctuations correlation should be used. Thus, the experimental high-resolution spectral profile
of a Brillouin line exhibiting antisymmetrical behavior is given in [26].

In analysis, instead of a linear absorption coefficientα [1,2,4,16,17,22,24], a total absorption coeffi-
cient [5]

αΣ = α + (ILγ) , (1)

where (ILγ) is the two-photon effect (IL is the pump intensity andγ is a two-photon absorption
coefficient), should be used. In [23] an effective linear absorption coefficientαeff(ω) has been introduced
for gases to describe the thermalization processes of the absorbed electromagnetic energy.

2. Mass(bulk ) and serface forces

The theory of the coupling of light and elastic waves is based on the Lagrange equation [18,19]. In [18]
a linearized system for small perturbations has been solved. The photoelastic coupling of a longitudinal
acoustic wave in an isotropic medium was studied in [19], and the nonlinear system from [18] taking
into account a saturation effect has been solved.

The Lagrange equation [27] describes the dynamics of discrete particles. It takes into account only the
mass (bulk) forces and ignores the surface ones. For a continuous media both mass and surface forces
should be incorporated [28] and the Navier-Stokes equation should be used instead of the Lagrange one.
Indeed, any plane acoustic wave propagating in a continuous media provides shear motion leading to the
attenuation due to viscosity [29].

3. Material equations

Interaction of a light wave, characterized by a total electrical field vectorE, with an isotropic dielectric
medium is described by the hydrodynamic equations linearized with respect to the small deviations of
density∆ρ, temperature∆T , pressure∆P and a velocity vectorV from the equilibrium valuesρ0, T0,
P0 andV = 0 [1,2,4,16,30]:

ρ0
∂V

∂ t
+

v2

δ
grad (∆ρ) +

v2βρ0

δ
grad (∆T ) − η∇2V =

(2)
=

γe

8π
grad

(
E2
)
,

∂

∂ t
(∆ρ) + ρ0div(V ) = 0, (3)
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(
ρ0CV

∂

∂ t
− λ T∇2

)
(∆T ) − CV (δ − 1)

β

∂

∂ t
(∆ρ) =

(4)

=
ncαΣ

4π

(
E2
)
− 1

8π

(
∂ε

∂T

)

p

(
T0

∂

∂ t

(
E2
))

.

Herev =
√

1
ρ0βS

is the speed of sound in a medium with adiabatic compressibilityβS , c is the speed of

light in vacuum,δ = CP

CV
is the ratio of specific heats (a frequently used symbolγ in Eq. (1) provides the

logical connection with [5]),β = − 1
ρ0

(
∂ρ
∂T

)
P

is a volumetric thermal expansion coefficient at constant

pressure,γe = ρ0

(
∂ε
∂ρ

)

T
is an electrostriction coefficient,η is viscosity,λT is thermal conductivity,ε is

permittivity, n is a refractive index, andαΣ is defined above in Eq. (1).
In the Navier-Stokes Eq. (2) the pressure deviation is expressed as [22,23,31–33]:

∆P =
v2

δ
(∆ρ) +

v2

δ
ρ0β (∆T ) , (5)

and its gradient is moved into the left-hand side. The right-hand side of Eq. (2) represents an electrostric-
tive force [34]. The first and second right-hand side terms of the heat Eq. (4) represent the heating due
to light absorption and due to an electrocaloric effect [1,34], respectively.

Equations (2) and (3) can be combined into one by eliminating the velocity vectorV :
(
− ∂2

∂ t2
+

v2

δ
∇2 +

η

ρ0

∂

∂ t
∇2

)
(∆ρ) +

v2βρ0

δ
∇2 (∆T ) =

(6)
=

γe

8π
∇2
(
E2
)
.

A permittivity variation may be expressed as

∆ε =

(
∂ε

∂ρ

)

T

∆ρ +

(
∂ε

∂T

)

ρ

∆T. (7)

Usually [1,2,16,30]
∣∣∣∣
(

∂ε

∂ρ

)

T

∆ρ

∣∣∣∣ >>

∣∣∣∣∣

(
∂ε

∂T

)

ρ

∆T

∣∣∣∣∣ , (8)

(
∂ε

∂T

)

P

≈ −β

(
ρ0

∂ε

∂ρ

)

T

. (9)

The task has been provided by the material Eqs (4) and (6) involving two independent hydrodynamical
variables∆ρ and∆T .

4. SBS and STS gain parameters

Consider two counterpropagating linearly polarized plane electromagnetic waves, a pump wave and a
backscattered wave, characterized by electrical field vectorsEL andES:

EL =
1

2
e { E1 (z, t) exp(ik1z − iω1t) + c.c.} , (10)
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ES =
1

2
e { E2 (z, t) exp(−ik2z − iω2t) + c.c.} . (11)

Here,e is a polarization vector;E1 (z, t) andE2 (z, t) are complex amplitudes;ω1, ω2 andk1, k2 are
temporal and spatial frequencies, respectively. A total electric field vector isE = EL + ES . The waves
are controlled by diffraction, linear and nonlinear polarizations, and are coupled by the electrodynamical
Eqs [1,2,16,30]

[
∇2 − ε

c2

∂2

∂ t2

]
EL =

4π

c2

∂2

∂ t2
P

NL
ω1

, (12)

[
∇2 − ε

c2

∂2

∂ t2

]
ES =

4π

c2

∂2

∂ t2
P

NL
ω2

, (13)

with the right-hand sides representing the nonlinear sources oscillating with the frequenciesω1 andω2.
For the plane waves diffraction is absent. Following Eqs (7) and (8), a nonlinear polarization vector is

P
NL (z, t) =

1

4π
∆ε (z,t)E (z,t) ∼= 1

4π

(
∂ε

∂ρ

)

T

∆ρ (z, t) E (z,t) . (14)

According to the material Eqs (4) and (6), the nonlinearity of a dipole vector function (14) is due to the
dependence of∆ρ and∆T on a scalar functionE2. We seek the steady-state solution based on the
slowly oscillating part ofE2

〈
E

2
〉

=
〈
(EL + ES)2

〉
= 〈2ELES〉 =

= 1
2 {E1 (z) E∗

2 (z) exp [−i (ω1 − ω2) t + i (k1 + k2) z] + c.c. } ,
(15)

and the appropriate approximations for∆ρ and∆T

∆ρ (z, t) =
1

2
{ ρa (z) exp [−i (ω1 − ω2) t + i (k1 + k2) z] + c.c.} , (16)

∆T (z, t) =
1

2
{ Ta (z) exp [−i (ω1 − ω2) t + i (k1 + k2) z] + c.c.} . (17)

On substitution of Eqs (9), (15)–(17) into Eqs (4) and (6), a linear system for the complex amplitudes
ρa (z) , Ta (z) , andE1 (z) E∗

2 (z) is obtained
(
−Ω2 +

v2

δ
q2 + i

η

ρ0
q2Ω

)
ρa +

v2βρ0

δ
q2Ta =

1

8π

(
ρ0

∂ε

∂ρ

)

T

q2E1E
∗
2 , (18)

iΩ
cV (δ − 1)

β
ρa +

(
−iρ0cV Ω + λT q2

)
Ta =

1

4π
ncαΣE1E

∗
2 − 1

8π

(
ρ0

∂ε

∂ρ

)

T

βT0ΩE1E
∗
2 , (19)

whereq = |q| = k1 + k2, Ω = ω1 − ω2.
Following Eqs (18)–(19) the steady-state density and temperature amplitudes areρa, Ta ∝ E1E

∗
2 . In

terms of a cubic nonlinear susceptibility the nonlinear polarization vectors appearing in Eqs (12)–(13)
are

(P NL
ω1

)i = χ
(3)
ijkl(ω1)(EL)j(ES)k(ES)l, (20)
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(P NL
ω2

)i = χ
(3)
ijkl(ω2)(EL)j(EL)k(ES)l. (21)

Solving Eq. (18) forTa, and inserting the result into Eq. (19) we obtainρa ∝ χ(3)E1E
∗
2 . On substitution

the expression for∆ρ from Eq. (16) into Eq. (14) we derive in accordance with Eq. (21):

χ(3)(ω2) =
1

4πD

(
ρ0

∂ε

∂ρ

)

T

1

16πρ0

{
−2βncαΣρ0

v2q2

δ
+

(
ρ0

∂ε

∂ρ

)

T

q2×

[λT q2 − iρ0cV Ω + i

(
1 − 1

δ

)
ρ0cP Ω]

}
×
{

[−Ω2 +
v2q2

δ
+ i

η2q2

ρ0
Ω]× (22)

[λT q2 − iρ0cV Ω] − i

(
1 − 1

δ

)
ρ0cV Ωv2q2

}−1

.

In our caseD = 3. The cubic nonlinear susceptibility defined by Eq. (22) exhibits resonances atΩ =
0 andΩB = qv = (k1 + k2) v. For Ω ≈ 0, |Ω| << ΩB Eq. (22) incorporates electrocaloric and
absorptive terms:

χ(3)R ≈ χ(3)R1 + χ(3)R2, (23)

where

χ(3)R1 = − 1

32π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (δ − 1)

[
2 − δ

2 (δ − 1)
+

iΓR

Ω + iΓR

]
, (24)

χ(3)R2 =
1

64π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓRcP ρ0

T

iΓR

Ω + iΓR
, (25)

ΓR =
λT q2

ρ0cP
.

The correspondent imaginary parts are

Imχ(3)R1 = − 1

32π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (δ − 1)
ΓRΩ

Ω2 + Γ2
R

=

(26)

= − 1

32π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (δ − 1)
Ω/ΓR

(Ω/ΓR)2 + 1
,

Imχ(3)R2 =
1

64π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓRcP ρ0

T

ΓRΩ

Ω2 + Γ2
R

=

(27)

=
1

64π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓRcP ρ0

T

Ω/ΓR

(Ω/ΓR)2 + 1
.

ForΩ ≈ ±ΩB Eq. (22) incorporates electrostrictive and absorptive terms:

χ(3)B ≈ χ(3)B1 + χ(3)B2, (28)
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where

χ(3)B1 =
1

64π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (2 − δ)
ρ0v

ηq

ΓB/2

|Ω| − ΩB ± iΓB/2
, (29)

χ(3)B2 = ∓ i

32π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓBcP ρ0

T

ΓB/2

|Ω| − ΩB ± iΓB/2
, (30)

ΓB =
ηq2

ρ0
.

The bottom signs in Eqs (29)–(30) correspond to the stokes (ω1 > ω2,Ω > 0) and the top sings - to the
anti-stokes (ω1 < ω2,Ω < 0) spectral regions, respectively. Consider the imaginary part of Eq. (29).

Imχ(3)B1 = ± 1

64π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (2 − δ)
ρ0v

ηq

Γ2
B/4

(|Ω| − ΩB)2 + Γ2
B/4

=

(31)

= ± 1

64π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (2 − δ)
ρ0v

ηq

1

[2 (|Ω| − ΩB) /ΓB ]2 + 1
.

The maximum and minimum values of the electrostrictive term defined by Eq. (31), appearing for
(|Ω| − ΩB) ≈ 0, are equal to

Imχ
(3)B1
MAX =

1

64π2D

(
ρ0

∂ε

∂ρ

)2

T

βS (2 − δ)
ρ0v

ηq
=

βS (2 − δ)ΩB

64π2DΓB

(
ρ0

∂ε

∂ρ

)2

T

. (32)

Consider the imaginary part of Eq. (30).

Imχ(3)B2 = ∓ 1

32π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓBcP ρ0

T

(|Ω| − ΩB) ΓB/2

(|Ω| − ΩB)2 + Γ2
B/4

=

(33)

= ∓ 1

32π2D

(
ρ0

∂ε

∂ρ

) αΣcnβ

ΓBcP ρ0

T

2 (|Ω| − ΩB) /ΓB

[2 (|Ω| − ΩB) /ΓB ]2 + 1
.

The maximum and minimum values of the absorptive term defined by Eq. (33), appearing for
(|Ω| − ΩB) ≈ ±ΓB/2, are equal to

Imχ
(3)B2
MAX =

1

32π2D

(
ρ0

∂ε

∂ρ

)

T

αΣcnβ

ΓBcP ρ0

Γ2
B/4

Γ2
B/4 + Γ2

B/4
=

(34)

=
αΣcnβ

64π2DΓBcP ρ0

(
ρ0

∂ε

∂ρ

)

T

.

The ratio of Eqs (34) and (32) provides the relative contribution of the absorptive and electrostrictive
mechanisms into SBS gain (see Section 7).

Imχ
(3)B2
MAX

Imχ
(3)B1
MAX

=

(
αΣcnβ

64π2DΓBcP ρ0

(
ρ0

∂ε

∂ρ

)

T

) (
64π2DΓB

βS (2 − δ) ΩB

(
ρ0

∂ε

∂ρ

)−2

T

)
=
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=
αΣcnβ

cP ρ0βS (2 − δ)ΩB

(
ρ0

∂ε

∂ρ

)−1

T

=
(δ − 1)

(2 − δ)

αΣcn

βT0ΩB

(
ρ0

∂ε

∂ρ

)−1

T

= (35)

=
(δ − 1)

(2 − δ)

αΣλ1

4πβT0

c/v

sin (θ/2)

(
ρ0

∂ε

∂ρ

)−1

T

,

where

β

βS
=

ρ0cP (δ − 1)

βT0
, λ1 =

2πc

ω1
, k1 =

2πn

λ1
,

ΩB = qv = 2k1v sin (θ/2) =
4π v n

λ1
sin (θ/2) ,

λ1 is the pump wavelength andθ is the angle of scattering.
On substitution of the resulting expression forPNL into Eqs (12)–(13) we derive a system [16]:

(
∂

∂z
+ αΣ

)
|E1 (z)|2 = −G |E1 (z)|2 |E2 (z)|2 , (36)

(
∂

∂z
− αΣ

)
|E2 (z)|2 = −G |E1 (z)|2 |E2 (z)|2 . (37)

Following Eq. (37), when the pump intensityIL (z) ∝ |E1 (z)|2 is treated as constant over the lengthL
of nonlinear interaction, the scattered wave intensityIS (z) ∝ |E2 (z)|2 exponentially increases alongz
with a gain coefficient

g = G |E1|2 − αΣ,

whereG ∝ Imχ(3)(ω2) is a gain parameter. The general formula forG is [16] (See Eqs (26), (27), (31),
and (33))

G (Ω) = ±βe
B

1

1 + (2∆Ω/ΓB)2
± βa

B

2∆Ω/ΓB

1 + (2∆Ω/ΓB)2
+ (βe

R − βa
R)

Ω/ΓR

1 + (Ω/ΓR)2
, (38)

where

Ω = ω1 − ω2, ∆Ω = |Ω| − ΩB, ΩB = (k1 + k2) v, (39)

ΓB =
η (k1 + k2)

2

ρ0
, ΓR =

λ T (k1 + k2)
2

ρ0CP
. (40)

In the first two expressions of Eq. (38) signs “+” and “−” correspond to the stokes (ω1 > ω2,Ω > 0)
and anti-stokes (ω1 < ω2,Ω < 0) spectral regions, respectively. The material parametersβe

B , βa
B , βe

R

andβa
R are positive.
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Fig. 1. The gain parameterG (Ω) defined by Eq. (38) for the SBS and STS mechanisms: (a) conventional SBS and STS-1; (b)
thermal SBS and STS-2.

5. SBS and STS spectral components for linear absorption

Figure 1 shows the spectral profiles ofG (Ω) for the SBS and STS mechanisms. For linear absorption
such curves can be found in [2,17]. A couple of the SBS curves in the vicinity of the stokes resonance
can be found in [4,16]. Excitation of an anti-stokes SBS component was not considered there.

The term proportional toβe
B in Eq. (38) represents the conventional SBS. The spectral profile (Fig. 1a)

possesses positive stokes and negative anti-stokes values. The widths (FWHM) of resonance peaks are
approximately equal toΓB.

The term proportional toβa
B ∝ α represents the linear thermal SBS. The spectral profile (Fig. 1b)

possesses positive and negative values in both stokes and anti-stokes regions. The widths (FWHM) of
resonance peaks are approximately equal toΓB/2.

The term proportional toβa
R ∝ α represents the STS due to linear absorption (the linear STS-2). The

spectral profile (Fig. 1b) possesses positive anti-stokes and negative stokes values. The widths (FWHM)
of resonance peaks are approximately equal toΓR.
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The term proportional toβe
R represents the STS due to an electrocaloric effect (the STS-1). The

spectral profile (Fig. 1a) is mirror symmetric to that of the linear STS-2.

6. SBS and STS spectral components for two-photon absorption

Single-photon and two-photon transitions provide complementary spectroscopic data [16]. In anal-
ysis [5] linear (single-photon) absorption switches to two-photon one by replacingα with γIL. In
particular,βa

R, βa
B ∝ γIL.

Being essentially different [5], the mechanisms of the linear STS-2 and two-photon STS-2 are char-
acterized by the common gain curve (Fig. 1b). The shifts and widths of its resonance peaks are close to
ΓR, which is less than the spectral resolution of the typical experimental setup [5]. In this respect, the
linear and two-photon STS-2 spectral components are experimentally indistinguishable not only from
one another, but also from the STS-1 one, characterized by the mirror symmetric gain curve (Fig. 1a).

SBS contains the experimentally distinguishable [16] conventional and thermal components. In the
stokes region the conventional SBS component must be shifted by the thermal SBS component. For linear
absorption this shift depends onα. For two-photon absorption this shift depends onγIL (see Section 7).
In the anti-stokes region the positive two-photon thermal values, being proportional toβa

B ∝ IL, are
added to the negative conventional values, being proportional toβe

B = const, and the positive overall
SBS gain can be achieved whenIL is sufficiently high.

7. Overall stokes SBS gain

Denoting the stokes SBS part of Eq. (38) byβB and dividing it byβe
B , we obtain

(βB/βe
B) =

1

1 + (2∆Ω/ΓB)2
+ (βa

B/βe
B)

2∆Ω/ΓB

1 + (2∆Ω/ΓB)2
. (41)

Setting

(βB/βe
B) ≡ Z, (βa

B/βe
B) ≡ Y, (2∆Ω/ΓB) ≡ X,

we rewrite Eq. (41) as

Z (X,Y ) =
1

1 + X2
+ Y

X

1 + X2
. (42)

The symmetric (1) and antisymmetric (2) curves in Fig. 2 represent the normalized right-hand side terms
of Eq. (42), respectively, in the case ofY = 1.

The parametersβa
B , βe

B , andΓB are independent of∆Ω. A variableX describes the frequency shift
∆Ω. WhenX = 1, the shift is∆Ω = ΓB/2. A variableY > 0 expresses a relative contribution of
the thermal and conventional SBS mechanisms.Y < 1 is the realistic case of the strong conventional
and weak thermal mechanisms; andY > 1 is the unrealistic case because of the self-action and phase
mismatch due to heating [5]. For linear absorption [2,4] (see Eq. (35))

Y =
βa

B

βe
B

=
δ − 1

2 − δ

αλ 1

4πβT0

c/v

sin (θ/2) ρ0 (∂ε/∂ρ)T
, (43)
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Fig. 2. Normalized spectral curves of the gain parameter for:(1) the conventional SBS; (2) the thermal SBS.

Fig. 3. A three-dimensional plot of the overall stokes SBS gain parameter for the conventional and thermal mechanisms.

whereθ = π for the backscattering. Thus,

Y = (const) × α. (44)

For two-photon absorptionα is substituted byγIL in Eq. (43), and

Y = (const) × (γIL) . (45)

According to Eqs (44) and (45), when the material properties are held constant (α, γ = const), a change
in IL can cause a change inY for the two-photon thermal SBS, only.

A functionZ (X, Y ) can be treated as a dependence const×βB (X) at different values ofY . Figure 3
shows a three-dimensional plot ofZ = Z (X, Y ) for Y varying from 0 to 1.5. The intersection of
Z (X, Y ) with the planeY = 0 is the even function ofX corresponding to the conventional SBS. The
contour plot in Fig. 4 demonstrates the shift more clearly.

The experimentally observed stimulated scattering spectral components are 5-times narrower [14] than
the gain curves in Figs 3 and 4. Hence, in an experiment the extra shift must be more pronounced.
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Fig. 4. The contour plot corresponding to Fig. 3. The gray-scale legend is evident from Fig. 3

8. Numerical estimates for spectral shift

According to the relaxation theory developed by Mandelstam and Leontovich, attenuation of a hyper-
sonic wave in a liquid is dominated by shear viscosity [20,32,33,35]. Therefore,

η ≈ 2η1

3
, k1 + k2 ≈ 2k1 =

4πn

λ 1
, (46)

whereη1 is a shear viscosity coefficient. From Eq. (40) we obtain

ΓB =
2η1

3ρ0

(
4πn

λ 1

)2

=
32π2n2η1

3ρ0λ2
1

. (47)

Following [5], we perform estimates for liquid hexane (C6H14), λ1 = 308 nm, and the material parame-
ters [1,20,35,36]:

λ1 ≈ 3 × 10−5 cm , θ = π , ρ0 ≈ 0.66 g
cm3 , n ≈ 1.4 , η1 ≈ 3.2 × 10−3P ≈ 3.2 × 10−3 g

cm s ,

β ≈ 1.4 × 10−3K−1, T0 ≈ 300 K, v ≈ 105 cm
s , c ≈ 3 × 1010 cm

s , ρ0

(
∂ε
∂ρ

)
T
≈ 1 , δ = CP

CV
≈ 1.3.

Then Eq. (47) yields

ΓB ≈ 1.1 × 109Hz ≈ 0.03 cm−1.

Eq. (43) gives

Y =
βa

B

βe
B

≈ 0.73 × α, (48)

whereα is measured in cm−1. Y = 1 corresponds toα = 1.37 cm−1.
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Table 1
Two-photon contribution
γIL to the total absorp-
tion coefficient atλ1 =
308 nm in hexane for the
three values of the pump
intensityIL

IL W/cm2 γIL, cm−1

> 1010 > 1.0
109

≈ 0.1
2.5× 108

≈ 0.025

For two-photon absorptionα is substituted byγIL in Eq. (48), and

Y = 0.73 × (γIL) . (49)

Table 1 borrowed from [5] lists the two-photon contributionγIL obtained for the three experimental
values ofIL. The maximum value is(γImax

L ) ≈ 1 cm−1 and

Y max = 0.73 × (γImax
L ) ≈ 0.73.

Due to losses and saturation the stimulated scattering is generated near the top of the curve in Fig. 3.
Hence, from Fig. 4Y ≈ 0.73 corresponds toX ≈ 0.5, and the frequency shift is

∆Ω ≈ ΓB

4
≈ 0.007 cm−1.

It should be noted that the SBS component was suppressed in [5] atImax
L because of the phase mismatch

associated with the two-photon heating. ForIL ≈ 109 W/cm2 we have(γIL) ≈ 0.1 cm−1 (see Table 1)
andY ≈ 0.07 (see Eq. (49)). The appropriate shift (see Fig. 4) is too small, to be detected under the
experimental conditions of [5]. This is not surprising because the analysis presented in [5] was focused
on other issues.

9. Summary

The basic equations describing stimulated Brillouin scattering (SBS) and stimulated temperature
scattering (STS) are used to determine the spectral profile of the gain parameter for the stokes and
anti-stokes spectral regions. The cases of the linear (single-photon) and two-photon absorption are
compared.

For the Fabry-Perot etalon based spectrum analyzer the linear STS-2 and two-photon STS-2 compo-
nents are experimentally indistinguishable not only from one another,but also from the STS-1 component.

In the stokes region the conventional SBS component is shifted by the thermal SBS component. In
contrast to linear absorption, for two-photon absorption this shift depends on the pump intensityIL. In
the anti-stokes region the positive two-photon thermal gain, being proportional toIL, is added to the
negative conventional gain, and the positive overall SBS gain can be achieved whenIL is sufficiently
high. Estimates made for liquid hexane and a pump wavelength 308 nm show that the typical extra shift
of the stokes SBS component is 0.007 cm−1.

The spectral resolution of a Fabry-Perot etalon is limited by several MHz (or 10−3 cm−1). To reach
the higher spectral resolution the methods of heterodyning and intensity fluctuations correlation should
be used.
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Abstract. We consider time-evolution of the disentanglement process of once generated entangled qubit pair as a result of the
phase variation of the pumping field. As a source of maximally entangled states we use the nonlinear coupler (two oscillators
with Kerr-like nonlinearities) with nonlinear internal interactions. The coupler prepared in a maximally entangled state interacts
afterwards with external reservoir of thermal character and pumping field as well. We show that the fact of the coupling
with additional state (which can create additional entanglement with one of the 2-qubit system’s previously entangled states)
is an origin of interesting entanglement decay behaviour. We can observe shortening of both: entanglement death-time and
entanglement birth caused by changing the phase of an external driving field.

1. Introduction

The main subjects of interest of nonlinear optics at its early stage were connected with interactions of
classically treated light and matter. Practically attainable strong optical fields made it possible to discover
the new, nonlinear properties of molecules and atoms which can be revealed in such interactions. Many
papers by professor S.Kielich have been devoted to these problems – see the comprehensive list of his
papers concerning for instance Kerr and Cotton-Mouton effects in dielectric liquids, light scattering and
others in [1]. Gradualy investigation of nonlinear optical processes gave rise to development of nonlinear
quantum optics dealing with the quantum properties of optical fields. In particular, among others,
problems concerning photon statistics or obtaining squeezed states of light were widely discussed [1].
They were also thoroughly investigated with references to the systems described by Kerr nonlinearities
(see for example [2–4]). It should be also pointed out that many other physical aspects of such systems
(as classically or quantum chaotic dynamics, generation of one photon states) were also considered in
the group founded by Prof. Kielich – see for example [5,6].

In modern quantum optics problems related to quantum entanglement belong to those of the greatest
interest and attract a lot of attention. They are closely related to quantum information theory. In this
domain of research of great current importance the role of nonlinear media is also essential. The systems
with nonlinearities of the Kerr type turned out to be useful in quantum informatics – one of the areas
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1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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Fig. 1. The model of a nonlinear coupler with external pumpingby the coherent field of the amplitude|α| and phaseφ.

of quantum theory – as a potential source of maximally entangled states. The processes of generation
of such states in a system composed of two nonlinear systems (described by nonlinearities of the Kerr
type) interacting with each other in a linear or a nonlinear way were mentioned in [7,8] and in [9].
Such systems, called in literature nonlinear couplers (or in quantum information theory papersnonlinear
quantum scissors), have been also investigated from the point of view of the properties of light generated
in these processes.

From the practical point of view, the problems concerning the decay of entanglement in a real
environment are of special interest. The system-environment interactions lead to the entanglement losses
but they are not always of the same character. In several recent years many papers have been devoted
to the so calledsudden death[10,11] or evensudden birth of entanglement[12,13]. Various types of
entangled pair’s environments lead to diverse types of decay – an entanglement once generated may not
only unexpectedly disappear in a finite time (we observe asudden deatheffect) but also sometimes its
reappearance is possible (sudden birth) in spite of the fact that within the entangled pair there are no
direct interactions.

In this context a nonlinear coupler has also its important place in the studies of the disentanglement
processes. We have dealt with this problem for example in [14], where the thermal reservoir was the
reason for sudden death of entanglement generated by the coupler or death and birth events appearing
one after another.

In the present considerations we would like to concentrate on the problem of the influence of the phase
of the external coherent field exciting one of the couplers modes on the entanglement decay in an external
reservoir.

2. The model

We model the nonlinear coupler via two anharmonic oscillators (described by the Kerr-like nonlin-
earitiesχa andχb) with nonlinear interaction between them of the strengthǫ. Moreover, we assume
that the system is externally driven and this pump strength is characterized by the complex parameter
α = |α|eiφ. In fact, the system is described by the following Hamiltonian:

Ĥ =
χa

2
(â†)2â2 +

χb

2
(b̂†)2b̂2 + ǫ(â†)2b̂2 + ǫ⋆(b̂†)2â2 + αâ† + α⋆â (1)

whereâ(â†) andb̂(b̂†) are the usual photon annihilation (creation) operators in the oscillators modesa
andb, respectively. The exemplary scheme of such a coupler can be depicted as in Fig. 1.
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It has been already shown that the system we deal with can be treated asnonlinear quantum scissors
(NQS) device – under some assumptions, the system cuts off the whole space of the two mode number
states and leaves the system’s dynamic between just the three of them:

|ψ(t)〉cut = c2,0(t) |2〉a |0〉b + c1,2(t) |1〉a |2〉b + c0,2(t) |0〉a |2〉b . (2)

Moreover, it can be a source of maximally entangled states (MES) [9]. MES states generated by the
nonlinear Kerr-like coupler with nonlinear interaction between the oscillators are the following:

|B1〉 =
1√
2

(|2〉a |0〉b + i |0〉a |2〉b) ,

|B2〉 =
1√
2

(|2〉a |0〉b − i |0〉a |2〉b) , (3)

|B3〉 =
1√
2

(|2〉a |0〉b + i |1〉a |2〉b)

and in fact are theBell-like states. Our system can be treated from the quantum information theory
point of view as a qutrit-qubit one since the dynamics in the modea is restricted to the three states
{|0〉 , |1〉 , |2〉}, whereas for the modeb to the two states{|0〉 , |2〉}.

3. Decay of entanglement – interaction with external reservoir

The main aim of this paper is to examine the influence of phaseφ of the parameter of interaction
with the pumping fieldα on the process of disentanglement resulting from the interaction with external
reservoir. Therefore, we prepare our system to be initially in one of the maximally entangled states (in
our case|B1〉 state) and after that we allow the system to interact with the external environment. We
consider the zero-temperature as well as thermal reservoirs and model the interactions via the master
equation in the standard Born and Markov approximations. This equation can be written as

dρ̂

dt
= −1

i

(
ρ̂Ĥ − Ĥρ̂

)
+

∑

k∈{a,b}

[
Ĉkρ̂Ĉ

†
k − 1

2

(
Ĉ†

kĈkρ̂+ ρ̂Ĉ†
kĈk

)]

(4)
+ 2

∑

k∈{a,b}

[
Ĉ†

kn
ρ̂Ĉkn

+ Ĉkn
ρ̂Ĉ†

kn
− Ĉ†

kn
Ĉkn

ρ̂− ρ̂Ĉkn
Ĉ†

kn

]
,

where the operatorŝCa andĈb are responsible for the damping in both the oscillator modesa andb,
whereasĈan

andĈbn
describe the interaction with thermal bath. These operators are defined as:

Ĉk =
√

2γk k̂, Ĉkn
=

√
γknk k̂ (5)

wherek ∈ {a, b}.
As a measure of entanglement degree we choose the concurrence, proposed by Wooters in [15].

However, it is defined for the 2⊗ 2 systems, whereas in our case the system is of 3⊗ 2 dimension.
Therefore, in further considerations we focus on the entanglement obtained within the 2-qubit subsystem
of the whole one. Our system can be treated as a 2-qubit one only when the external pumping is absent.
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Fig. 2. Concurrence versus time for the two-qubit subsystem for various values of phaseφ of external pumping. A coupler is
initially prepared in a MES state and later left inside the zero-temperature reservoir. We assume that|α| = π/χ, γa = γb =
0.01,na = 0, nb = 1 andǫ = 0. The parametersχa = χb = χ = 25 and time are scaled in units of1/χ.The inset – the map
of C(t) for various values ofφ. The black areas are forC(t) = 0, whereas white ones forC(t) > 0.

In general, due to the presence ofα the third entangled state is created (|B3〉), and hence the entanglement
can be periodically transferred out from the 2⊗ 2 subsystem during evolution.

For the system inside the reservoir, the character of entanglement decay depends on the presence (or
absence) of internal coupling (ǫ) and the strength of external pumping|α|. The decay of entanglement
for such system, but without theφ dependence, was considered in [14]. It was shown that it is possible
to observe not only the oscillating character of entanglement decay forǫ 6= 0, when the reservoir is
in zero-temperature state, but sequences of entanglement deaths and births can be also seen as the
reservoir is characterized by a different from zero mean number of photons. In the absence of|α|,
such a decay character is a consequence of interactions between both oscillators and the states of the
reservoir (states of the oscillators and reservoir are described by number states). Different from zero
values of|α| enables temporal transfer of the entanglement out from the subsystem considered, which
may additionally enhance the death effect (shorten the time after which death appears), or increase the
time after which entanglement birth occurs.

In this paper we would like to show that by varying the phase of external pumping field one can change
the character of entanglement decay in a significant way. It is visible for thermal reservoirs as well as
for zero-temperature ones that the oscillating character of decay (the same forǫ 6= 0 and forǫ = 0) does
not change for variousφ values. The only difference is that for the system evolution the completely
separable state (C = 0) is not generated periodically. In consequence, the system remains entangled to
a greater or lesser degree before it achieves the final disentangled state.

The more pronounced variations in the system dynamics can be observed for thermal reservoirs cases.
As we will show, the decay of entanglement in thermal environment can lead to such phenomena as
entanglement sudden deathoften followed by theentanglement sudden birth. It is sufficient that one of
the reservoir modes is characterized by the average number of photons equal to one, to observe variations
in the entanglement dynamics as the phase of external coupling changes, Fig. 2.

For further analysis we assume that the damping processes originating from the interaction with the
reservoir are weak (if we compare damping constants with the nonlinearities) because we need to avoid
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Fig. 3. The same as in Fig.2 but for nonzero internal coupler coupling –ǫ = 0.02.

too rapid disentanglement processes in our system. However, one should keep in mind that the damping
considered in the model is strong enough to generate visible effects introduced by the environment
anyway.

Thus, in general, we observe some possibility of shortening the time after which the sudden death of
entanglement occurs in some ranges of phaseφ. This effect is more pronounced when the strength of
couplingǫ between the oscillators within the coupler is small. Moreover, this effect is even visible when
oscillators do not mutually interact during the disentanglement process, compare Fig. 2 forǫ = 0 and
Fig. 3 forǫ 6= 0.

In particular, the external pumpingα is responsible for population of the|1〉a |2〉b state and from this
state the population may decay to one of the states (|0〉a |2〉b) involved in the 2-qubit subsystem we
deal with. This mechanism enables the entanglement to reappear in the system, despite of the fact that
qubits do not interact with each other any more. It is of course more pronounced for greater values of
α, as the amount of population which may return to the 2-qubit subsystem has to be sufficiently large to
compensate the damping process. Moreover, it is interesting that changes in the value ofφmay cause the
rebirth of entanglement without changing the intensity of external pumping. This fact is easily visible
from Fig. 2. To understand this feature we should mention that the change in the phaseφ may cause
faster growth of the|1〉a |2〉b state population (and faster decay of|0〉a |2〉b state). In consequence, the
population transfer between these two states takes place earlier than for the case when the phaseφ = 0
and therefore, the states engaged in the 2-qubit system gain enough population to rebuild some amount
of entanglement. As a resultsudden birthof entanglement can be observed.

It should be stressed out that in fact the two features (shorten the period of time when the death of
the entanglement is observed and entanglement rebirth) occur for the same values ofφ. Moreover, the
maximal shortening of the time mentioned takes place for the sameφ for which the maximal value of
reborn entanglement is observed. In addition, for the same value ofφ the reborn entanglement remain
visible for the longest period of time. The physical origin of this phenomenon is the same as for the
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entanglement rebirth. Faster (if we compare it withφ = 0 case) decay of one of the states of the 2-qubit
system results in faster decay of entanglement and earlier appearance of entanglement sudden death.

Inclusion of the interaction within the coupler (ǫ 6= 0) preserves the shortening of the time when death
starts to be visible, see Fig. 3. However, it is not possible for this case to observe the situation when the
entanglement vanishes totally after reaching its first minimum (or zero). We can explain this feature by
the fact that even small interaction between the oscillators makes return the entanglement to the system
possible, so that even forφ = 0 a rebirth of entanglement is present. Moreover, due to this interaction it
is also possible to preserve the system from temporaly disentanglement (obtaining separable state) and
for some phases (see the inset of Fig. 3) the concurrence does not reach zero value before the moment
the final disentanglement takes place.

4. Conclusions

We have analysed one of the wide spectrum of aspects concerning the entanglement obtaining and
entanglement evolution in external environment under various side conditions, that is the influence of
external pumping phase on the entanglement decay. The system under consideration consists of a non-
linear coupler (two mutually interacting anharmonic oscillators with Kerr-like nonlinearities) interacting
with external reservoir and pumping field as well. We have used this system’s ability to produce max-
imally entangled state and focused on disentanglement process evolution inside the thermal reservoir.
Moreover, although the system can be treated as a qutrit-qubit one, we have analysed the entanglement
within its 2-qubit subsystem. We have discussed the changes in disentanglement process as a result of
variations of the of external driving field, showing that even for relatively small values of driving field
amplitudeα, despite of the fact that there is no interactions between once entangled oscillators, it is
possible to obtain return of entanglement to the subsystem considered as a result of changing the phase
φ. Moreover, this effect arises simultaneously with shortening of the time when the first entanglement
sudden death becomes visible.

At this point we can draw the conclusion of rather general nature. Nonlinear optical systems seem to
be promising in one of the branches of modern quantum optics – quantum information theory, giving
hope for further applications in this quickly developing area. This fact strengthens our belief that the
importance of the contribution of Professor Stanisław Kielich and ideas inspired by them cannot be
overestimated when we look at the modern trends in physics development.
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Abstract. Two complexes of formula [FeIII (salten)(DEAS)](BPh4) and [FeIII (salten)(MPS)](BPh4) are reported in which H2
salten is the 4-azaheptamethylene-1,7-bis(salicylideneiminate) quinquadentate Schiff base ligand, DEAS is 4’-diethylamino-
stilbazole, and MPS is 4’-[2-(methoxymethyl)pyrrolidinyl]-stilbazole. Both complexes exhibit a partial S= 5/2 → 1/2
spin crossover behaviour on cooling down to low temperature. Additionally, DEAS exhibits potential nonlinear optical
(NLO) properties in relation to an intenseπ − π* charge transfer transition between the amine and the pyridine moieties.
The temperature dependence of the optical spectra of [FeIII (salten)(DEAS)]+ is compared to that of 4’-diethylamino-1-
methylstilbazolium (DEAMS+), a cation related to [FeIII (salten)(DEAS)]+, in which the NLO active DEAS ligand is linked to
a methyl instead of an iron complex, and therefore exhibits no magnetic behaviour. The occurrence of a red shift upon cooling
down is discussed in relation with the spin equilibrium, on the basis of the ZINDO calculated spectra. A similar shift is observed
between [FeIII (salten)(mepepy)]+ complex (mepepy= 1-(pyridin-4-yl)-2-(N-methylpyrrol-2-yl)-ethane) and Me-mepepy+ ,
N -methylated form of mepepy. The potential effect of these behaviours on the NLO properties is discussed, in a perspective of
molecular materials with interacting electronic capabilities.

Keywords: Spin crossover, nonlinear optics, ZINDO, semi-empirical methods, UV-vis spectra

1. Introduction

Since the report by Davydov et al. that substituted benzene ring could exhibit strong second harmonic
generation (SHG) [1], molecular materials have gradually been recognized to possess enhanced quadratic
nonlinear optical (NLO) properties [2,3]versusthose of the commercially available ferroelectric crystals
(e.g. LiNbO3 or KH2PO4) [4], by virtue of their large quadratic hyperpolarizabilities (β). Furthermore,
the versatility of molecular chemistry offers a unique opportunity to meet additional challenges, such as
designing multi-property materials, which could attract much interest, in relation to the emerging concept
of molecular switch [5,6]. Nevertheless, the possibility of achieving a switch in the NLO response has
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been considered only recently [7]. Until now, the most convincing NLO switch seems to be that reported
by Coe et al. [8] who have used coordination chemistry to design ruthenium(II) complexes in which
drasticβ reduction is observed upon RuII → RuIII oxidation.

Metal complexes exhibit structural and electronic features of greater complexity than those of the first
generation of “push-pull” organic molecules previously investigated, such as unusual topologies (e.g.
octupolar symmetries) [9,10], unique photochemical and electrochemical properties [11], and a variety
of potential magnetic behaviours [12]. Along this line, the design of paramagnetic [13] or magnetically
coupled [14] metal complexes with NLO response has been envisioned. However, the possibility for an
interplay between magnetic and NLO properties in these molecules remains somewhat speculative, and
up to date has never been observed.

Few years ago, we have reported on a computational approach aimed at investigating a possible
quadratic NLO modulation achieved upon spin transition in an iron(II) Schiff base complex [15]. This
possibility has also been envisioned by Létard et al. [17], and by Nakano et al. [18], at the level of
the cubic NLO response. The spin transition is a well investigated behaviour, first observed by Cambi
et al. [19]. Numerous studies have been devoted to this intriguing phenomenon [20], which leads to
a modification of the electron configuration and a modulation of the coordination sphere of the metal
center, both effects which have the potential to affect the value of the molecular hyperpolarizability (β).
Nevertheless, to date, and despite various experimental efforts, no real success in actual systems has
been obtained, and the observation of an interplay between spin transition and nonlinear optics remains
a challenging target.

As a new step in the search of multi-property molecular units combining NLO capabilities and
magnetic behaviour, we have been interested in the influence of the spin transition phenomenon on
the electronic spectra of complexes built up from “push-pull”π-conjugated ligands. A recent re-
port by Real et al. [21] has shown that spin crossover behaviours can take place in iron(II) com-
plexes built up from “push-pull” substituted stilbazole ligands. To continue along this line, and on
the occasion of a special celebration of the carrier of Prof. Kielich, who was interested in both
magnetic and NLO phenomenon at the border line of experimental and theoretical investigations,
we wish to report on another investigation of the relationship between magnetic and charge transfer
properties in three iron(III) complexes, [FeIII(salten)(DEAS)](BPh4), [FeIII(salten)(MPS)](BPh4), and
[FeIII(salten)(mepepy)](BPh4) (H2salten= 4-azaheptamethylene-1,7-bis(salicylideneiminate); DEAS
= 4’-diethylaminostilbazole; MPS= 4’-[2-(methoxymethyl)pyrrolidinyl]-stilbazole; mepepy= 1-
(pyridin-4-yl)-2-(N-methylpyrrol-2-yl)-ethane (Scheme)). The temperature dependence of the optical
spectra of [FeIII(salten)(DEAS)]+ and [FeIII(salten)(mepepy)]+ will be compared to those of DEAMS+

(4’-diethylamino-1-methylstilbazolium) and Me-mepepy+ (N -methylated form of mepepy), respective-
ly. These systems provide two sets of related chromophores in which the electronic spectra are dominated
by intenseπ → π* transitions having charge transfer character, between an amino substituent and the
pyridine moieties, which behaves as a strong acceptor unit after alkylation or metal complexation. These
electronic features have long been recognized to bring about the benchmarks stilbazolium-like units
with extremely large NLO responses, which have been widely investigated since the 80’s, in Lang-
muir Blodgett films [22], self-assembled multilayers [23], intercalated NLO materials [24], or single
crystals [25], with SHG efficiencies up to 1000 times that of urea in some cases [24a]. Additionally,
the metal complexes belong to a family of well known iron(III) derivatives built up from the parent
[FeIII(salten)(pyridine)]+ ion, all of them exhibiting a gradual and partial S= 5/2 to 1/2 spin crossover
upon cooling down to low temperature [26]. Therefore, these molecular units offer a unique opportunity
to investigate the temperature dependence of NLO chromophore spectra, in the presence of a magnetic
phenomenon.
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After the observation of a pronounced red shift at low temperature in the electronic spectrum of
the iron (III) complexes, together with the observation of a gradual spin crossover, the charge transfer
behaviours will be discussed within the INDO semi-empirical approach, to rationalize the origin of the
optical modulation. The effect of this behaviour in term of potential NLO modulation will be tentatively
evaluated in the last section.

2. Experimental section

2.1. Starting materials and equipment

The starting materials and solvents were used without further purification, except for DMF, which
was distilled on barium oxide. 4’-dimethylamino-1-methylstilbazolium iodide (DAMS+I−) [27], 4’-
diethylamino-1-methylstilbazolium iodide (DEAMS+I−) [27], 4-[2-(methoxymethyl)pyrrolidinyl] ben-
zaldehyde [28], [FeIII(salten)(Cl)] [25a], and [FeIII(salten)(mepepy)](BPh4) [25c], were synthesized
as previously described. Elemental analysis were performed by the “Service de Microanalyses du Labo-
ratoire de Chimie de Coordination”, in Toulouse. The NMR spectra were registered on a Bruker AM 250
spectrometer. UV-visible absorption measurements were performed on a Varian CARY 5E double-beam
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spectrophotometer, equipped with an APD Cryogenics closed-cycle helium cryogenic system including
a DMX-1E cryostat and a DE-202 expander instrument. The thin films samples for UV-visible measure-
ments were poly (methyl methacrylate) (PMMA) containing 5% of chromophore. In a typical procedure,
114 mg of PMMA and 5.8 mg of iron complex were dissolved in 0.6 mL of chloroform and were used
to prepare thin films by using the spin coating technique (Karlsuss CT62). Solid state sample were KBr
pressed pellets (13 mm diameter, 100 mg), with 1 wt. -% NLO material.

2.2. Synthesis

2.2.1. 4’-Diethylaminostilbazole(DEAS)
4-chloroaniline (1.280 g, 10−2 mol) and 4-diethylaminobenzaldehyde (1.77 g, 10−2 mol) were dis-

solved at 40◦C in 12.5 mL of absolute ethanol. After addition of two drops of sulphuric acid, the
reaction mixture was stirred at room temperature for 15 minutes.N -(4’-diethylaminobenzylidene) 4-
chloroaniline was obtained as an orange solid by precipitation after one night at low temperature, filtered
off, washed with absolute ethanol, and dried under vacuum. Yield 2.29 g (80%).1H NMR (CDCl3)δ
8.245 (s, 1H), 7.715 (d,J = 8.8 Hz, 2H), 7.300 (d,J = 8.6 Hz, 2H), 7.099 (d,J = 8.6 Hz, 2H), 6.680
(d, J = 8.8 Hz, 2H), 3.413 (q,J = 7.0 Hz, 4H), 1.195 (t,J = 7.0 Hz, 6H). In a second step, one part
of this compound (1.49 g, 5.2 10−3 mol) was dissolved in 25 mL of DMF, with powdered KOH (1.2 g,
2.1 10−2 mol). After addition of 4-picoline (0.53 mL, 5.4 10−3 mol), the reaction mixture was heated at
90◦C for 1 hr 30. After cooling down, 50 mL of methanol were added, and the mixture was abandoned
overnight at 0◦C, which allowed the precipitation of a yellow compound. After filtration, the solid was
washed with water and methanol and finally dried under vacuum. Yield 930 mg (71%). Elemental
analysis. Found: C, 80.8; H, 7.9; N, 10.9%. Calc. for C17H20N2: C, 80.9; H, 8.0; N, 11.1%.1H NMR
(CDCl3)δ 8,499 (d,J = 6.2 Hz, 2H), 7.410 (d,J = 8.9 Hz, 2H), 7.291 (d,J = 6.2 Hz, 2H), 7.228 (d,
J = 16.2 Hz, 1H), 6.764 (d,J = 16.2 Hz, 1H), 6.664 (d,J = 8.9 Hz, 2H), 3.398 (q,J = 7.0 Hz, 4H),
1.191 (t,J = 7.0 Hz, 6H).

2.2.2. [FeIII (salten)(DEAS)] (BPh4)
A solution of [FeIII(salten)(Cl)] (0.856 g, 2 10−3 mol) and DEAS (0.506 g, 2 10−3 mol) in methanol

(50 mL) was heated at 60◦C for one hour, then was filtered hot. The filtrate was added to a solution of
NaBPh4 (684 mg, 2 10−3 mol) in 20 mL of methanol. The mixture was heated at 60◦C for 5 min and
stood overnight at 0◦C, to allow the formation of a dark precipitate. The solid was filtered, washed with
methanol and ether, then dried under vacuum. Yield 1.56 g (87%). Elemental analysis. Found: C, 75.7;
H, 6.5; N, 7.1%. Calc. for C61H63BFeN5O2: C, 75.9; H, 6.6; N, 7.3%.

2.2.3. 4’-[2-(methoxymethyl)pyrrolidinyl]-stilbazole(MPS)
A mixture of 4-picoline (3.2 mL, 5.5 10−2 mol) and NaH (1.32 g, 5.5 10−2 mol) in 10 mL of DMF was

heated for 2 hours at 60◦C. Then, 4-[2-(methoxymethyl)pyrrolidinyl] benzaldehyde (7.2 g, 5.5 10−2 mol)
diluted in 10 mL of DMF was added and the reaction mixture was heated for 7 more hours at 60◦C.
After cooling, the resulting mixture was poured into 300 mL of water, which leads to a red precipitate.
The solid was filtered off, washed with water, and dried under vacuum. The crude product was then
dissolved in hot heptane, filtered hot, evaporated to dryness, and finally purified by chromatography on
SiO2 (60Å 70–200µm) using heptane-AcOEt (7/3). Yield: 12.79 g (78%) of MPS as a bright yellow
solid. 1H NMR (CDCl3)δ 8.488 (d,J = 5.8 Hz, 2H), 7.295 (d,J = 6.0 Hz, 2H), 7.405 (d,J = 8.8 Hz,
2H), 7.222 (d,J = 16.2 Hz, 1H), 6,764 (d,J = 16.2 Hz, 1H), 6,630 (d,J = 8.8 Hz, 2H), 3.918 (m,
1H), 3.42–3.53 (m, 2H), 3.373 (s, 3H), 3.199 (t,J = 8.9 Hz, 2H), 1.72–2.09 (m, 4H).
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2.2.4. [FeIII (salten)(MPS)] (BPh4)
A solution of [FeIII(salten)(Cl)] (360 mg, 8.4 10−4 mol) and MPS (320 mg, 1.09 10−3 mol) in

methanol (18 mL) was heated at 60◦C for one hour, then was filtered hot. After addition of NaBPh4

(288 mg, 8.4 10−4 mol) to the filtrate, and an additional heating for 5 min at 60◦C, the reaction mixture
was stood overnight at room temperature, which led to a dark precipitate, which was filtered, washed
with methanol then ether. Yield 0.635 g (75%). Elemental analysis. Found: C, 74.7; H, 6.4; N, 7.0%.
Calc. for C63H65BFeN5O3: C, 75.1; H, 6.5; N, 7.0%.

2.2.5. Me-mepepy+I−

Following the general procedure of Kung [27], 4-picoline (930 mg, 10−2 mol) and methyliodide
(1.42 g, 10−2 mol) were readily reacted, which afforded 4-picolinium iodide as a pale yellow solid.
The resulting solid was dissolved in 15 mL of 2-propanol, with 1.1 g (10−2 mol) of N -methylpyrole-2-
carboxaldehyde and 3 drops of piperidine. The solution was refluxed for 20 hours, which led to a large
amount of an orange precipitate. After cooling down to room temperature, the product was filtered,
washed with propanol and dried under vacuum. Yield 2.642 g (80%). Elemental analysis. Found: C,
47.9; H, 4.2; N, 8.4%. Calc. for C13H15IN2: C, 47.9; H, 4.6; N, 8.6%.1H NMR (DMSO-d6)δ 8.685
(d, J = 6.8 Hz, 2H), 8.098 (d,J = 6.9 Hz, 2H), 7.907 (d,J = 15.9 Hz, 1H), 7.090 (m, 1H), 7.057 (d,
J = 16.1 Hz, 1H), 6.878 (dd,J = 3,9 and 1.3 Hz, 1H), 6.211 (dd,J = 3.8 and 2.6 Hz, 1H), 4.170 (s,
3H), 3.800 (s, 3H). The compound was then turned to the hexafluorophosphate salt by metathesis, using
NH4PF6 aqueous solution. Single crystals were obtained by slow diffusion of diethyl ether in a solution
of Me-mepepy+(PF6)

− in acetonitrile.

2.3. Crystallographic studies

Single crystals of DAMS+I− were obtained by slow evaporation in ethanol. X-ray data for DAMS+I−

and Me-mepepy+(PF6)
− were collected at room temperature and 180 K, on a Xcalibur Oxford Diffraction

diffractometer using a graphite-monochromated Mo-Kα radiation (λ = 0.71073Å) and equipped with an
Oxford Cryosystems Cryostream Cooler Device. The crystallographic data are summarized in Table 1.
The final unit cell parameters have been obtained by means of a least-squares refinement performed on a
set of 5000 well measured reflections. Empirical absorption corrections were applied: Tmin = 0.6557,
Tmax = 0.8456 for DAMS+I− [29]; Tmin = 0.945, Tmax = 0.971 for Me-mepepy+(PF6)

− [30]. The
structures have been solved by Direct Methods using SIR92 [31], and refined by means of least-squares
procedures on a F2 with the aid of the program SHELXL97 [32] included in the software package
WinGX version 1.63 [33]. The Atomic Scattering Factors were taken from International tables for X-
Ray Crystallography [34]. All hydrogens atoms were located on a difference Fourier maps, and refined
by using a rigid model. All non-hydrogens atoms were anisotropically refined, and in the last cycles of
refinement a weighting scheme was used, where weights are calculated from the following formula:w =
1/[σ2(Fo2)+(aP)2+bP] whereP = (Fo2+2Fc2)/3. Drawing of molecule is performed with the program
ORTEP32 [35] with 50% probability displacement ellipsoids for non-hydrogen atoms.

In the structure of Me-mepepy+(PF6)
−, a disorder was solved on the anion, with occupancy of

0.50/0.50 for each fluorine atoms at room temperature and 0.80/0.20 at 180 K. Crystallographic data
have been deposited with the Cambridge Crystallographic Data Center.

2.4. Computational methods

The all-valence INDO (intermediate neglect of differential overlap) method [36] was employed for the
calculation of the optical spectra of the chromophores at room temperature and at 180 K. Calculations
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Table 1
Crystal Data for DAMS+I− and (Me-mepepy)+(PF6)

− at High and Low Temperature

DAMS+I− (Me-mepepy)+(PF6)
−

293 K 180 K 298 K 180 K
crystal data
chemical formula C16H19IN2 C16H19IN2 C13H15F6N2P C13H15F6N2P
mol.wt. 366.23 366.23 344.24 344.24
crystal size (mm) 0.2× 0.15× 0.08 0.2× 0.15× 0.08 0.25× 0.17× 0.1 0.25× 0.17× 0.1
crystal system monoclinic monoclinic triclinic triclinic
space group P21/c P21/c P-1 P-1
a (Å) 6.326(2) 6.3060(6) 8.517(1) 8.424(1)
b (Å) 7.712(3) 7.6273(8) 9.295(2) 9.236(1)
c (Å) 32.068(11) 32.083(3) 10.612(2) 10.547(1)
α (◦) 90 90 72.02(2) 71.49(1)
β (◦) 90.36(3) 90.361(8) 71.25(2) 70.39(1)
γ (◦) 90 90 73.74(2) 74.17(1)
V (Å3) 1564.4(9) 1543.1(3) 741.3(2) 720.2(2)
Pcalc (Mg/m3) 1.555 1.576 1.542 1.587
µ (MoKα) (cm−1) 0.2037 0.2065 0.247 0.255

data collection
radiation (MoKα) (Å) 0.71073 0.71073 0.71073 0.71073
scan mode ω andφ ω andφ ω andφ ω andφ
θ range (◦) 2.93–26.30 2.96–32.15 2.99–25.63 3.54–25.63
no. of reflections

measured 11688 16105 5397 5284
unique 3189 5077 2804 2723
used 3189 5077 2804 2723

refinement
refinement on F2 F2 F2 F2

no. of variables 175 175 262 262
H-atom treatment calculated calculated calculated calculated
R [I>2sigma(I)] 0.0389 0.0353 0.0677 0.0459
wR 0.0457 0.0448 0.1588 0.1059
∆ρmax (e Å−3) 0.456 0.664 0.369 0.409
∆ρmin (e Å−3) −0.331 −0.774 −0.779 −0.315
GOF 0.826 0.793 0.951 0.931

were performed using the INDO/1 Hamiltonian incorporated inthe commercially available MSI software
package ZINDO [37]. The monoexcited configuration interaction (MECI) approximation was employed
to describe the excited states. The 100 lowest energy transitions between the 10 highest occupied
molecular orbitals and the 10 lowest unoccupied ones were chosen to undergo CI mixing.

For Me-mepepy+, the calculations were performed on the present crystal structures. No crystal
data being available for DEAMS+, metrical parameters used for the calculations were taken from the
present X-ray structures of DAMS+. Metrical parameters used for [FeIII(salten)(mepepy)]+, were those
of the previously reported structure of [FeIII(salten)(mepepy)]+([Pd(dmit)2]2)−, available at 280 and
180 K [38]. As no crystal data are available for [FeIII(salten)(DEAS)]+, the molecular structures were
built up from the X-ray structures of [FeIII(salten)(mepepy)]+([Pd(dmit)2]2)− and DAMS+I−, at both
high and low temperatures. It is justified by the fact that variations of the coordination cores derive
from the spin crossover processes, which, in this temperature range, are of comparable magnitude in
both complexes (vide infra). Therefore, the modification of the metal-pyridine (Fe-N) bond lengths were
assumed to be the same in any iron(III)-based complexes and equal to 0.06 Å (averaged value provided
by the X-ray data available) [38].
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The pseudo-centrosymmetric electronic environment of the [FeIII (salten)] core and the absence of
strong donor acceptor character on the salten fragment leads to the suggestion (eventually verified by
ZINDO) that the metal center is not involved in the dominant charge transfer process, which is located
on the DEAS and mepepy moieties. Therefore, the calculations performed at both S= 1/2 and 5/2 spin
states were found to lead to very similar (energy, intensity) charge transfer features. In order to simplify
the discussion, the results presented here will be those obtained with S= 1/2, which lead to a more
simple description of the electronic properties at the molecular level.

2.5. Magnetic measurements

Magnetic susceptibility data for the iron complexes were recorded using a SQUID-based magne-
tometer on a QUANTUM Design Model MPMS instrument. All data were corrected for diamagnetism
estimated from Pascal’s constant [39] (−587× 10−6 cm3 mol−1 and−610× 10−6 cm3 mol−1, for
[FeIII(salten)(DEAS)](BPh4) and [FeIII (salten)(MPS)](BPh4), respectively). The magnetic data for
[FeIII(salten)(mepepy)](BPh4) have been previously reported [25c].

3. Results

3.1. Synthesis and characterization

Although 4’-diethylaminostilbazole has been previously reported in the literature [40,41], we provide
a new synthetic route, which implies the reaction of 4-picoline with N-(4’-diethylaminobenzylidene)
4-chloroaniline in the presence of dimethylformamide and potassium hydroxide (“anil synthesis”) [42].
This convenientmethod has then been extended to the synthesis of numerouso, m, p-styrylpyridines [43].
The organic compounds are readily characterized by1H NMR spectroscopy. The double bond linkages
were confirmed to be trans by1H NMR analysis, based on the value of theJCH=CH coupling constant
(c.a. 16 Hz). The spectrum of Me-mepepy+I− is complicated by the fact that the signal of the hydrogen
linked to carbon C12 (δ = 7.090 ppm) is hidden by the signal of an ethylenic hydrogen (δ = 7.06 ppm).
However, the integration proves without any ambiguity the presence of the hydrogen atom.

[FeIII(salten)(DEAS)](BPh4) and [FeIII(salten)(MPS)](BPh4) were readily obtained by the proce-
dure reported previously for various [FeIII(salten)(X-py)]+ derivatives [25a], which implies the synthesis
of [FeIII(salten)(Cl)] and the appropriate substituted pyridine. 4’-Diethylaminostilbazole (DEAS) was
used instead of the parent and more traditionally used 4’-dimethylaminostilbazole (DAS) which is not
soluble enough. Indeed, all our attempts to obtain [FeIII(salten)(DAS)](BPh4) failed. We have observed
that in the present [FeIII(salten)(X-py)](BPh4) series, concentrations less than 10−2 mol L−1 may lead to
a partial decoordination of the substituted pyridine [44]. In the case of DAS the poor solubility hampered
the formation of the suitable complex, whereas the higher solubility of DEAS allows the obtention of
the desired complex in excellent yield.

4’-[2-(Methoxymethyl)pyrrolidinyl]-stilbazole (MPS) is a chiral parent of DEAS, selected in relation
to the need for noncentrosymmetric crystals, which would have guarantied some SHG signal in solid
state. Indeed pyrrolidinyl-based chromophores have been observed to exhibit large crystal efficiencies
in some cases [45]. In the case of [FeIII(salten)(MPS)]+, this would have allowed a direct and easy
measurement of the temperature dependence of the NLO response performed on powdered sample.
Nevertheless, although the iron complex was obtained in good yield, this compound turned out to be
completely amorphous, and therefore SHG silent.
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Fig. 1. Atom labelling scheme for DAMS+I−. The ellipsoids are drawn at the 30% probability level. Hydrogen atoms are
omitted for clarity.

3.2. Description of the structures

It is important to point out that although several crystal structures containing the DAMS+ chromophore
have been reported in the literature, for example with TsO− [24b], [Ni(dmit)2]− [46], La(NO3)6 [47],
PbBr−6 [48], and also I− [49], none of these reports have focussed on the effect of temperature on the
molecular geometry, which is essential for the present investigation.

DAMS+I− crystallizes in the monoclinic P21/c space group. On cooling down from 293 to 180 K,
the contraction of the cell parameters is more pronounced (around 1%) along thebaxis, which roughly
corresponds to the packing direction. Figure 1 illustrates the DAMS+I− molecule with the atomic
numbering scheme. Although DAMS+ appears planar, the molecule is slightly bent with an angle equal
to 11.09◦ between the aromatic rings at 293 K (10.92◦ at 180 K). At room temperature, the largest
deviation from the molecular mean plan is equal to 0.385(4) and 0.351(4) Å at the C(15) and C(1)
atoms, respectively. These values move to 0.377(3) and 0.388(3) Å at 180 K. The degree of planarity
is approximately the same at both temperature, with Rms deviation of 18 fitted atoms (N(1), N(2), C(1)
to C(16)) equal to 0.1765 and 0.1833 Å, at 293 and 180 K, respectively. A careful comparison of the
modulation of the intra-molecular bond lengths (Table 2) does not reveal any significant modification
in the molecular structures. In particular, the averaged bond lengths are equal to 1.400(4) Å at both
temperatures. Moreover, only four bond lengths modifications are larger than 1%, the largest change of
1.7% being observed at the C(4)-C(5) bond.

(Me-mepepy)+(PF6)
− crystallizes in the triclinic P-1 space group. On cooling down from 298 to

180 K, the main contaction of the cell (around 1%) is observed along thea axis. The asymmetric
unit cell is shown in Fig. 2, with the atomic numbering scheme. The Me-mepepy+ cation is roughly
planar, with an angle of 9.05◦ between the two aromatic rings at 298 K (9.25◦ at 180 K). At room
temperature, the largest deviation from theπ-conjugated mean plane is equal to 0.119 Å, at C(10)
(0.126 Å, at 180 K). The comparison of the intra-molecular bond-lengths (Table 2) reveals no significant
modification between high and low temperature, with averaged values of 1.385(6) and 1.388(3) Å, at
298 and 180 K, respectively. This difference which falls in the range of the esd’s uncertainty is not
significant, taking into account the modest quality of the structure recorded at room temperature. The
only bond lengths modification larger than 1% is equal to 1.5%, at the C(4)–C(5) bond.

Finally, it must be concluded that the temperature has no major effect on the overall molecular
geometry of the organic cations. In particular, the methyl-pyridine distance (C(1)-N(1) bond) is not
modified, within the range of uncertainty, which strongly contrast with the 0.12 to 0.15 Å bond lengths
reduction observed in iron(III) Schiff base complexes with a complete spin crossover [50]. Nevertheless,
the possibility that subtle modifications can lead to observable optical change will be considered in the
next section.
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Table 2
Bond Lengths (in Å) for DAMS+ I− and Me-mepepy+ (PF6)

−

at High and Low Temperature, Esd’s in Parantheses Refer to the
Last Significant Digit

DAMS+ I− Me-mepepy+ (PF6)
−

293 K 180 K 298 K 180 K
C(1)-N(1) 1.470(5) 1.469(3) 1.471(5) 1.466(3)
C(2)-N(1) 1.337(5) 1.351(3) 1.334(5) 1.345(3)
C(2)-C(3) 1.371(5) 1.355(4) 1.352(6) 1.349(3)
C(3)-C(4) 1.406(5) 1.407(4) 1.396(5) 1.398(3)
C(4)-C(5) 1.384(5) 1.408(4) 1.391(6) 1.412(3)
C(4)-C(7) 1.444(5) 1.444(4) 1.435(5) 1.434(3)
C(5)-C(6) 1.367(5) 1.361(4) 1.350(6) 1.353(4)
C(6)-N(1) 1.348(5) 1.356(3) 1.342(5) 1.347(3)
C(7)-C(8) 1.351(5) 1.343(4) 1.328(6) 1.336(3)
C(8)-C(9) 1.455(5) 1.448(4) 1.423(5) 1.429(3)
C(9)-C(14) 1.399(5) 1.411(4)
C(9)-C(10) 1.405(5) 1.401(4) 1.396(5) 1.389(3)
C(10)-C(11) 1.375(5) 1.376(4) 1.389(6) 1.385(3)
C(11)-C(12) 1.412(5) 1.421(4) 1.361(6) 1.374(4)
C(12)-N(2) 1.374(5) 1.363(3) 1.356(5) 1.346(3)
C(12)-C(13) 1.411(5) 1.417(4)
C(13)-C(14) 1.381(5) 1.363(4)
C(15)-N(2) 1.444(5) 1.462(3)
C(16)-N(2) 1.462(5) 1.452(3)
C(9)-N(2) 1.382(5) 1.381(3)
C(13)-N(2) 1.456(6) 1.461(3)

Fig. 2. Atom labelling scheme for (Me-mepepy)+ (PF6)
−. The ellipsoids are drawn at the 30% probability level. Hydrogen

atoms are omitted for clarity.

3.3. Optical spectra

[FeIII(salten)(DEAS)]+, and DEAMS+ are a set of related chromophores which possess the same
general NLO features: (i) a diethylamino substituent as a strong electron donor; (ii ) a stilbazole skeleton
as an conjugated pathway; (iii ) a pyridine moieties, turned into an efficient withdrawing fragment either by
alkylation (DEAMS+) or by metal complexation ([FeIII(salten)(DEAS)]+). Furthermore, they possess
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Fig. 3. Optical spectra recorded in PMMA matrix (plain lines) for [FeIII (salten)(DEAS)]+(BPh4)− at 350 K (top) and 10 K
(bottom). The dotted lines are the simulated spectra, arising from the contribution of two single components.

the same 1+ charge. It is therefore relevant to compare their electronic spectra, which should exhibit
closely related features. These similarities can be transposed to the set of [FeIII(salten)(mepepy)]+, and
Me-mepepy+ chromophores, with the slight difference that the donating capabilities of methyl pyrrole
is reducedversusthat of the diethylaminophenyl group.

The optical spectra were first recorded in polymeric matrix at 353 and 10 K, for [FeIII(salten)(DEAS)]
(BPh4). They are shown in Fig. 3. Weak bands are observed in the 15000–20000 cm−1 energy range,
and are ascribed to phenol→ iron(III) charge transfer transitions. Decreasing the temperature from
353 to 10 K leads to the appearance of a weak LMCT absorption band located in the low energy
range (ca. 15500 cm−1 in the 10 K spectrum), the concomitant disappearance of the HS LMCT band
(ca. 18500 cm−1 at 353 K). These observations which compare well with those previously reported
for this set of iron(III) complexes [51] support the occurrence of a very smooth spin equilibrium of
[FeIII(salten)(DEAS)](BPh4) embedded in the PMMA matrix. These electronic features result in a
pseudo centrosymmetric contribution to the overall charge transfer process. More importantly, the
spectra reveal a large and intense DEAS-based band in the 20000–28000 cm−1 energy range. This band
is found to exhibit an energy shift of several hundreds of cm−1 on cooling down to low temperature.
However, the observation that it is built up from two components in both cases (Fig. 3) rises the question
of the full reliability of the origin and quantification of the observed behaviour. The dominant low lying
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Table 3
Experimental Transition Energies (in cm−1) for the Iron(III) Complexes and the
Methylpyridinium Related Molecules, Recorded in KBr at High and Low Tempera-
ture, with Experimental and ZINDO Energy Shift (in cm−1)

chromophore energies energy shifts between high
(temperature/K) and low temperature

experimental calculated

[FeIII (salten)(DEAS)]+ 22940 (298) 22350 (47) −590 (± 50) −738
DEAMS+ 19750 (298) 19650 (48) −100 (± 50) −310
[FeIII (salten)(mepepy)]+ 24930 (293) 24470 (48) −460 (± 50) −581
Me-mepepy+ 22200 (292) 22350 (48) +150 (± 100) −193

component (22640 cm−1) is likely ascribable to theπ → π* transition in the DEAS moieties in the
complex. The origin of the side-transition observed at higher energy (25740 cm−1) is not perfectly
clear, but is observed in any cases for iron complexes dispersed in thin film materials. One might
tentatively associate it to vibronic transitions. However, such features which are usually well resolved at
low temperature in free stilbazole ligands, are not observed here in DEAS and DEAMS+I−, in polymer
matrix. It seems therefore more relevant to attribute this side transition to some amount of decoordinated
DEAS ligand, or partially decoordinated complex in the matrix. This unexpected observation suggests
that, the ultimate quantification of the optical (and hence NLO) behaviour of the iron complexes may
not be fully reliable in polymer matrices. Therefore, this route was abandoned.

In an alternative approach, the spectra were recorded on powdered samples dispersed in KBr pellets.
This provides a crystal state comparison with the magnetic and computed optical data, which are based on
powder measurements, and X-ray data, respectively (see experimental section). The absorption maxima
are presented in Table 3 at high and low temperature. The data indicate a general trend for lower transition
energies at low temperature, except in the case of Me-mepepy+, were the shift cannot be determined
precisely, due to the presence of shoulders, but however remains weak. More importantly, a 590 cm−1

energy shift is observed in the absorption maxima of [FeIII(salten)(DEAS)](BPh4), which does not find
its counterpart in the related DEAMS+ cation. This effect, further confirmed in the set of mepepy-based
chromophores suggests an enhancement of the withdrawing effect of the metal-pyridine fragments, at
low temperature. Assuming that DEAMS+ is a non magnetic model for [FeIII(salten)(DEAS)]+, the
issue of a magnetic effect on the optical shift becomes naturally addressed.

3.4. Magnetic properties

As previously mentioned, the iron (III) complexes described in the present investigation belong to
a family of spin crossover derivatives based on the general formula [FeIII(salten)(X-py)]+ [26]. The
temperature dependence of the magnetic data expressed as theχ × T product (χ being the molar
magnetic susceptibility, andT , the temperature) are showed in Fig. 4 for [FeIII(salten)(DEAS)](BPh4)
and [FeIII(salten)(MPS)](BPh4). The χ × T product shows a gradual decrease on cooling down
ascribable to a partial S= 5/2 to 1/2 crossover of iron(III) ions. Theoretically, a pure S= 5/2 spin state
is associated with aχ × T product of 4.375 cm3 mol−1 K (assumingχ × T ∼ (g2× S(S+1))/8 and g∼
2) [52]. Accordingly, the S= 1/2 spin state is associated with aχ × T product of 0.375 cm3 mol−1 K.
In the case of [FeIII(salten)(DEAS)](BPh4), theχ × T product is equal to 2.28 and 0.63 cm3 mol−1 K
at 300 and 30 K, respectively, which indicates a lowering of the high spin fraction from 50% to 6%. In
the case of [FeIII(salten)(MPS)](BPh4), χ × T drops from 2.96 to 1.14 cm3 mol−1 K between 300 and
30 K, which correspond to 75 and 19% of high spin fractions, respectively. In both cases, it is important
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Fig. 4. Temperature dependence of theχ × T product of [FeIII (salten)(DEAS)]+(Bph4)
− (A), and [FeIII (salten)

(MPS)]+(BPh4)− (B).

to point out that the spin crossover is far from being complete, and appears more gradual in the case of
[FeIII(salten)(MPS)] (BPh4), an effect which may be related to the amorphous character of the MPS
containing sample.

The magnetic properties of [FeIII(salten)(mepepy)](BPh4) have previously been reported [25c],
and therefore will not be discussed here. However, they are found to be closely related to those of
[FeIII(salten)(DEAS)](BPh4). Finally, the overall magnetic behaviours of the three iron(III) complexes
are similar to those of the various [FeIII(salten)(L)](BPh4), previously reported materials, for example
with L = pyridine [25a], 3-methylpyridine [25a], and stilbazole [25e].

4. Discussion

The dominant and low-lying optical transitions of two cations, DEAMS+, and [FeIII(salten)(DEAS)]+

have been investigated, and at first were found roughly similar. However, in the case of [FeIII

(salten)(DEAS)]+, the transition reveals a shift of 590 cm−1 on cooling down, which finds a very modest
(100 cm−1) counterpart in DEAMS+. Similar observations were made on the set of Me-mepepy+ and
[FeIII(salten)(mepepy)]+ cations. Therefore, and for simplification, the discussion will focus on the
DEAMS+, and [FeIII(salten)(DEAS)]+ systems, only.

In order to provide additional evidences for (i) the origin of the transition in the cations, and (ii ) the
occurrence of a larger shift at low temperature for the iron complexes, the calculated spectra (Table 4)
have to be discussed, and compared to the experimental data (Table 3).

The calculated spectra are dominated at room temperature by a single and very intense intra-ligand
transition located at 21140 and 25510 cm−1 for DEAMS+ and [FeIII(salten)(DEAS)]+, respectively,
which have to be compared to the experimental 19750 and 22940 cm−1 values. We have frequently
observed a tendency for overestimated energies calculated by ZINDO in Schiff base complexes containing
paramagnetic species [14a,15]. The slight discrepancy observed in the present case falls in the range of
uncertainty of the ZINDO approach, and therefore the calculated prediction can be further analysed at
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Table 4
ZINDO Data (λmax in nm, E in cm−1, and Composition of the First Excited State) for the
Intense Charge Transfer Transition of DEAMS+ and [FeIII (salten)(DEAS)]+

transition λmax (E) composition of CI expansion1

DEAMS+

T = 293 K 1→ 2 473 (21140) 0.939χ46→47

T = 180 K 1→ 2 480 (20830) 0.944χ46→47

[FeIII (salten)(DEAS)]+

T = 293 K 1→ 7 390 (25655) 0.937χ111→113

T = 180 K 1→ 7 401 (24917) 0.939χ111→113

Me-mepepy+

T = 293 K 1→ 2 456 (21941) 0.931χ38→39

T = 180 K 1→ 2 460 (21748) 0.931χ38→39

[FeIII (salten)(mepepy)]+

280 K 1→ 7 385 (25980) 0.933 χ103→105

160 K 1→ 7 394 (25399) 0.912 χ103→105

1Orbitals 46 (47) are the HOMO (LUMO) in DEAMS+. Orbitals 111 (113) are the HOMO
-1 (LUMO) in [FeIII (salten)(DEAS)]+. Orbitals 38 (39) are the HOMO (LUMO) in Me-
mepepy+ . Orbitals 103 (105) are the HOMO -1 (LUMO) in [FeIII (salten)(mepepy)]+.

Fig. 5. ZINDO Calculated Occupied (bottom) and Unoccupied (top) Orbitals Involved in the Intense Optical Transition of
[FeIII (salten)(DEAS)]+ (left) and DEAMS+ (right).

the orbital level. Interestingly, both transitions are based on a single component (46→47 and 111→113,
for DEAMS+, and [FeIII(salten)(DEAS)]+, respectively). These orbitals are shown in Fig. 5. It must
be emphasized that the orbitals are essentially the same in both cations. In particular, the [FeIII(salten)]
core does not contribute significantly to orbital 113 of the complex (e.g. 0.2% of the electron density on
the metal atom), which indicates that the low lying transition remains a “stilbazolium-like” behaviour.
These similarities confirm that the coordination of a metal fragment increases the withdrawing character
of the pyridine, which becomes almost as strong as that of the methylpyridinium. This effect of
metal coordination is a general trend, reported for example, in the case of tungsten [53], rhodium and
iridium [54], zinc and mercury [55], boron [56], and in the well investigated series of polypyridine
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ruthenium complexes [57]. It offers a route for a potential correlation between optical and magnetic
properties.

Besides the simple temperature effect, and contrary to the situation encountered in DEAMS+, where
the methyl-pyridine distance is constant, a shortening of the FeIII-N bond induced by the spin crossover
phenomenonhas widely been reported [50,58] and is assumed to be equal to 0.06 Å in the present case, ac-
cording to the averaged X-ray data available [38]. The anticipated enhancement of the withdrawing char-
acter of the pyridine, leads to a calculated switch equal to 738 and 310 cm−1, for [FeIII(salten)(DEAS)]+

and DEAMS+, respectively (Table 4). These values have to be compared to the experimental 590 (±
50) and 100 (± 50) cm−1 values (Table 3). Certainly, the agreement is not excellent. Nevertheless, the
trend for larger shift expected in the case of spin cross over phenomenon is confirmed.

With the observation of a red shift in the intra-ligand charge transfer transition of a complex subjected
to a spin crossover phenomenon, the intriguing issue of a possible interplay between magnetism and
nonlinear optics is naturally addressed. Indeed, the low lying electronic transition of “push-pull”
stilbazolium derivatives is responsible for their large NLO response, according to a “two-level” model,
which relatesβ to a ground (g) and an excited (e) state having charge transfer character, in relation to
the energy of the transition (Ege), its oscillator strength (fge), and the difference between ground and
excited state dipole moment (∆µge) through the following equation [60]:

β =
3e2

~
2fge(∆µ)ge

2mE3
ge

×
E4

ge(
E2

ge − (2~ω)2
) (

E2
ge − (~ω)2

)

in which ~ω is the energy of the incident laser beam. Additional transitions may participate to theβ
expression (above equation) depending on their intensity (f ) and push-pull character (∆µ), in particular
the LMCT transition, which are strongly spin dependent. However, it is clear in the present case that their
low intensity and pseudo centrosymmetric character hampered their contribution to be relevant in term
of NLO capabilities. According to the two-level model, and at the typical Nd:YAG laser wavelength of
1.064µm, the experimental observation of a shift of 590 cm−1 in [FeIII(salten)(DEAS)](BPh4) should
therefore correspond to a sizeableβ enhancement of 29%.

Nevertheless, the present approach is based on the traditional description, which assumes that the
interaction of a medium with light is regarded within the framework of a dielectric subjected to an
electric field [61]. In this case, no magnetic effect will interfere with the NLO response. At a deeper
theoretical level, the framework should be enlarged to encompass both electric and magnetic dipole
transitions, leading to generalized mixed electric and magnetic contribution to the NLO tensor [62].
Although our ambition is not to establish here the thorough magnetic-NLO property relationship in spin
crossover iron complexes, the present investigation provides insights towards an approach of molecular
materials in which both magnetic and NLO responses could be engaged in a real interplay.

5. Conclusion

DEAMS+ and [FeIII (salten)(DEAS)]+ are cationic chromophores built up from the “push-pull”
stilbazolium core responsible for large optical nonlinearities. Both of them exhibit closely related intense
and low-lying charge transfer transitions, in which the [FeIII(salten)] core is not engaged. Besides a
temperature effect, the dominant transition of [FeIII (salten)(DEAS)](BPh4) exhibits a significant red
shift on cooling down. Structural and computational investigations suggest that this behaviour derives
from the shortening of the iron-pyridine distance occurring upon spin crossover, which enhances the
withdrawing character of the pyridine, and finally the charge transfer process. These observations provide
a route for a potential interplay in molecular materials combining magnetic and NLO properties.
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bSoltan Institute for Nuclear Studies, Hoża 69, 00-681 Warsaw, Poland

Abstract. We consider the propagation of optical pulses in Kerr medium in the presence of a harmonic potential for 2D case in
framework of Variational Approximation (VA). We will use two types of trial function: gaussian and hyperbolic secant ones.
We will show that if the value of the nonlinearity parameter reaches a certain critical value the pulse collapses. This collapse
corresponds to the physical situation when the self-focusing effect dominates over the dispersion and diffraction. We show that
our analytical results are confirmed by several numerical calculations which are in excellent agreement with those of the VA
predictions. By the analogy between the propagation equation and Gross-Pitajevski equation for Bose-Einstein condensates
(BECs) we can transfer obtained results to the case of BEC placed in a external harmonic potential. It follows that in both of
cases the wave collapse can appear.

1. Introduction

This paper is dedicated to the memory of prof. Stanisław Kielich, an outstanding polish physicist,
a foundator and the leader of “Poznań School of Nonlinear Optics”. His achievements in Quantum
and Nonlinear Optics are well-known to the world [1,2]. One of us (W.L.), his “scientific grandson”,
has had a great honour of collaborating with him for a long time. An another one (C.L.V) met him
at Conference EKON (Quantum Electronics and Nonlinear Optics) in 1980 and greating admired his
genius of organization. It is worth to note that the first papers of Poznan’ School were, among other
things, concerning Kerr effects and light propagation in Kerr media [3]. At this point, we should also
mention an other series of Kielich’s papers dealing with such aspects of the interaction of nonlinear media
with quantum optical field as bunching and antibunching effects (for instance see: [4]) or squeezing [5,
6]. Another problem which has been intensively considered by Pozna ń School was the laser induced
autoionization [7].

In our paper we shall concentrate on one aspect of light propagation in nonlinear medium, in particular,
the propagation of so-called solitons in Kerr medium. Consideration of the self-focusing effect in
nonlinear propagation of light is interesting both theoretically and practically. Theoretically, because
sometimes we can see dramatic concurrence between different nonlinear effects of the pulse propagation
in the nonlinear medium. When the self-focusing effect dominates over the other effects as the dispersion,
diffraction etc. the amplitude of the optical pulse (soliton) increases drastically. From other hand, if we
reach a critical point the pulse completely collapses. In practice, this phenomenon is very dangerous as
it usually destroys the optical material.

In this paper, we use an analogy between nonlinear optics in Kerr media and the Bose-Einstein
condensate (BEC) system [8]. A common ground here is the nonlinear Schr ödinger equation, which

1472-7978/10/$27.50 © 2010 – IOS Press and the authors. All rights reserved
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with the proper substitution of variables describes both types of phenomena. In nonlinear optics it is a
light propagation equation that relates the signal at the end of the nonlinear crystal to the signal at the
input face of the medium. In the Bose-Einstein condensate dynamics it is the called Gross-Pitajevski
equation. Hence, all results of this consideration can be transferred into the BEC systems. Thus, for some
values of the nonlinear coupling constant we can have the collapse and the explosion of the BEC [9].
Such collapse of the self-focusing waves described by the nonlinear Schr ödinger equation (NLSE) in
nonlinear optics and plasma turbulence has been reviewed in [14]. In this paper we use the variational
approximation (VA) and we will predict the critical point in which the optical pulse collapses. One
should keep in mind that when we apply the VA the choice of the trial functions becomes essential. In
practice, we shall concentrate on two cases that correspond to the Gaussian Ansatz (GA) and the Secant
Ansatz (SA). We also have performed variational calculations for these two types of the trial functions.
Moreover, to confirm our analytical predictions numerically we use time imaginary method [11]. One
could see that the secant trial function is more proper.

2. Variational approximation

In the paper [10], using a method based on a consistent and mathematically rigorous expansion of
the linear dispersion relation with included nonlinear optical response of the medium, we derived a
general propagation equation for light pulse in an arbitrary dispersive nonlinear medium which is called
Generalized Nonlinear Schrödinger Equation (GNLSE). In the case of Kerr media we have a well-known
cubic nonlinearity which leads to the well-known Nonlinear Schrödinger Equation (NLS). In this paper
we concentrate on the model of two-dimensional (2D) NLS. this model describes the propagation of the
pulse in a Kerr medium in the presence of a harmonic potential [8]:

iΨt = −1

2
(Ψxx + Ψyy) +

ω2x2

2
Ψ − g|Ψ|2Ψ (1)

where g is a nonlinear coefficient. Our notations are chosen for easy transfer of the results to the case
of Bose-Einstein condensates. This is a special case of the transformed NLS equation, so-called TNLS
equation considered by Berge’ [14] (see equation (152) in this paper). Generally, GNLSE has a very
complicated form and looking for its solutions is usually a very difficult task. Analytical methods to solve
this equation are effective only for some special cases [13]. For this reason several methods of finding
approximate solutions are used. One of them is the powerful variational method based on choosing a
proper trial function. This trial function should, of course, remain compatible with the main invariants
and conservation laws of the original NLS equation. It is well known that a great deal of the physical
processes involved in a given nonlinear problem can be understood in terms of the formation of spatial,
temporal or spatio-temporal localized structures or solitons. To find soliton solutions of equation given
above, corresponding to the propagation of the pulse on the xy plane we use the following (SA) in two
directions x and y:

Ψ(x, y, t) = A(t) sech

(
x

W (t)

)
sech

(
y

V (t)

)
exp {i(φ(t) +

1

2
(b(t)x2 + β(t)y2))} (2)

where the variational parameters A(t), φ(t), b(t), β(t), W (t) and V (t) stand for the amplitude, total
phase, spatial chirp coefficients, transverse widths along x and y directions, respectively. Moreover, in
VA scheme we use the Lagrange function in the following form [12]:

L =
1

2

∫ ∞

−∞

∫ ∞

−∞
dxdy

[
i(ΨtΨ

∗ − Ψ∗
t Ψ) − |Ψx|2 − |Ψy|2 − ω2x2|Ψ|2 + g|Ψ|4] . (3)
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In consequence, we apply our ansatz to the above Lagrange function and integrate the result over spatial
variables x and y. Finally, we obtain the following function:

L = 4A2WV

[
2gA2

9
− φ

′ − 1

6

(
1

W 2
+

1

V 2

)
− π2

24
(V 2(β

′
+ β2) + W 2(b

′
+ b2 + ω2))

]
. (4)

At this point we are in the position to derive Euler-Lagrange equations for our parameters (treated as
dynamical variables) in the form of the following system of differential equations:

b =
W

′

W
, (5)

β =
V

′

V
, (6)

W
′′

=
4

π2W 3
− 2g

3π2V W 2
− ω2W, (7)

V
′′

=
4

π2V 3
− 2g

3π2WV 2
, (8)

φ
′
=

g

9WV
− 1

6

[
1

V 2
+

1

W 2
+

π2

4
(ω2W 2 + WW

′′
+ V V

′′
)

]
, (9)

and

A2WV = const. (10)

Moreover, since for our ansatz we have
∫ ∞

−∞

∫ ∞

−∞
|Ψ|2 dxdy = 4A2WV, (11)

we can derive that

4A2WV = 1. (12)

At this point we shall concentrate on the stationary regime. Therefore, for the above differential
equations we set W

′
= W

′′
= 0 and V

′
= V

′′
= 0. In consequence, we obtain the following solutions

for our parameters:

β = b = 0, (13)

V =
6

g
W, (14)

W =
4

√
36 − g2

9π2ω2
. (15)

One can see that the form of the last formula leads to the necessary condition for the existence of solitons:
the value of nonlinearity parameter g should satisfy the inequality g < 6. Therefore, we treat the value
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Fig. 1. Soliton solution corresponding to the value of nonlinearity parameter which is below the critical value (g = 3). The
parameter ω = 4.

Fig. 2. The same as in Fig. 1 but for g close to its critical value (g = 5.9).

gc = 6 as a critical one, and when the value of g becomes greater than g c, the collapse of soliton occurs.
In such case, the pulse becomes very narrow and its amplitude tends to infinity.

To confirm these analytical results we apply by using direct numerical time imaginary method intro-
duced in [11]. The numerical results are shown in Fig. 1, where we assumed that g = 3, ω = 4 and
in Fig. 2 for g = 5.9 and ω = 4. We see that when the value nonlinear coefficient becomes closed to
its critical value (Fig. 2), the pulse becomes very sharp and narrow, contrary to the situation depicted in
Fig. 1 – the pulse amplitude tends to infinity when the nonlinear coefficient approaches the critical value.

3. Optical chemical potential

At this point we come back to the soliton solution of our problem. This solution can be expressed as:

Ψ(x, y, t) = e−iµ2DtΦ(x, y), (16)
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Fig. 3. Chemical potential obtained from VA as a function of g and ω.

µ2D is an optical chemical potential (OCP) which is strictly related to the energy of the pulse. Moreover,
we assume that Φ(x, y) is a real function of spatial variables x and y.

In particular, for the functions discussed here, we substitute expressions (14), (15) determining the
widths of the soliton to the Eq. (9) for φ

′
and we obtain:

φ
′
= −πω

18

18 − g2

√
36 − g2

. (17)

Hence the phase of soliton can be expressed as:

φ(t) =

∫
φ

′
dt = −πωt

18

18 − g2

√
36 − g2

. (18)

From above definition of the optical chemical potential (16), after comparison it with our ansatz, we
can easily conclude that

φ(t) = −µ2Dt (19)

and therefore, we can write that

µ2D =
πω

18

18 − g2

√
36 − g2

. (20)

The dependence of OCP on g and ω is displayed in Fig. 3. We see that its value decreases rapidly as g
goes to 6, and moreover, as ω becomes greater and greater such decrease becomes more pronounced for
values of g smaler than 6.
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Fig. 4. Chemical potential as a function of the nonlinearity parameter g for ω = 2.5.

In the next step we derive expression for the OCP corresponding to GA. For that purpose we apply the
results presented in [12]. Thus, the formula for µ2D can be written in the following form:

µ2D =
ω

2π

2π2 − g2

√
4π2 − g2

. (21)

It is easily seen that for the case discussed here the critical value of nonlinearity gc = 2π.
Now, we shall again confirm our analytical results using numerical calculations. Thus, Fig. 4 shows

the values of OCP as a function of g with the assumption that the value of ω is fixed ω = 2.5 calculated
numerically (circle marks) and derived from our analytical formulas (lines). The dashed line corresponds
to GA, whereas the continuous line to the SA. We can observe that the the continuous line fits better to
the numerical results than its dashed counterpart, so we can conclude that the trial secant function gives
more accurate results than the gaussian one.

4. Dynamics of the collapse

In this section we shall concentrate on the collapse phenomenon. In particular, we will discuss the
case when g � 6. In this regime we have:

V =
6

g
W � W. (22)

At this point we need to assume that our system has cylindrical symmetry. If we drop the harmonic term,
we can write down that

W
′′

=
4

π2W 3
− 2g

3π2W 3
=

(12 − 2g)

3π2W 3
. (23)
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Fig. 5. The time-dependence of the pulse width W (t) for various values of g for the case of collapses. The time t is scaled in
the units of β (β = 2

πW2
0

).

Next, if we set that

λ =
2(g − 6)

3π2
> 0. (24)

we get the following ordinary differential equation determining the width W (t):

W
′′

= − λ

W 3
. (25)

We can easily solve this equation assuming that W (0) = W0, W
′
(0) = 0 (for stationary solution), where

the parameter W0 is a certain value of the initial width of the pulse.
Thus, after integrating the Eq. (25) we obtain the solution

W (t) = W0

√
1 − λt2

W 4
0

(26)

and we introduce the time of collapse tcol by demanding:

W (tcol) = W0

√

1 − λt2col

W 4
0

= 0. (27)

In consequence we can write that

tcol =
W 2

0√
λ

. (28)
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Figure 5 shows the change of the pulse width for the case when the collapse occurs. We see that this
width decreases to zero for shorter times as the value of the parameter g increases. Moreover, we see
that the situation depicted in Fig. 5 agrees with that shown in the Fig. 2 on the page 304 of [14].

5. Conclusions

In our paper we have considered TNLS equation by concentrating on the special case that describes
the wave collapses effect. In particular, this equation has been applied to describe light pulse propagation
in a Kerr medium. Employing the variational scheme, we have shown that for the two cases discussed
(both for the secant ansatz and for gaussian one) the wave collapse can appear. Moreover, it was
proved that the secant trial function is more proper than its Gaussian counterpart. This fact is quite
understandable because the “non-perturbed” solution is the secant hyperbolic solution. It should be
stressed out that by the analogy between the propagation equation and Gross-Pitajevski equation for
Bose-Einstein condensates we can transfer obtained results to the case of BECs placed in a external
harmonic potential.
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[6] R. Tanaś and S. Kielich, Optics Communications 45 (1983), 351.
[7] W. Leonski, R. Tanas and S. Kielich, J Opt Soc Am B4 (1987), 72.
[8] C.L. Van, D.X. Khoa and M. Trippenbach, Introduction to Nonlinear Optics, Vinh 2003.
[9] E.A. Donley et al., Nature 412 (2001), 295.

[10] V.C. Long, H. Nguyen Viet, M. Trippenbach and K. Dinh Xuan, Propagation Technique for Ultrashort Pulses I, Compu-
tational Methods in Science and Technology 14(1) (2008), 5.

[11] C.L. Van, D.X. Khoa, N.V. Hung and M. Trippenbach, Application of the time imaginary method in the quest for soliton
solutions, paper presented on the 32th National Theoretical Symposium, Da Nang, Vietnam 2008.

[12] C.L. Van, D.X. Khoa, N.V. Hung and M. Trippenbach, Reduction of 2D problem of Bose – Einstein condensate trapped
in a harmonic potential to the 1D problem, paper presented on the 32th National Theoretical Symposium, Da Nang,
Vietnam 2008.

[13] C.L. Van and P.P. Goldstein, A Concise Course in Nonlinear Partial Differential Equations, University of Zielona Gora
2008 (Poland).
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Abstract. The elongation methodology is extended towards description of excited states through theab initio CIS expansions
in regionally localized molecular orbital basis. The formalism and implementation of the elongation-CIS method are presented.
The expected accuracy of the method in comparison to the conventional CIS approach is illustrated by the results of calculations
for model systems.
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1. Introduction

Providing computational tools that would be capable to describe electronic structure of large molecular
systems with good accuracy while keeping demand on computer resources at reasonable level constitutes
one of the major goals of the current computational chemistry. In the past, only semiempirical methods
were applicable for quantitative treatment of huge systems. Nowadays, alsoab initio methods are gaining
more and more practical value for studying systems considered important in the fields of biochemistry
and material science.

The efforts in the development of low cost-scalingab initio methods has been mainly focused on
the ground state properties. The progress in this area brought brilliant results both when regarding the
size of the systems tractable [1,2] and the level of accuracy achievable [3–5]. Nonetheless, for the
applications in the fields of photochemistry and photophysics the problem of efficient description of
electronically excited states must be also addressed. One of the possible approaches towards this issue is
to combine well established fragmentation/localization techniques for exploiting nearsightedness of the
ground state electronic structure with the approximations introducing the similar concept of locality into
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excitation space treatment. The latter can be justified by taking into account that usually only relatively
small, energetically low-lying subset of all excited states is crucial for the explanation of the interesting
experimental phenomena. Further, in many complex systems these states arise due to the presence of the
limited number of photoactive constituents (chromophores), while the influence of the remaining parts
of the moiety on spectral characteristics of the whole system can be treated as small perturbation only.

If our ground state computations provide us with localized molecular orbitals, we may translate
the above assumptions into an approximate computational procedure for the purpose of excited states
calculations. The approximation we may try is to restrict the configuration space of a given standard
quantum-chemical method (CIS, TDDFT, MCSCF. . . ) to the set of excitations engaging only the orbitals
that are localized in the preselected regions of the molecular system. As the examples of successful
computational schemes built in this manner, the CIS and TDDFT extensions of the Fragment Molecular
Orbital methodology [6,7] may be revoked. Here, we present the elongation-CIS method which is another
approach of similar flavour. It relies on the elongation method to obtain the ground state description
within HF approximation and subsequently employs regionally localized molecular orbitals (RLMOs)
produced in the elongation-HF procedure to construct the excitation space for CIS method.

The article is organized as follows. We first briefly review basic ideas and capabilities of the elongation
method. Then we proceed to the presentation of elongation-CIS formalism and implementation. In the
next section we examine the accuracy of the elongation-CIS method on the basis of calculations for a
few model systems. We conclude with a short summary including the future directions of development.

2. Elongation method

The elongation method has been proposed by Imamura et al. [8] as a tool for the calculations of
electronic structure of large quasi-one-dimensional systems. It treats the system under study as a
polymer chain whose electronic structure is constructed iteratively through adding monomer units one
by one to the initial oligomer (starting cluster). This procedure may be considered as a simple theoretical
analogue of the experimental polymerization/copolymerization synthetic mechanism. The computational
advantages originate from the fact that before each subsequent addition, a set of localized molecular
orbitals (LMO) is constructed. The subset of LMOs, localized on regions far from the current reaction
site, is kept frozen during the subsequent steps.

To present the computational flow of the elongation procedure let us assume that the SCF equations
have been solved for the starting cluster and the full transformation matrix from atomic orbital (AO)
basis to canonical molecular orbitals (CMOs) basis has been evaluated. In the initial step the system is
divided into two fragments:A1 andB1. Specifically, the fragmentA1 consists of AOs (atoms) that are
far from the chain propagation site, the fragmentB1 extends over the remaining part of the system with
the current reaction center included. The set of AOs taken from both fragments is used in the localization
procedure [9] to make the transformation of canonical orbitals into two sets of RLMOs assigned to the
fragmentsA1 andB1 separately.

After the localization is performed, one can proceed to the first elongation step. The system is extended
by adding a monomer unitM1 as a set of AOs and initially guessed MOs. At this point the whole system
may be represented asS = (A1|B1M1) = (A1|S1), where the solid line separates the current frozen
and active parts. Hartree-Fock (Kohn-Sham) equations are solved in a self-consistent way after the
transformation of pseudoeigenvalue problem to the LMO basis set. The SCF problem is limited to the
active spaceS1, while the orbitals assigned toA1 fragment are kept frozen. The propagation step can
be followed by another localization that partitionsS1 into new frozen (A2) and new active region (B2).
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Fig. 1. Flowchart of the elongation computational procedureas applied for the third elongation step. Matrices marked with MO
superscript are represented in MO (LMO) basis, the others in AO basis.

The propagation/localization cycle is repeated until the final system is constructed, in Fig. 1 we present
its schematic flowchart for the hypothetical third elongation step.

The number of the variational degrees of freedom in the SCF procedure is kept practically constant
during the elongation process. This feature effectively removes the diagonalization bottleneck that
plagues standard HF/KS calculations for very large systems. Nevertheless, to fulfill the whole potential
of the elongation method for favourable cost-scaling, one must also reduce the computational workload
attached to the construction of the AO-based Fock matrix in each elongation step. For this purpose we
use the cut-off technique [10] combined with the quantum fast multipole method and the linearly-scaling
exchange matrix construction algorithm [11].

In its current state, the elongation method can be applied to the semiempirical, HF and DFT calcu-
lations with geometry optimization included [12] and to the semiempirical CIS calculations [13,14].
Recently, the extension of elongation methodology towards description of dynamic correlation effects
in the framework of MP2 formalism has also been formulated [15]. The elongation method has been
employed for a variety of applications including calculations of band structure [16], non-linear optical
properties [17] or electronic structure of large biomolecules [18], to name a few recent. The main de-
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velopments that are required to make the methodology universal are the efficient generalization to two-
and three-dimensional systems, extension towards coupled clusters methods and enabling an efficient
description of not only the ground, but also the excited states inab initio framework. The work is under
progress in our group to provide satisfactory solutions for the first two issues, the last one we have
addressed in relatively the simplest fashion by the elongation-CIS approach presented here.

3. Elongation-CIS

The CIS method is in principle the simplest approach to address the problem of calculating the
electronic structure of excited states. Its limitations are both of qualitative and quantitative nature.

First, it can account properly only for the states that are dominated by single excitations from the
wavefunction structure point of view. Although the states that belong to the main domain of interest for
spectroscopists are usually of such nature, the exceptions are not so rare with the lowest excited singlet
state of polyenes serving as probably the most famous example.

Second, even if the description of the state is qualitatively correct, still the CIS calculations may
be expected to overestimate excitation energies by roughly 1–2 eV comparing to experimental values.
This discrepancy can be partly remedied by the CIS(D) correction as developed by Head-Gordon [19].
Another quite cost efficient alternative, which nowadays become the de facto standard as a quantitative
method, is TDDFT approach [20]. While its only semi-quantitative character should be kept in mind,
still the CIS method can be treated as a valuable first step in the analysis of excited states of large systems.

The CIS formulation as used for the elongation-based formalism is summarized below. For the
closed-shell reference ground state it is useful to employ in calculations CSF-type basis set instead of
determinant basis, which allows for the separate treatment of singlet and triplet states. In such a basis
the elements of CIS Hamiltonian matrices for singlet and triplet can be evaluated respectively, as

1Hia,jb = δijδabE0 + 2(ia|jb) − (ij|ab) + δijFab − δabFij (1)

3Hia,jb = δijδabE0 − (ij|ab) + δijFab − δabFij , (2)

where the two-electron integrals are written in the Mulliken convention withi, j denoting doubly
occupied MOs whilea, b used for virtual MOs,Fij andFab denote MO-based Fock matrix elements and
E0 represents the ground state energy. In canonical MO basis, non-diagonal elements of Fock matrix
disappear and the formulas reduce to a well-known form including orbital energies [21]

1Hia,jb = δijδabE0 + 2(ia|jb) − (ij|ab) + δijδab(ǫa − ǫi) (3)

3Hia,jb = δijδabE0 − (ij|ab) + δijδab(ǫa − ǫi). (4)

In case of the elongation-CIS our molecular orbital basis consists of RLMOs, which are not canonical in
full space. Due to this the more general expressions (1, 2) are used.

The diagonalization of Hamiltonian matrices provides the energies of the excited states as eigenvalues
and the excited state vectors as eigenvectors. It may be noted thatE0 term occurs along the diagonal of
the entire Hamiltonian matrix. This means that it can be subtracted before diagonalization and added
it back later to each of the eigenvalues – now representing just excitation energies. In practice, we are
usually interested in the low-lying excited states and only the small subset of the lowest eigenvalues and
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corresponding eigenvectors are required. For such a case an iterative scheme can be used instead of full
diagonalization. During the iterative procedure [22], the so-called sigma vectors

σλ
ia =

∑

jb

Hia,jbT
λ
jb (5)

are repeatedly calculated from the Hamiltonian matrix and the trial CIS vectors labeled byλ. To evaluate
them we employ the procedure developed by Foresman et al. [21] and Maurice et al. [23] that allows
for an efficient construction of sigma vectors directly from AO-based two electron integrals avoiding the
four-index transformation to the MO basis. The procedure consists of three steps, which we describe
below for the singlet case.

First, the pseudo-density matrices for eachλ are constructed from the MO coefficients and trial vectors

1P λ
rs =

∑

jb

Crj
1T λ

jbCsb. (6)

Then pseudo-Fock matrices are built in an integral-driven fashion

1F λ
pq =

∑

rs

[2(pq|rs) − (pr|qs)]1P λ
rs. (7)

When the contraction of AO integrals is finished, the pseudo-Fock matrices are transformed-back to MO
basis and Fock-matrix terms are added to complete sigma vectors evaluation

1σλ
ia =

∑

pq

Cpa
1F λ

pqCqi +
∑

jb

1T λ
jbFabδij −

∑

jb

1T λ
jbFijδab (8)

For the purpose of elongation-CIS calculations we restrict our CIS Hamiltonian basis to the subset of
more or less local excitations. Moreover, the local character of RLMOs employed reflects in the sparsity
of molecular orbital coefficients matrix. These factors gives rise to the potential efficiency advantage over
the conventional CIS method. We take them into account in our actual implementation by replacing the
dense transformations (6, 8) by operations over sparse structures and by adding, on the top of Schwarz
inequalities, the additional prescreening during pseudo-Fock matrices formation to avoid calculation
of contributions not needed in the back-transformation step. In addition to excitation energies, also
transition dipole moments between the ground and excited states are computed by the elongation-CIS
procedure through the construction of transition densities from the eigenvectors.

4. Benchmark calculations

The elongation-CIS routines has been linked to the implementation of the elongation method present
in GAMESS package [24]. For benchmarking purposes we present the results of calculations for a few
selected model-type systems. The simplest of them is a linear cluster of hydrogen molecules, the other
two contain benzene chromophoric units. The first of them is 1,36-diphenylhexatriacontane (DPHT)
which consists of a pair of chromophores linked by inactive chain. The second is a stack of 21 benzene
molecules representing the system of chromophoric units coupled through space. The schematic structure
of the systems considered is presented in Fig. 2.

The division into fragments for the elongation method purposes was done as following. For hydrogen
molecules chain each fragment consisted of 4 molecules. In DPHT molecule each benzene ring has
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Fig. 2. Model systems considered: A – 24-unit linear chain of hydrogen molecules, B – 1, 36-diphenylhexatriacontane, C –
stack of 21 benzene molecules.
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Table 1
The four lowest singlet excited states of the linear cluster of 24 hydrogen
molecules as calculated using cc-pVDZ basis set. Excitation energies
given in eV, in parentheses the non-zero component of transition dipole
moment (in a.u.)

conventional CIS elongation-CIS
S1 11.7634 (6.3089) 11.7634 (6.3089)
S2 11.8374 (0.00000) 11.8374 (0.00002)
S3 11.9405 (1.9219) 11.9405 (1.9220)
S4 12.0652 (0.00000) 12.0652 (0.00007)

Number of configurations 5184 2304

Table 2
The four lowest singlet and triplet excited states of DPHT molecule
as calculated using 6-31G basis set. Excitation energies given in eV,
in parentheses oscillatory strengths corresponding to the transitions.

conventional CIS elongation-CIS
S1 6.1473 (0.00309) 6.1473 (0.00308)
S2 6.4219 (0.00599) 6.4219 (0.00596)
S3 6.6157 (0.01848) 6.6158 (0.01832)
S4 6.6181 (0.01166) 6.6182 (0.01159)
T1 3.4253 3.4253
T2 3.4302 3.4302
T3 5.1741 5.1742
T4 5.1770 5.1771

Number of configurations 76035 22011

been treated as a separate fragment while alkane chain has been divided into three fragments equal in
size. For benzene stack a single fragment consisted of 3 benzene molecules. In each case the starting
cluster for the elongation-HF calculation included two fragments combined and in each elongation step
one fragment was added and one simultanously frozen. In the intermediate steps of the elongation
procedure for DPHT molecule the terminal hydrogen atoms were used as caps for broken bonds. In
the elongation-CIS calculations, the nearest-neighbour approximation for the construction of excitation
space has been employed. Namely, only the excitations from an occupied orbital assigned to a given
fragment to a virtual orbitals assigned to the same or neighbouring fragment were included. In case of
DPHT molecule calculations, additionally the central fragment of alkane chain was excluded completely
from excitation space construction. The conventional CIS calculations were done using the routines
included in GAMESS package. The convergence threshold for residue norm in Davidson procedure
has been set to10−5 for both the conventional and elongation-CIS calculations. The threshold for MO
coefficients in sparse elongation-CIS transformations has been set to10−6.

We gathered in Tables 1–3 the results of calculations performed for the lowest excited states of the
systems studied.

Energetics of the lowest singlet states is reproduced with the accuracy of order of 0.0001 eV, which
should be considered as sufficient for all practical purposes. The similar conclusion holds for the energies
of triplet states (see Table 2). Also transition dipole moments (oscillatory strengths) that can be translated
directly into absorption intensities agree very well between the elongation and conventional calculations.
It is worth to note that in all the cases using a local approximation for the excitation space led to the
number of configurations significantly lower than considered in full CIS conventional calculations.

We checked also what accuracy can be expected for properties less directly connected to the CIS
spectra. For this purpose we calculated longitudinal static polarizability of the hydrogen molecules
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Table 3
The lowest singlet excited states of stacked benzene molecules sys-
tem as calculated using 6-31G* basis set. Excitation energies given
in eV, in parentheses oscillatory strengths corresponding to the tran-
sitions

conventional CIS elongation-CIS

S1 4.046 (< 10−6) 4.047 (< 10−6)
S2 4.057 (< 10−6) 4.058 (< 10−6)
S3 4.078 (< 10−6) 4.079 (< 10−6)
S4 4.085 (< 10−6) 4.087 (< 10−6)

Number of configurations 750141 290871

Table 4
The longitudinal static polarizability (in a.u.) of 24-
unit hydrogen molecules cluster as calculated using cc-
pVDZ basis set

CPHF FF-HF SOS-CIS SOS-elongation-CIS
215.01 215.01 218.00 218.73

cluster by the usage of sum-over-states (SOS) method. For both conventional and elongation approaches
the summation was restricted to 100 lowest excited singlets. The elongation-CIS density of states was
substantially different from the conventional one in high-energy range, which is easy to understand
as neglected non-local excitations become there of importance. Nonetheless, the polarizability was
reproduced with the error of only a few promilles (see Table 4) and agreed also quite well with the values
obtained in CPHF and finite field HF calculations.

5. Summary

We showed on the basis of calculations for a few model systems that elongation-CIS method can be a
reliable substitution of conventional CIS approach. While the method is accurate when comparing to the
conventional calculations, it may constitute an attractive alternative due to efficiency reasons which are
of dual nature. First, the elongation approach towards calculation of HF reference ground state removes
the diagonalization bottleneck and allows for the treatment of large systems with linearly-scaling cost.
Second, the elongation method provides, in a natural way, the regionally localized molecular orbitals
that can be used to restrict excited configurations space. Obviously, inherent CIS approach deficiencies
limits the applicability of the method for the fully quantitative investigations. We are currently working
on the improvement in this area by the implementation of the elongation-TDDFT scheme.
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On magnetic field of ring current
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Abstract. The explicit expression for magnetic induction vector of a ring current at arbitrary point in toroidal coordinates is
presented in terms of the full elliptic integral of the first kind and its derivative over integral modulus. There is a conjugated
point for any observation point: it is an image of the latter in a sphere with the ring current as its equator. The conjugated point
lies on the same vector and has the same integral modulus as the initial point.

Keywords: Ring current, magnetic induction vector, full elliptic integral, toroidal coordinates

PACS: 41.20 Gz

1. Introduction

The formula for the magnetic induction produced by a ring current in the symmetry axes is well known
from the initial standard course of physics. However, it is difficult to find a similar formula for the
magnetic induction vector outside of the axes even in monographs on a magnetostatics. Meanwhile a
detail picture of this field would be useful for design of various NMR devices for physics and medicine
purposes and even for tokamaks construction. It is worthwhile to mention that the courses of math-
analysis, e.g. [1], which are studied simultaneously, include all what is necessary for derivation of such
formula. The purpose of this short note is to fill the gap.

2. Magnetic induction vector of ring current

The spherical coordinates of the observation pointA (Fig. 1) are (R, θ, π/2−ϕ), the radius of the ring
current isa, the coordinate origin is in the centre of the ring, and the plane of the ring isxy. Due to
the cylindrical symmetry pointA is possible to place into the planeyz without loss of generality. The
current flows counterclockwise; the vector element of the ring arc isdl = adϕ(−cosϕi + jsinϕ), and
position of the observation point relative to it is given byr = −asinϕi + (−acosϕ)j+zk. Then [dl, r] =
azdϕsinϕi + azdϕcosϕj + (a2 − acosϕ)dϕk. Now it is possible to write the expression of the magnetic
induction vector, produced by this element of current according to the Biot – Savart law (in SI units):

dB = µI[dl, r]/4πr3 = µIa(iz sin ϕ + jz cos ϕ + (a − y cos ϕ)k)dϕ/4πr3,
(1)

r2 = a2 + z2 + y2 − 2y cos ϕ = a2 + R2 − 2Ra sin θ cos ϕ,

∗Corresponding author. E-mail: mestechkinmm@gmail.com.
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Fig. 1. Position of the observation point.

whereR is the vector ofA relative to the ring centre. To find the total value ofB the expression (1) should
be integrated over all circle. Integration is simplified if the integrand is put in the form1−2p cos ϕ+p2,
and notation2Ra sin θ/(a2 + R2) ≡ q is introduced:

a2 + R2 − 2Ra sin θ cos ϕ = d2(1 − 2p cos ϕ + p2)/(1 + p2), 2p/(1 + p2) = q,
(2)

q = sin θ/ξ, ξ = (R/a + a/R)/2 > 1, p = q/(1 ±
√

1 − q2), d2 = a2 + R2.

The final formula has no peculiarities on the symmetry axes, whereq = 0, if we choose the upper sign.
Thenp = 0 for q = 0, andp = 1 for q = 1. The domain ofθ is 06 θ 6 π, and that ofp andq is [0,1].
Thex-component ofB is absent since sinϕ is odd, and in accordance with the cylindrical symmetry:

B =
µIa

4πd3
(1 + p2)3/2(RJ cos θj + (aH − RJ sin θ)k);

(3)

J =

2π∫

0

(1 − 2p cos ϕ + p2)−3/2 cos ϕdϕ, H =

2π∫

0

(1 − 2p cos ϕ + p2)−3/2dϕ

Parametersp = q = 0 in the symmetry axes that results in the simplest formulaB = kµIa2 /2d3 since
J = 0, H = 2π in the axes. The periodicity, parity and substitution ofϕ by π − ϕ demonstrate that
integrals do not depend on the sign ofp. The equalities

cos ϕ − p

(1 − 2p cos ϕ + p2)3/2
=

d

dp
(1 − 2p cos ϕ + p2)−1/2;

(1 − 2p cos ϕ + p2)−1/2 − (1 − 2p cos ϕ + p2)−3/2 =
p2 − 2p cos ϕ

(1 − 2p cos ϕ + p2)3/2
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allow to reduceJ andH to the complete elliptic integral K of the first kind

π∫

0

(1 − 2p cos ϕ + p2)−1/2dϕ = 2K

(p. 106 of Ref. [1]). Namely, the substitution: 1−cosϕ = 2sin2α and subsequent Gauss-Landen
transformation (p. 165 [1]) give 2K(2

√
p/(1+p))/(1+p) = 2K(p) that leads to the following connections

between functionsJ andH and the elliptic integral and its derivative K′ overp, and to the final formula
for the magnetic induction

J − pH = 4K ′, 4K − H = p2H − 2pJ ; J = 4(pK + (1 + p2)K ′)/(1 − p2),
(4)

H = 4(K + 2pK ′)/(1 − p2).

B =
µIa

πd3
(1 + p2)3/2[θR(pK + (1 + p2)K ′) + k(a(K + 2pK ′)]/(1 − p2) (5)

The unit vectorθ = jcosθ − ksinθ corresponds to the angleθ. Thus, the induction vector components
depend on the distanced from the ends of perpendicular ring diameter as the field in the symmetry axes.
The dependence on the polar angleθ comes only through the integral modulusp Eq. (2).

3. Conjugated and related field points

Let us consider the image,C, of the observation pointA in an enveloping sphere, which has the current
ring as its equator. The imageC is situated in the same vectorR asA, but inside the sphere so that
OC·R = a2. It is clear after substitution of the expression ofR through OC into formula (2) forq thatq
as well asp is identical for both pointsA andC and thataξ from Eq. (2) is the distance fromO to the
middle of segment AC. These points,A andC, can be mentioned as the conjugated points. Thus, there
is a point inside of the enveloping sphere, which is characterized by the same coefficients at the field
components, depending onp, as the conjugated point, lying on the same vector outside the sphere.

Such pairs of points are not unique. There are many other relative points with the same integral
modulus. The latter depends only onq and is the same in the surface, described by the equation
q(R2+a2) = 2aRsinθ in the spherical coordinatesR, θ with fixedq. This is the equation of torus of radius
OT = a(1+ p2)/2p with the common centreO with the ring, and its internal radiusLT = a(1− p2)/2p.
The torus is symmetric relative toxy-plane, and its section by the planex = 0 is shown in Fig. 2. The
current ring is situated inside this torus (the bold lineQP ) on the distancePT = a(1 − p)2/2p from its
central circle (pointT in Fig. 2). All scalar parameters (besidesR andd) in Eq. (5) are identical for all
points on the torus surface.

To build the torus we draw the tangentAB to the enveloping sphere (inx = 0 plane), passing through
the pointA, and drop a perpendicular onto the radius-vectorR of A and obtain the conjugated point
C. Using these two points, it is easy to find in the ring plane the centreT of the circle (T) of relative
points. The intersection pointL of the circle withxy-plane, the closest to the ring centre, has the distance
OL = ap from that centre and submits the parameterp (the furthest intersection pointS gives 1/p, which
may be used for verification). Then from the table of elliptic integrals [2] (or from the Table below), both
field components in an arbitrary pointA and in all relative points on the torus surface can be calculated
by means of Eq. (5).
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Fig. 2. Construction of the set of relative points.

4. Field components in toroidal coordinates

The above results look naturally in toroidal coordinates (σ, τ , ϕ), 06 σ < π, 06 τ < ∞, 06 ϕ <2π:

ρ = (ashτ)/u, z = (a sin σ)/u, u = chτ − cos σ; x = ashτ sin ϕ/u, y = ashτ cos ϕ/u,

ρ2 = x2 + y2,

ds2 = dρ2 + ρ2dϕ2 + dz2 = a2(dσ2 + dτ2 + sh2τdϕ2)/u2; tgθ = shτ/ sin σ, (6)

R2 = ρ2 + z2 = a2(chτ + cos σ)/u.

The parameters from Eq. (5) are on account of Eq. (2)

q = thτ, p = th(τ/2), d2 = 2a2chτ/u, 1 − p2 = 1/ch2(τ/2), 1 + p2 = chτ /ch2(τ/2). (7)

The circle T is aσ-coordinate line, and two circles, passing trough pointsP , Q and the observation point
A with centres on the symmetry axes, form together aτ -coordinate line (not shown in Fig. 2; vectorσ
points at its centre according to Eqs (8, 10) below). Each of the last two circles is orthogonal to the circle
T in the intersection point. The radii of these two circles area/sinσ, and the intersection points with the
z-axes are±atg(σ/2). The equations of both circles and the T-circle are

ρ2 + (z ∓ actgσ)2 = a2/ sin2 σ, (ρ − acthτ)2 + z2 = a2/sh2τ (8)

Equation (8) agree with the intersections of the T-circle with the horizontal axesρ in points S and L, which
coordinates areath(τ /2)= a/p andath(τ /2)= ap, and the position of its centre isathτ = a/q. The product
of distancesAPandAQ is 2a2/u. Therefore the comparison of two expressions: 1/2AP·AQ·sin(⊥ PAQ)
andaz of the∆PAQ area shows that the coordinateσ =⊥ PAQ. Thus, theτ -coordinate line is a circle,
from any point of which the diameter of the ring circle is seen under a constant angleσ.

The connection of unit vectors of toroidal and cylindrical systems at pointA, shown in Fig. 2, is

σ = ρ cos α + k sinα, τ = −ρ sin α + k cos α;
ρ = σ cos α − τ sin α, k = σ sin α + τ cos α; θ = σ cos(α + θ) − τ sin(α + θ).

(9)
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The unit vectorτ is directed inside the circle T and orthogonal to it,α is the angle between the tangent
to the circle in pointA and the axesρ. Vectorsσ, τ , ϕ form the right orthogonal system, which is
confirmed by the equations for tangents,z′τ , z′σ, of τ - andσ- lines, following from definitions (6),

z′τ = dz/dρ|σ=const= ∂z/∂τ : ∂ρ/∂τ = sin σshτ/(cos σchτ − 1),

cos α = shτ sinσ/u,

z′σ = tgα = dz/dρ|σ=const= ∂z/∂σ : ∂ρ/∂σ = (1 − cos σchτ)/ sin σshτ, (10)

sinα = (1 − chτ cos σ)/u.

The conjugated pointC is the second intersection point ofτ - andσ-circles, which cylindrical coordinates
according to Eq. (7) areρ = ashτ/(chτ + cos σ), z = −a sin σ/(chτ + cos σ).

The field expression (5) can be written now in toroidal coordinates if parameters are inserted from
Eq. (7). It is before convenient to take into account connections, which follow from Eqs (6) and (10):

sin θ = shτ/r, cos θ = sinσ/r, r = (ch2τ − cos2 σ)1/2;
(11)

sin(α + θ) = chτ sin σ/r, cos(α + θ) = shτccosσ/r

After that the induction vector can be presented as

B=B↑(u/2)1/2[rθ(sh(τ/2)K + chτ/ch(τ/2)K ′) + uk(ch(τ/2)K + 2sh(τ/2)K ′)]/ch2(τ/2).(12)

The value of coefficientB↑ depends on the chosen units:

B↑ = µI/2πa = 2µI/ca (13)

The first expression is valid in SI, the second in Gaussian system, whereµ0 = 1. The nonorthogonality
of unit vectors in Eq. (12) and the presence ofK ′ = ∂K/∂p (while the modulus of elliptic integral is
th(τ /2) now) make this formula somewhat inconvenient.

This shortcoming disappears after using the unit vectors of toroidal systemσ andτ using Eqs (9–11)

B(σ, τ) = B↑

(
chτ−cosσ
1 + chτ

)1/2

(14)
[2σ(K sin2(σ/2) + shτ∂K/∂τ) + τ sin σ(th(τ/2)K − 2∂K/∂τ)] .

Both functions, K and∂K/∂τ , which enter this rather simple formula, increase monotonously in the
interval 0< p < 1 and can be taken from the Table below. Equation (14) gives a complete picture of
field distribution, in particular, it allows to find the field gradient, which determines the space change
of local absorption of radiation in magnetic resonance devices, using the gradient expression in toroidal
coordinates:∂/∂r = (u/a)(σ∂/∂σ + τ∂/∂τ + ϕ∂/shτ∂ϕ) and other necessary characteristics.

5. Conclusion

The explicit equation for magnetic induction vector of a ring current in an arbitrary point is presented
by the simple formula (14) through the full elliptic integral and its derivative.
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Table 1
Functions of toroidal coordinateτ from Eq. (14)

Na τ p K dK/dτ N τ p K dK/dτ N τ p K dK/dτ

0 0.0000 0.0000 1.5708 0.0000 30 1.0986 0.5000 1.6858 0.2031 60 2.6339 0.8660 2.1565 0.3880
1 0.0349 0.0175 1.5709 0.0069 31 1.1391 0.5150 1.6941 0.2097 61 2.7048 0.8746 2.1842 0.3934
2 0.0698 0.0349 1.5713 0.0137 32 1.1801 0.5299 1.7028 0.2163 62 2.7780 0.8829 2.2132 0.3988
3 0.1048 0.0523 1.5719 0.0206 33 1.2215 0.5446 1.7119 0.2229 63 2.8536 0.8910 2.2435 0.4041
4 0.1397 0.0698 1.5727 0.0274 34 1.2633 0.5592 1.7214 0.2294 64 2.9318 0.8988 2.2754 0.4094
5 0.1748 0.0872 1.5738 0.0343 35 1.3057 0.5736 1.7312 0.2359 65 3.0129 0.9063 2.3088 0.4146
6 0.2098 0.1045 1.5751 0.0411 36 1.3486 0.5878 1.7415 0.2424 66 3.0971 0.9135 2.3439 0.4196
7 0.2450 0.1219 1.5767 0.0479 37 1.3920 0.6018 1.7522 0.2488 67 3.1846 0.9205 2.3809 0.4247
8 0.2802 0.1392 1.5785 0.0548 38 1.4360 0.6157 1.7633 0.2553 68 3.2759 0.9272 2.4198 0.4296
9 0.3155 0.1564 1.5805 0.0616 39 1.4806 0.6293 1.7748 0.2617 69 3.3711 0.9336 2.4610 0.4344
10 0.3509 0.1736 1.5828 0.0685 40 1.5258 0.6428 1.7868 0.2680 70 3.4708 0.9397 2.5046 0.4392
11 0.3864 0.1908 1.5854 0.0753 41 1.5717 0.6561 1.7992 0.2744 71 3.5754 0.9455 2.5507 0.4438
12 0.4220 0.2079 1.5882 0.0821 42 1.6183 0.6691 1.8122 0.2807 72 3.6855 0.9511 2.5998 0.4484
13 0.4577 0.2250 1.5913 0.0889 43 1.6657 0.6820 1.8256 0.2870 73 3.8016 0.9563 2.6521 0.4528
14 0.4936 0.2419 1.5946 0.0957 44 1.7138 0.6947 1.8396 0.2932 74 3.9245 0.9613 2.7081 0.4570
15 0.5297 0.2588 1.5981 0.1025 45 1.7627 0.7071 1.8541 0.2995 75 4.0552 0.9659 2.7681 0.4612
16 0.5659 0.2756 1.6020 0.1093 46 1.8126 0.7193 1.8691 0.3057 76 4.1946 0.9703 2.8327 0.4652
17 0.6023 0.2924 1.6061 0.1161 47 1.8633 0.7314 1.8848 0.3119 77 4.3442 0.9744 2.9026 0.4691
18 0.6389 0.3090 1.6105 0.1229 48 1.9149 0.7431 1.9011 0.3180 78 4.5056 0.9781 2.9786 0.4729
19 0.6757 0.3256 1.6151 0.1296 49 1.9676 0.7547 1.9180 0.3241 79 4.6808 0.9816 3.0617 0.4764
20 0.7128 0.3420 1.6200 0.1364 50 2.0214 0.7660 1.9356 0.3301 80 4.8725 0.9848 3.1534 0.4798
21 0.7500 0.3584 1.6252 0.1431 51 2.0762 0.7771 1.9539 0.3361 81 5.0842 0.9877 3.2553 0.4830
22 0.7875 0.3746 1.6307 0.1498 52 2.1323 0.7880 1.9729 0.3421 82 5.3206 0.9903 3.3699 0.4860
23 0.8253 0.3907 1.6365 0.1566 53 2.1897 0.7986 1.9927 0.3480 83 5.5884 0.9925 3.5004 0.4888
24 0.8634 0.4067 1.6426 0.1633 54 2.2484 0.8090 2.0133 0.3538 84 5.8974 0.9945 3.6519 0.4913
25 0.9018 0.4226 1.6490 0.1699 55 2.3085 0.8192 2.0347 0.3597 85 6.2626 0.9962 3.8317 0.4937
26 0.9404 0.4384 1.6557 0.1766 56 2.3701 0.8290 2.0571 0.3655 86 6.7093 0.9976 4.0528 0.4956
27 0.9794 0.4540 1.6627 0.1833 57 2.4333 0.8387 2.0804 0.3712 87 7.2851 0.9986 4.3387 0.4974
28 1.0188 0.4695 1.6701 0.1899 58 2.4983 0.8480 2.1047 0.3768 88 8.0963 0.9994 4.7427 0.4987
29 1.0585 0.4848 1.6777 0.1965 59 2.5651 0.8572 2.1300 0.3824 89 9.4827 0.9998 5.4349 0.4996

aThe row number is simultaneously the modulus of the elliptic integral in angle degrees.
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1. Introduction

The focus of this presentation is on the theoretical background of homogeneous solvation models
for calculating nonlinear optical molecular properties of solvated molecules described by correlated
electronic structure response methods [1–35]. Historically, methods within this area of research have
been addressing the effects of solvation on the electronic wave function of solvated molecules and the
focus has primarily been on uncorrelated electronic structure methods [1–11,14–18]. Only within the
last two decades methods based on correlated electronic structure descriptions have appeared for the
calculation of the electronic wave function of a solvated molecule using the second order Møller-Plesset
(MP2) method [27,29], the multiconfigurational self-consistent reaction field (MCSCRF) level [12,19]
and the coupled-cluster self-consistent reaction field (CCSCRF) level [35].

In order to investigate theoretically time-dependent molecular properties of solvated molecules, we
utilize solvent response theory for correlated electronic structure methods [44–46,23,20]. Solvent
response theory is conveniently derived by the ultilization of modern response theory [36–43]. Presently,
we consider general electronic states of solvated molecules and are not limited to closed shell molecular
compounds. In the case of closed shell molecular systems we refer to methods utilizing closed shell
coupled cluster electronic structure and closed shell density functional theory for the electronic structure
of the solvated system [48–61]. The present focus is on the electronic structure of molecular systems
interacting with an outer solvent where the electronic subsystem is described by a correlated electronic
structure wave function. Based on solvent response theory we are able to calculate different molecular
properties of solvated molecules such as:

– frequency-dependent second hyperpolarizabilities (γ),
– three-photon absorptions,
– two-photon absorption between excited states,
– frequency-dependent polarizabilities of excited states,

1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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– frequency dependent first hyperpolarizability tensors,
– two-photon matrix elements.
– frequency dependent polarizabilities
– excitation and deexcitation energies along with their corresponding transition moments.

The paper is organized such that the initial section describes response theory, followed by a section on
the energy functional and a section on solvent response theory.

The energy functionals for the homogeneous dielectric media are covered and generally the basic
idea is to divide a large system into two subsystems. The subsystem of principal interest is described
by quantum mechanics, whereas the other subsystem is treated by a much coarser method such as
classical electrostatics [1–32,18]. We represent the interactions between the quantum subsystem and
the outer solvent by the induced polarization in the outer solvent and the electric field due to the
charge distribution of the solvated quantum mechanical subsystem [1–17]. The quantum mechanical
and classical subsystems are coupled by an effective interaction operator and thereby one obtains a
modified quantum mechanical equation for finding the quantum mechanical electronic wave function of
the solvated molecule [1–12,14–16,18,23,25,27–32].

2. Response theory

The Ehrenfest equation provides the time evolution of the molecular state

d

dt
〈0̃|T̃†|0̃〉 = 〈0̃| d

dt
T̃
†|0̃〉 − i〈0̃|[T̃†,H]|0̃〉 (1)

and the Ehrenfest equation has to be fulfilled for the following set of operators;

T = (q†,R†,q,R) (2)

which are defined according to:

R†
n = |n〉〈0|

q†pq = Epq =
∑

σ

a†pσaqσ (3)

The function of these operators is to determine effectively the time evolution of the multi configurational
self-consistent field (MCSCF) state

|0̃〉 = eiκ(t)eiS(t)|0〉 (4)

and for mathematical convenience we provide these as their time transformed counterparts in Eq. (1):

q̃†pq = eiκ(t)q†pqe
−iκ(t)

q̃pq = eiκ(t)qpqe
−iκ(t)

(5)
R̃†

n = eiκ(t)eiS(t)R†
ne−iκ(t)e−iS(t)

R̃n = eiκ(t)eiS(t)Rne−iκ(t)e−iS(t)
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The propagatorseiκ(t) andeiS(t) are written as

κ(t) =
∑

q〉p

{
κpq(t)Epq + κ∗

qp(t)Eqp

}
(6)

and

S(t) =
∑

n

{
Sn(t)R†

n + S∗
n(t)Rn

}
(7)

Furthermore, we are able to write the amplitudes as a vector

β =




κ

S

κ∗

S
∗


 (8)

which following a transformation to the more general operator basis [64],{O}, provides a partition into
an orbital and a configurational part

κ(t) + S(t) = T β = O α (9)

Oj = Ooj + Ocj (10)

Finally, the corresponding amplitude of(κ(t) + S(t)) in this basis can be written as

κ(t) =
∑

j

αjOoj

S(t) =
∑

j

αjOcj (11)

and we find that the Ehrenfest equation in this basis becomes

d

dt
〈0̃|Õ†|0̃〉 = 〈0̃| d

dt
Õ

†|0̃〉 − i〈0̃|[Õ†,H]|0̃〉 (12)

and the time transformed operators,
{
Õ

}
, are defined in analogy with Eq. (6).

We consider a molecular system interacting with a time-dependent perturbation due to a time-dependent
electromagnetic field and the Hamiltonian of the total system is given as

H = H0 + Wsol + V (t) (13)

with the condition thatV (t → −∞) = 0. For this limit the generalized Brillouin condition is given by

〈0|[λ,H0 + Wsol]|0〉 = 0 (14)

whereλ designates variational parameters in orbital and configuration space.
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3. Homogeneous dielectric medium model

For this model, a solvated molecular system interacts with a time-dependent electromagnetic field
and the molecular system is either interacting with an equilibrium or a nonequilibrium solvation state.
The solute molecule is placed within a cavity surrounded by a linear, homogeneous and isotropic
dielectric medium and the molecular charge distribution is obtained by using the multi configurational
self-consistent field (MCSCF) procedure. The charge distribution of the solute induces a polarization
field in the dielectric medium and the induced polarization field is partitioned into optical and inertial
polarization vectors and is coupled self-consistently to the MCSCF procedure. During sudden processes,
only the optical polarization field is allowed to equilibrate with the solute state whereas the inertial
polarization field remains unchanged. Thereby, the inertial polarization field reflects the initial charge
distribution of the solute and this results in a nonequilibrium solvent configuration.

The nonequilibrium solvation for a molecular state is described using the following interaction operator
between the outer dielectric medium and the molecular system [23]

W̃sol =
∑

lm

gl(ǫop)(T
n
lm)2 +

∑

lm

gl(ǫst, ǫop)(T
n
lm)2 + T̃g(ǫst, ǫop) (15)

where the nuclear charge moment operatorsT n
lm is

T n
lm =

∑

g

Zgt
lm(Rg) (16)

HereZg is the nuclear charge on atomg, Rg its position andtlm the real spherical harmonics and we
have that the reaction field factors are given by

gl(ǫ) = −1

2
R−(2l+1)

cav

(l + 1)(ǫ − 1)

l + ǫ(l + 1)
gl(ǫst, ǫop) = gl(ǫst) − gl(ǫop) (17)

whereRcav is the cavity radius andl the order of the multipole expansion. The third term within the
interaction operator is given by a sum

T̃g(ǫst, ǫop) = g
(a)
sol + g̃

(b)
sol + g

(c)
sol, (18)

where:

g
(a)
sol = −2

∑

lm

gl(ǫop)T
n
lmT e

lm

g̃
(b)
sol = 2

∑

lm

gl(ǫop)T
e
lm〈0̃|T e

lm|0̃〉

g
(c)
sol = −2

∑

lm

gl(ǫst, ǫop)〈Tlm(ρi)〉T e
lm. (19)

The electronic charge moment operators are defined as;

T e
lm =

∑

pq

tlmpq Epq =
∑

pq

〈φp|tlm(r)|φq〉Epq (20)
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The creation and annihilation operators for an electron in spin-orbitalφpσ are denoteda†pσ andapσ. The
spin-free operatorEpq (summation over the spin quantum numberσ) is represented as

Epq =
∑

σ

a†pσaqσ (21)

and the expectation value appearing ing
(c)
sol is given by〈Tlm〉 = T n

lm − 〈T e
lm〉.

The three terms in Eq.(18) represent the following

– that the termg
(a)
sol is due to the optical polarization, induced by the nuclear charge distribution,

interacting with the solute electronic charge distribution.
– The corresponding polarization interaction due to the electronic charge distribution is given by the

term g̃
(b)
sol. This operator describes the instantaneous coupling between the molecular state and the

optical polarization state in the dielectric medium.
– The third term,g(c)

sol, describes the interaction of the inertial polarization vector with the electronic
charge distribution and the inertial polarization is due to the initial solute charge distribution〈Tlm〉 =
T n

lm − 〈T e
lm(ρi)〉.

We find that the evolution of the electronic wave function of the molecular system is determined by
the following Ehrenfest equation

d

dt
〈0̃|Õ†|0̃〉 = 〈0̃| d

dt
Õ

†|0̃〉 − i〈0̃|[Õ†,H0 + V (t) + W̃sol]|0̃〉 (22)

We focus on the electronic part of̃Wsol since the first two terms of̃Wsol do not contribute to Eq.(22)

W̃ =
{
g
(a)
sol + g

(c)
sol

}
+ g̃

(b)
sol = g

(a+c)
sol +

∑

lm

Alm〈0̃|Blm|0̃〉 (23)

with Alm = 2gl(ǫop)T
e
lm andBlm = T e

lm. For the limitt → − ∞, W̃ reduces to:

W = g
(a+c)
sol +

∑

lm

Alm〈0|Blm|0〉 (24)

Thereby, we have the following expression for the Ehrenfest equation (Eq.(22))

d

dt
〈0̃|Õ†|0̃〉 = 〈0̃| d

dt
Õ

†|0̃〉 − i〈0̃|[Õ†,H0 + V (t)]|0̃〉
− i〈0̃|[Õ†, g

(a+c)
sol ]|0̃〉 − i

∑

lm

〈0̃|[Õ†, Alm]|0̃〉〈0̃|Blm|0̃〉 (25)

where the vacuum part of Eq. (25) has been derived for all but the solvent contribution by Olsen et
al. [64] and the matrix representation of the solvent modifications to the response equations is found by
expanding the last two terms. We have that the solvent contributions have the following structure

〈0̃|[Õ†, A〈0̃|B|0̃〉]|0̃〉 = 〈0̃|[Õ†, A]|0̃〉〈0̃|B|0̃〉, (26)

whereA andB are time-independent operators. Expanding〈0̃|B|0̃〉 as a normal expectation value, we
find that the matrix representation of Eq.(25) becomes:

∞∑

n=1

(i)nS
[n+1]
j,l1,l2,...ln

α̇l1(t)

n∏

µ=2

αlµ(t) =
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−
∞∑

n=0

(i)n+1
{
E

[n+1]
j,l1,l2,...ln

+ V
t[n+1]
j,l1,l2,...ln

} n∏

µ=1

αlµ(t)

−
∞∑

n=0

(i)n+1

{
C

[n+1]
j,l1,l2,...ln

+

n∑

k=0

∑

lm

A
lm[n−k+1]
j,l(k+1)...ln

B
lm[k]
l1,l2,...lk

}
n∏

µ=1

αlµ(t) (27)

where we utilize the definitions ofS[n+1]
j,l1,l2,...ln

andV
t[n+1]
j,l1,l2,...ln

from Ref. [64]. Furthermore, we have

B
lm[n]
l1l2...ln

=
n∑

k=0

(−1)n

k!(n − k)!
〈0|

k∏

µ=1

Ôclµ

n∏

µ=k+1

ÔolµBlm|0〉, (28)

and

X
[n+1]
j,l1,l2,...ln

=

+

n∑

k=0

(−1)n

k!(n − k)!
(〈0|[O†

cj ,

k∏

µ=1

Ôclµ

n∏

µ=k+1

ÔolµX]|0〉

+ 〈0|
k∏

µ=1

Ôclµ [O†
oj ,

n∏

µ=k+1

ÔolµX]|0〉), (29)

whereX is to be replace by either of

H0 → E
[n+1]
j,l1,l2,...ln

g
(a+c)
sol → C

[n+1]
j,l1,l2,...ln

(30)

Alm → A
lm[n+1]
j,l1,l2,...ln

.

4. The quadratic solvent response functions

We obtain the terms for the solvent modifications of the quadratic response functions, denotedW
[3]
jkl,

by collecting all terms forn = 2 in Eq. (27)

W
[3]
jl1l2

αl1αl2 = iC
[3]
j,l1l2

αl1αl2 +
(31)

i
∑

lm

{
B

lm[2]
l1l2

A
lm[1]
j + B

lm[1]
l1

A
lm[2]
j,l1

+ Blm[0]A
lm[3]
j,l1l2

}
αl1αl2 .

In order to achieve efficient and compact expressions we define the following solvent operators

T = 2
∑

lm

gl(ǫop)〈0|T e
lm|0〉T e

lm (32)

W = T − 2
∑

lm

{gl(ǫop)T
n
lm + gl(ǫst, ǫop)〈T (ρi)〉}T e

lm (33)
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A1 =
∑

lm

gl(ǫop)
{
〈0|T e

lm( 1κ)|0〉 + 〈01L|T e
lm|0〉 + 〈0|T e

lm|01R〉
}

T e
lm (34)

A12 =
∑

lm

gl(ǫop)(〈0|T e
lm( 1κ, 2κ)|0〉 + 2(〈01L|T e

lm( 2κ)|0〉 + 〈0|T e
lm( 2κ)|01R〉) (35)

+(〈01L|T e
lm|02R〉 + 〈02L|T e

lm|01R〉))T e
lm

and finally, the solvent contributions to the response equations can be written as

W
[3]
j(kl)N

1
k N2

l = (36)

1

2
P (1, 2)




〈0|[qj ,W ( 1κ, 2κ) + 2A12 + 4A1( 2κ)]|0〉
〈j|W ( 1κ, 2κ) + 2A12 + 4A1( 2κ)|0〉

〈0|[q†j ,W ( 1κ, 2κ) + 2A12 + 4A1( 2κ)]|0〉
−〈0|W ( 1κ, 2κ) + 2A12 + 4A1( 2κ)|j〉




+ P (1, 2)




〈0|[qj ,W ( 2κ) + 2A2]|01R〉 + 〈01L|[qj,W ( 2κ) + 2A2]|0〉
〈j|W ( 2κ) + 2A2|01R〉

〈0|[q†j ,W ( 2κ) + 2A2]|01R〉 + 〈01L|[q†j ,W ( 2κ) + 2A2]|0〉
−〈01L|W ( 2κ) + 2A2|j〉




+
1

2
P (1, 2)




〈01L|[qj ,W ]|02R〉 + 〈02L|[qj ,W ]|01R〉
0

〈01L|[q†j ,W ]|02R〉 + 〈02L|[q†j ,W ]|01R〉
0




+ 2P (1, 2)〈0|A2 |0〉




0
1S j

0
1S

′

j




+ P (1, 2) 1S n
2S

′

n




〈0|[qj , T ]|0〉
〈j|T |0〉

〈0|[q†j , T ]|0〉
−〈0|T |j〉


 .

5. The cubic solvent response functions

We obtain the contributions to the cubic response functions arising from the interactions between the
solvent and the solute. The solvent modifications to the cubic response theory are obtained by adding
the third order solvent contributions to the corresponding vacuum equations and we have from Eq. (27)

O3(−i〈0̃|[Õ†, W̃ ]|0̃〉) = iG
[4]
j,h1h2h3

αh1
αh2

αh3
+

(37)
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i
∑

lm

{
D

lm[3]
h1h2h3

C
lm[1]
j + D

lm[2]
h1h2

C
lm[2]
j,h2

+ D
lm[1]
h1

C
lm[3]
j,h1h2

+ Dlm[0]C
lm[4]
j,h1h2h3

}
αh1

αh2
αh3

.

Compact and efficient expressions are obtained by constructing the following effective solvent operators:

A =
∑

lm

C lm〈0|Dlm|0〉 = 2
∑

lm

gl(ǫop)〈0|T e
lm|0〉T e

lm, (38)

W = A + g
(a+c)
sol = A − 2

∑

lm

{gl(ǫop)T
n
lm + gl(ǫst, ǫop)〈T (ρi)〉}T e

lm, (39)

A1 = 2
∑

lm

gl(ǫop)
{
〈0|T e

lm( 1κ)|0〉 + 〈01L|T e
lm|0〉 + 〈0|T e

lm|01R〉
}

T e
lm, (40)

B1 = −2

3

∑

lm

gl(ǫop)
{
〈0|T e

lm|01R〉 + 〈01L|T e
lm|0〉

}
T e

lm, (41)

A12 =
∑

lm

gl(ǫop)(〈0|T e
lm( 1κ, 2κ)|0〉 + 2(〈01L|T e

lm( 2κ)|0〉 + 〈0|T e
lm( 2κ)|01R〉), (42)

+(〈01L|T e
lm|02R〉 + 〈02L|T e

lm|01R〉))T e
lm,

A123=
∑

lm

gl(ǫop)(
1

3
〈0|T e

lm( 1κ, 2κ, 3κ)|0〉 + (〈01L|T e
lm( 2κ, 3κ))|0〉 + 〈0|T e

lm( 2κ, 3κ))|01R〉),(43)

+(〈01L|T e
lm( 3κ)|02R〉 + 〈02L|T e

lm( 3κ)|01R〉))T e
lm.

(44)

In Eq. (38)–Eq. (44) we have utilized the following transformed states

|0R〉 = −
∑

n

Sn|n〉

〈0L| =
∑

n

S∗
n〈n|, (45)

and index transformed solvent integrals

Y ( 1κ) = [ 1κ(t), Y ]
Y ( 1κ, 2κ) = [ 2κ(t), [ 1κ(t), Y ]]

Y ( 1κ, 2κ, 3κ) = [ 3κ(t), [ 2κ(t), [ 1κ(t), Y ]]] (46)

Thereby, we are able to write the solvent modifications to,E[4]N1N2N3, the cubic solvent response
equations as

− W
[4]
j(klm)N

1
kN2

l N3
m = P (1, 2, 3)( (47)
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+

(
1

2
〈02L|W |03R〉 +

2

3
〈0|W +

3

2
A|0〉 2S n

3S
′

n

)



O
1S j

0
1S

′

j




+ 2S n
3S

′

n




2
3(〈01L|[qj ,W + 3

2A]|0〉 + 〈0|[qj ,W + 3
2A]|01R〉)

1
6〈j|W + 3

2A|01R〉
2
3 (〈01L|[q†j ,W + 3

2A]|0〉 + 〈0|[q†j ,W + 3
2A]|01R〉)

−1
6〈01L|W + 3

2A|j〉




+
1

2




〈01L|[qj ,W ( 3κ) + A3]|02R〉 + 〈02L|[qj ,W ( 3κ) + A3]|01R〉
0

〈01L|[q†j ,W ( 3κ) + A3]|02R〉 + 〈02L|[q†j ,W ( 3κ) + A3]|01R〉
0




+




0
(1
2 〈02L|W ( 3κ) + A3|0〉 + 〈0|W ( 3κ) + A3|02R〉) 1S j

0

(〈02L|W ( 3κ) + A3|0〉 + 1
2 〈0|W ( 3κ) + A3|02R〉) 1S

′

j




+ 1S n
2S

′

n




〈0|[qj ,W ( 3κ) + A( 3κ) + 2A3 + B3]|0〉
1
2〈j|W ( 3κ) + A( 3κ) + 2A3 + B3|0〉

〈0|[q†j ,W ( 3κ) + A( 3κ) + 2A3 + B3]|0〉
−1

2〈0|W ( 3κ) + A( 3κ) + 2A3 + B3|j〉




+
1

2




〈01L|[qj ,W ( 2κ, 3κ)+2A23+2A2( 3κ)]|0〉+〈0|[qj ,W ( 2κ, 3κ)+2A23+2A2( 3κ)]|01R〉)
〈j|W ( 2κ, 3κ)+2A23+2A2( 3κ)|01R〉

〈01L|[q†j ,W ( 2κ, 3κ)+2A23+2A2( 3κ)]|0〉+〈0|[q†j ,W ( 2κ, 3κ)+2A23+2A2( 3κ)]|01R〉)
−〈01L|W ( 2κ, 3κ) + 2A23 + 2A2( 3κ)|j〉




+
1

2
〈0|W ( 2κ, 3κ) + 2A23 + 2A2( 3κ)|0〉




0
1S j

0
1S

′

j




+
1

6




〈0|[qj ,W ( 1κ, 2κ, 3κ) + 6A123 + 6A12( 3κ) + 3A1( 2κ, 3κ)]|0〉
〈j|W ( 1κ, 2κ, 3κ) + 6A123 + 6A12( 3κ) + 3A1( 2κ, 3κ)|0〉

〈0|[q†j ,W ( 1κ, 2κ, 3κ) + 6A123 + 6A12( 3κ) + 3A1( 2κ, 3κ)]|0〉
−〈0|W ( 1κ, 2κ, 3κ) + 6A123 + 6A12( 3κ) + 3A1( 2κ, 3κ)|j〉




+
3

4
2S n

3S
′

n




0
〈j|A|01R〉

0
−〈01L|A|j〉
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+
1

2
2S n

3S
′

n




0
〈j|A( 3κ) + A3 + B3|0〉

0
−〈0|A( 3κ) + A3 + B3|j〉


)

whereP (1, 2, 3) is the permutation operator.

6. Conclusion

Generally, we observe that the modifications to the response method when coupling a molecular system
to a dielectric media are represented by constructing effective one-electron operators that represent the
induced optical and inertial polarizations in the dielectric media.
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Paradoxes of measures of quantum
entanglement and Bell’s inequality violation
in two-qubit systems
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Abstract. We review some counterintuitive properties of standard measures describing quantum entanglement and violation
of Bell’s inequality (often referred to as “nonlocality”) in two-qubit systems. By comparing the nonlocality, negativity,
concurrence, and relative entropy of entanglement, we show: (i) ambiguity in ordering states with the entanglement measures,
(ii) ambiguity of robustness of entanglement in lossy systems and (iii) existence of two-qubit mixed states more entangled than
pure states having the same negativity or nonlocality. To support our conclusions, we performed a Monte Carlo simulation of
106 two-qubit states and calculated all the entanglement measures for them. Our demonstration of the relativity of entanglement
measures implies also how desirable is to properly use an operationally-defined entanglement measure rather than to apply
formally-defined standard measures. In fact, the problem of estimating the degree of entanglement of a bipartite system cannot
be analyzed separately from the measurement process that changes the system and from the intended application of the generated
entanglement.

1. Introduction

Quantum entanglement [1,2], being at heart of Bell’s theorem [3], is considered to be an essen-
tial resource for quantum engineering, quantum communication, quantum computation, and quantum
information [4]. There were proposed various entanglement measures and criteria to detect entangle-
ment. Nevertheless, despite the impressive progress in understanding this phenomenon (see a recent
comprehensive review by Horodecki et al. [5] and references therein), a complete theory of quantum
entanglement has not been developed yet.

It is a commonly accepted fact that the entropy of entanglement of two systems, which is defined to
be the von Neumann entropy of one of the systems, is the unique entanglement measure for bipartite
systems in a pure state [6]. However, in the case of two systems in a mixed state, there is no unique
entanglement measure. In order to describe properties of quantum entanglement of bipartite systems
various measures have been proposed. Examples include [5]: entanglement of formation, distillable en-
tanglement, entanglement cost, PPT entanglement cost, relative entropy of entanglement, or geometrical
measures of entanglement.

It should be stressed that classification of entanglement measures of mixed states and effective methods
of calculation of such measures are among the most important but still underdeveloped (with a few
exceptions) problems of quantum information [7].

Here, we shortly review counterintuitive properties of some entanglement measures in the simplest
non-trivial case of entanglement of two qubits.

1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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2. Measures of quantum entanglement

We will study quantum entanglement and closely related violation of Bell’s inequality for two qubits
in mixed states according to some standard measures:

(i) To describe the entanglement of formation [8] of a given two-qubit stateρ̂, we apply the Wootters
concurrence [9] defined as

C(ρ̂) = max

(
0, 2max

i
λi −

∑

i

λi

)
(1)

in terms ofλi’s, which are the square roots of the eigenvalues ofρ̂(σ̂2 ⊗ σ̂2)ρ̂
∗(σ̂2 ⊗ σ̂2), where

σ2 is the Pauli spin matrix and asterisk stands for complex conjugation. The concurrenceC(ρ̂) is
related to the entanglement of formation,EF (ρ̂), as follows [9]:

EF (ρ̂) = W[C(ρ̂)], where W(x) ≡ h

(
1

2
[1 +

√
1 − x2]

)
, (2)

andh(y) = −y lg y − (1 − y) lg(1 − y) is binary entropy.
(ii) The PPT entanglement cost, which is the entanglement cost [5] under operations preserving

positivity of the partial transposition (PPT), can be given as [10,11]:

EPPT(ρ̂) = lg[N(ρ̂) + 1] (3)

in terms of the negativity:

N(ρ̂) = 2
∑

j

max(0,−µj). (4)

These measures are related to the Peres-Horodecki criterion [12,13]. In Eq. (4),µj are the
eigenvalues of the partial transposeρ̂Γ.

(iii) The relative entropy of entanglement (REE) [14,15] is a measure of entanglement corresponding
to a “distance” of an entangled state from separable states. Precisely, the REE can be defined as
the minimum of the relative quantum entropy

S(ρ̂||ρ̂sep) = Tr (ρ̂ lg ρ̂− ρ̂ lg ρ̂sep) (5)

in the setD of all separable stateŝρsep, i.e.,

ER(ρ̂) = min
ρ̂sep∈D

S(ρ̂||ρ̂sep) ≡ S(ρ̂||ρ̂css), (6)

whereρ̂css denotes the closest separable state (CSS) toρ̂. Numerical problems to calculate the
REE are shortly discussed in Appendix A.

(iv) To describe a degree of violation of Bell’s inequality [3] due to Clauser, Horne, Shimony and
Holt (CHSH) [16], we use the modified Horodecki measure [17,19]:

B(ρ̂) ≡
√

max [0, max
j<k

(uj + uk) − 1 ], (7)

which is given in terms of the eigenvaluesuj ( j = 1, 2, 3) of Uρ̂ = T T
ρ̂ Tρ̂, whereTρ̂ is a real

matrix with elementstnm = Tr [ρ̂ (σ̂n ⊗ σ̂m)], T T
ρ̂ is the transposition ofTρ̂ andσ̂n (n = 1, 2, 3)

are Pauli’s spin matrices. For short, we refer toB as “nonlocality” (measure).
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For any two-qubit pure state|ψ〉, the nonlocalityB is equal to the entanglement measuresC andN :

B(|ψ〉) = C(|ψ〉) = N(|ψ〉). (8)

It is seen that for this case the measuresB, C andN correspond to the relative entropy of entanglement
ER and von Neumann’s entropy:

W[B(|ψ〉)] = W[C(|ψ〉)] = W[N(|ψ〉)] = ER(|ψ〉) = ENeumann(|ψ〉), (9)

whereW is given in Eq. (2).
In the following we describe somewhat surprising properties of the entanglement measures for two-

qubits in mixed states. For brevity, by referring to the entanglement measures, we also mean the
nonlocalityB.

3. Ambiguity in ordering states with entanglement measures

Our problem can be posed as follows:

Problem 1. Two measures of entanglement, sayE ′ and E ′′, imply the same ordering of states if the
condition [18]

E ′(ρ̂1) < E ′(ρ̂2) ⇔ E ′′(ρ̂1) < E ′′(ρ̂2) (10)

is satisfied for arbitrary stateŝρ1 andρ̂2. The question is whether this condition is fulfilled for all “good”
entanglement measures.

In early fundamental works on quantum information, it is often claimed that good entanglement
measures should fulfill this condition. For example, in Ref. [14] it was stated that: “For consistency, it
is only important that if̂ρ1 is more entangled then̂ρ2 for one measure than it also must be for all other
measures.”

For qubits in pure states, condition (10) is always fulfilled, since all good measures are equivalent.
However, standard measures can imply different ordering of mixed states even for only two qubits.
This was first shown numerically by Eisert and Plenio [18] by analyzing their results of Monte Carlo
simulations of two-qubit states. The problem was then analyzed by others [19–28].

To our knowledge, the first analytical examples of two-qubit states violating condition (10) were given
in Refs. [19,23]. In Ref. [24], to find analytical examples of extreme violation of Eq. (10), we applied
the results of Verstraete et al. [29] concerning allowed values of the negativityN for a given value of the
concurrenceC.

Note that the violation of condition (10) cannot be observed for pure states of two-qubit systems. By
contrast, for three-level systems (the so-called qutrits), analytical examples of violation of the condition
are known even for pure states [20–22].

The property that ordering of states depends on the applied entanglement measure sounds counter-
intuitive. Nevertheless, it is physically sound since states, which are differently ordered according to
two measures, cannot be transformed into each other with 100% efficiency by applying local quantum
operations and classical communication (LOCC) only. Virmani and Plenio [21] proved in general terms
that all good asymptotic entanglement measures are either identical or have to imply different ordering
on some quantum states.
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In Ref. [25], the three measures (the negativity, concurrence, and REE) were compared and found
analytical examples of states (sayρ̂′ andρ̂′′) for which one measure implies state ordering opposite to
that implied by the other two measures:

C(ρ̂′) < C(ρ̂′′), N(ρ̂′) < N(ρ̂′′), ER(ρ̂′) > ER(ρ̂′′);

C(ρ̂′) < C(ρ̂′′), N(ρ̂′) > N(ρ̂′′), ER(ρ̂′) < ER(ρ̂′′); (11)

C(ρ̂′) > C(ρ̂′′), N(ρ̂′) < N(ρ̂′′), ER(ρ̂′) < ER(ρ̂′′).

There can be found other analytical examples of states exhibiting even more peculiar ordering of states
according to these three measures. Examples include pairs of states for which a degree of entanglement
is preserved according to one or two measures but it is different according to the other measures, e.g.:

C(ρ̂′) = C(ρ̂′′), N(ρ̂′) < N(ρ̂′′), ER(ρ̂′) > ER(ρ̂′′);

C(ρ̂′) < C(ρ̂′′), N(ρ̂′) = N(ρ̂′′), ER(ρ̂′) > ER(ρ̂′′); (12)

C(ρ̂′) < C(ρ̂′′), N(ρ̂′) > N(ρ̂′′), ER(ρ̂′) = ER(ρ̂′′).

and

C(ρ̂′) = C(ρ̂′′), N(ρ̂′) = N(ρ̂′′), ER(ρ̂′) < ER(ρ̂′′);

C(ρ̂′) = C(ρ̂′′), N(ρ̂′) < N(ρ̂′′), ER(ρ̂′) = ER(ρ̂′′); (13)

C(ρ̂′) < C(ρ̂′′), N(ρ̂′) = N(ρ̂′′), ER(ρ̂′) = ER(ρ̂′′).

The comparative analyses presented in Refs. [19,23–25] are not only related to a mathematical problem
of classification of states according to various entanglement measures. They could also enable a deeper
understanding of some physical aspects of entanglement.

3.1. Nonequivalent states with the same entanglement according toER, C andN

Problem 2. Find analytical examples of *nonequivalent* two-qubit statesρ̂′ andρ̂′′ exhibiting the same
entanglement of formation [C(ρ̂′) = C(ρ̂′′)], the same PPT entanglement cost [N(ρ̂′) = N(ρ̂′′)], and
the same relative entropy of entanglement [ER(ρ̂′) = ER(ρ̂′′)]?

As a first attempt to find such an example, let us compare two different pure states:

|ψ′〉 = c′00|00〉 + c′01|01〉 + c′10|10〉 + c′11|11〉,
|ψ′′〉 = c′′00|00〉 + c′′01|01〉 + c′′10|10〉 + c′′11|11〉, (14)

fulfilling the condition

|c′00c′11 − c′01c
′
10| = |c′′00c′′11 − c′′01c

′′
10|, (15)

which guarantees the same degree of entanglement according to the measuresC, N andER. However,
states|ψ′〉 and|ψ′′〉 can be transformed into each other by local operations. Namely, by applying local
rotations,|ψ〉 can be converted into (p = p′, p′′)

|ψ̃(p)〉 =
√
p|01〉 +

√
1 − p|10〉 (16)
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for which the negativity and concurrence are equal to2
√
p(1 − p). The same value is obtained also

for |ψ̃(1 − p)〉, but this state can be transformed into|ψ̃(p)〉 by applying the NOT gate to each of the
qubits. This shows that pure states arenota good example of states satisfying the conditions specified in
Problem 2.

As a second attempt, let us compare two Bell diagonal states described byρ̂′B and ρ̂′′B with the
same maximum eigenvaluemaxi λi > 1/2. These states have the same entanglement according to the
measuresC,N andER. However, as shown in Ref. [25], statesρ̂′B andρ̂′′B exhibit different nonlocality,
i.e., violate Bell’s inequality to different degree. Specifically, the nonlocalityB for a Bell diagonal state
is given by [25]:

B(ρ̂B) =
√

max{0, 2 max
(i,j,k)

[(λi − λj)2 + (λk − λ4)2] − 1}, (17)

where subscripts(i, j, k) correspond to cyclic permutations of(1, 2, 3). It is seen that the violation
of Bell’s inequality depends on all values ofλi, while the entanglement measuresER, C, andN
depend only on the largest valuemaxi λi > 1/2. Thus, stateŝρ′B and ρ̂′′B, fulfilling the conditions
eig(ρ̂′B) 6= eig(ρ̂′′B) andmax{eig(ρ̂′B)} = max{eig(ρ̂′′B)} > 1/2, have the same entanglement measures:
ER(ρ̂′B) = ER(ρ̂′′B), C(ρ̂′B) = C(ρ̂′′B) andN(ρ̂′B) = N(ρ̂′′B), but the states are not equivalent as they
exhibit different nonlocality,B(ρ̂′B) 6= B(ρ̂′′B).

4. Ambiguity of robustness of entanglement

4.1. Maximally entangled pure states in lossy cavities

Let us analyze the following problem:

Problem 3. Which maximally entangled pure states are the most fragile or robust to decoherence of two
qubits in lossy cavities?

This problem was addressed in Refs. [19,23] by analyzing decoherence of optical photon-number
qubits stored initially in the following three maximally entangled (pure) states (MES):

|Ψ1〉 =
1√
2
(|01〉 − |10〉), |Ψ2〉 =

1√
2
(|00〉 + |11〉), (18)

|Ψ3〉 =
1

2
(|00〉 + |01〉 + |10〉 − |11〉) ≡ 1√

2
(|0,+〉 + |1,−〉), (19)

where|±〉 = (|0〉 ± |1〉)/
√

2. State|Ψ3〉 can be obtained from|Ψ2〉 by applying Hadamard’s gate to the
second qubit.

To address Problem 3, let us analyze two entangled qubits in a superposition of vacuum and single-
photon states (so-called photon-number qubits) in a lossy cavity (or, equivalently, in two cavities). Then,
one can apply the standard master-equation approach to describe the effect of radiative decay of cavities
(i.e., zero-temperature reservoirs) on entanglement of two qubits according to the concurrenceCk(t),
negativityNk(t), and nonlocalityBk(t) [19]. In Fig. 1, it is assumed that the qubits are initially in the
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Fig. 1. Decay of entanglement between two qubits initially inthe maximally entangled states|Ψk〉 (for k = 1,2,3) in lossy
cavities with damping ratesγ = 0.1 described by: (a) the negativityN , (b) the concurrenceC, and (c) the nonlocalityB. It is
seen that there is no simple answer to the question which of the initial states|Ψk〉 is the most fragile (or robust) to decoherence.
In the discussed model of dissipation, the fastest decoherence exhibits:|Ψ1〉 according toN , |Ψ2〉 according toC, and|Ψ3〉

according toB.

MES |Ψk〉 for k = 1,2,3 and the cavity damping rate isγ = 0.1. By analyzing Fig. 1, one can conclude
that entanglement decays in this model fulfill the inequalities:

N2(t) >N3(t) > N1(t),

B1(t) =B2(t) > B3(t),

C1(t) > C3(t) > C2(t). (20)

It is worth noting that due to the Markov approximation assumed in the derivation of the master equation,
our conclusions are valid for evolution timest short in comparison to reservoir decay timeγ−1, and much
longer than correlation timeτc of reservoir(s), i.e.,τc ≪ t− t0 ≪ γ−1

j , wheret0 is the initial evolution
time. Thus, in this specific dissipation model, the most fragile to dissipation is|Ψ1〉 according to the
negativityN , |Ψ2〉 according to the concurrenceC, and|Ψ3〉 according to the nonlocalityB. The results
seem to be contradicting, but it should be remembered that measuresC, N andB describe different
aspects of mixed states even if for pure states they coincideC = N = B. Results of Refs. [19,23]
clearly confirm the relativity of state ordering byC,N andB. This example of Ref. [19] was probably
the first demonstration of this property in a real physical process.

4.2. Maximally entangled mixed states in lossy cavities

Here, we analyze decay of Werner’s state, which can be defined forp ∈ 〈0, 1〉 as [31]:

ρ̂
(p)
1 (0) = p|Ψ1〉〈Ψ1| + 1−p

4 Î ⊗ Î , (21)

which is a mixture of the singlet state,|Ψ1〉, and maximally mixed state, given bŷI ⊗ Î, whereÎ is
identity operator. Original Werner’s state can be generalized for mixtures of other Bell states withÎ ⊗ Î.
Thus, one can define Werner-type state as follows (k = 2, 3):

ρ̂
(p)
k (0) = p|Ψk〉〈Ψk| + 1−p

4 Î ⊗ Î , (22)

where|Ψ2〉 and|Ψ3〉 are given by Eqs (18) and (19), respectively.
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Fig. 2. Decay of entanglement of two photon-number qubits in alossy cavity. Entanglement is measured by the negativity (a)
Nk and (b)∆Nk = Nk −N1 for qubits initially in Werner’s stateŝρ(p)

k
(0) for k = 1,2,3 andp = 0.8. The cavities damping

rate isγ = 0.1. For clarity, the scale of figure (b) is enlarged in comparison to figure (a).

Werner’s states can be considered asmaximally entangled mixed states(MEMS) of two qubits since
the amount of entanglement of these states cannot be increased by any unitary transformation [32] and
they are maximally entangled (according to the concurrence) for a given value of linear entropy [33].

Let us ask more specific question related to Problem 3:

Problem 4. Which MEMS are the most robust to dissipation in the discussed model of lossy cavities?

Even for such formulated question there is no simple answer. To show this we analyze the same model
of decaying photon-number qubits in a lossy cavity (or cavities) as studied in Sect. 4.1, but for qubits
initially in Werner’s stateŝρ(p)

k (0) for k = 1,2,3 andp = 0.8. Let us compare the decays of the negativity
as shown in Fig. 2 and also described in detail in Table I in Ref. [19]. It is seen that a given Werner state
can be more robust to decay than another Werner’s state at short evolution times but, in turn, less robust
at longer times. The differences between the negativity values for various states shown in Fig. 2 are not
very large but still distinct.

5. Mixed states more entangled than pure states

Problem 5. Can two-qubit *mixed* states be more entangled than *pure* states according to some
entanglement measureE ′ at a fixed value of another entanglement measureE ′′ assumingE ′(ρ̂) 6 E ′′(ρ̂)
for any statêρ?

It can be shown analytically that pure states are the upper bound for the negativity for a given value
of the concurrence [29], as shown in Fig. 3(a), and the upper bound for the REE as a function of the
concurrence [15], as presented in Fig. 3(b). Similar conclusions can be drawn for, e.g., the nonlocality
for a given value of the concurrence [see Fig. 3(c)], and the nonlocality as a function of the negativity.

Thus, it is reasonable to conjecture that pure states are the upper bound also for the REE, e.g., for
a given value of the negativity. But it was shown in Refs. [25,28] that this conjecture is wrong [see
Fig. 3(e)]. This property can be demonstrated analytically on the example of, e.g., the Horodecki state [5]
defined as a mixture of the maximally entangled state [e.g., the singlet state|Ψ1〉] and a separable state
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Fig. 3. (Color online) Entanglement and nonlocality measures for106 two-qubit stateŝρ generated by a Monte Carlo simulation.
Green curves correspond to pure states, and blue curves show the upper and lower bounds of a one measureE

′(ρ̂) as a function
of anotherE ′′(ρ̂). It is seen that pure states|ψ〉 lie for the whole range of abscissa at the upper bound of: (a) the negativity
N(ρ̂) for a given value of the concurrenceC(ρ̂) (b) the REEER(ρ̂) vsC(ρ̂), (c) the nonlocalityB(ρ̂) vsC(ρ̂), and (d)B(ρ̂)
vsN(ρ̂). However, for (e)ER(ρ̂) vsN(ρ̂) and (e)ER(ρ̂) vsB(ρ̂) pure states are at the upper bound for abscissa values close
to one only. Thus, in the cases (e) and (f), the entanglement of mixed states can exceed that of pure states for abscissa values
close to zero.

orthogonal to it (e.g.,|00〉):

ρ̂(H) = p|Ψ1〉〈Ψ1| + (1 − p)|00〉〈00|, (23)

wherep ∈ 〈0, 1〉. The negativity and REE for the Horodecki state are equal to

N(ρ̂(H)) =
√

(1 − p)2 + p2 − (1 − p), (24)

ER(ρ̂(H)) ≡E
(H)
R (N) = 2h(1 − p/2) − h(p) − p, (25)

respectively, wherep =
√

2N(1 +N) − N andh(x) is binary entropy. By comparing the REEs for
Horodecki’s state and for pure states, it can be shown that [25,28]:

E
(H)
R (N) > E

(P )
R (N) for 0 < N < NY , (26)

E
(H)
R (N) < E

(P )
R (N) for NY < N < 1, (27)

whereNY = 0.3770 · · · andE(H)
R (NY ) = E

(P )
R (NY ) = 0.2279 · · ·, which corresponds to pointY in

Fig. 4. These inequalities were shown analytically by expendingE
(H)
R (N) andE(P )

R (N) in power series
of N = ǫ (N = 1 − ǫ) for values close to 0 (1). Moreover, mixed states corresponding to blue region
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Fig. 4. (Color online) The relative entropy of entanglement (REE),ER(ρ̂), as a function of the negativity,N(ρ̂), for pure
states (thick solid curve), Horodecki states (dashed curve) and Bell diagonal states (thin solid curve). Blue and yellow regions
correspond to mixed states with the REE higher than that for pure states for a given value the negativity. States in blue region
are described in the text.

in Fig. 4, for which the inequality in Eq. (26) holds, can be obtained by mixing the Horodecki stateρ̂H

with a separable statêρ(H)
css closest tôρH [25]:

ρ̂(H′)(p,N) = (1 − x)ρ̂(H) + xρ̂(H)
css , (28)

whereN ∈ 〈0, 1〉, p ∈ 〈
√

2N(1 +N) − N, 1〉 andx = [(N + p)2 − 2N(1 + N)]/[p2(1 + N)]. The

closest separable stateρ̂(H)
css is given by (q = p/2):

ρ̂(H)
css (p) = q(1 − q)

1∑

j,k=0

(−1)j−k|j, 1 − j〉〈k, 1 − k| + (1 − q)2|00〉〈00| + q2|11〉〈11|. (29)

By applying Vedral-Plenio’s theorem [15], the REE can be found as follows [25]:

ER(ρ̂(H′)) ≡ E
(H′)
R (p,N) = q2x lg x+ 2qy1 lg

( y1

1 − q

)
+ y2 lg

( y2

(1 − q)2

)
, (30)

wherey1 = 1 − qx andy2 = 1 − 2q + q2x. With this choice ofx, parameterN is just the negativity
of ρ̂(H′)(p,N). States corresponding to blue region in Fig. 4 can be obtained as special cases of state
ρ̂(H′)(p,N) forN in the range0 < N < NY and proper values ofp. Thus, it is seen that there are mixed
states for which the REE is greater than that for pure states at least in the rangeN ∈ (0,NY ). Later, in
Ref. [28], it was shown that the generalized Horodecki states exhibit this property in slightly larger range
as shown by yellow region in Fig. 4. There is some evidence [28] that the upper bound of the REE as a
function of the negativity is likely to be given by these states.

Recently, we also analytically demonstrated [30] that the entanglement REE for a given nonlocality for
mixed states exceeds that for pure states [see Fig. 3(f)]. Moreover, this effect occurs in the larger range
of abscissa values in comparison to the dependence of the REE on the negativity, as seen by comparing
Figs 3(e) and 3(f).
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6. Conclusion

In this short review, we presented a few intriguing properties of some standard entanglement measures
for two qubits. Our examples include a comparison of the negativity corresponding to the Peres-
Horodecki criterion [12,13], the Wootters concurrence [9], and the relative entropy of entanglement of
Vedral et al. [14]. Moreover, the predictions of these measures were also compared with the Horodecki
measure [17] of the violation of Bell’s inequality, referred here to as “nonlocality”.

We discussed the following three counterintuitive properties of entanglement measures: (i) entangled
statescannotbe ordered uniquely with the entanglement measures, which also implies that (ii) fragility
or robustness of entanglement of dissipative systemscannotbe uniquely classified by entanglement
measures, and (iii) there are two-qubit mixed states, which are more entangled (according to the REE)
than pure states for a given negativity or nonlocality.

It is well known that there is no unique entanglement measure for mixed states. But the relativity of
entanglement measures and its implications are more counterintuitive. Our demonstration might indicate
that operational approaches to the quantum entanglement problem are more meaningful rather than
standard approaches based on formally-defined measures. We find the problem of defining operational
entanglement measures analogous to operational approaches to the quantum phase problem1 posed by
Noh et al. [34,35]. The idea is to define entanglement (or phase) measures in terms of what actually is,
or can be, measured.

We hope that the discussed problem of non-unique ordering of states according to formally-defined
entanglement measures can stimulate investigations of operationally-defined measures oriented for some
specific experiments.
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Appendix A: Notes on the calculation of the REE

The concurrence, negativity and nonlocality can be calculated easily. By contrast, there has not yet
been proposed an efficient method to calculate the REE for arbitrary mixed states even in the case of two
qubits [36]. Analytical formulas for the REE are known only for some special sets of states with high
symmetry (see [5,37] and references therein). Thus, usually, numerical methods for calculating the REE
have to be applied [15,38,39].

It is a long-standing problem, posed by Eisert [36], of obtaining an analytical compact formula for
the REE for two qubits. The problem is equivalent to finding the closest separable stateρ̂css for a given
entangled statêρ. In Ref. [37], a few arguments were given indicating that this problem, probably, cannot

1Noh et al. in Ref. [35] wrote: “There has been a good deal of discussion in the past of the most appropriate dynamical
variable to represent the phase of a quantum field, and many candidates have been studied. Our analysis suggests that this
question may not have a general answer with respect to the measured phase operators, because different measurement schemes
lead to different operators. As in many other quantum-mechanical problems, it seems that questions about the value of a
dynamical variable cannot be divorced from the measurement process that generates the ensemble.”
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be solved analytically for arbitrary states. Nevertheless, there exists a solution to the inverse problem
of finding an analytical formula for̂ρ for a given closest separable stateρ̂css as derived by Ishizaka et
al. [40,37].

The complexity of the problem can be explained (see, e.g., Ref. [15]) by virtue of Caratheodory’s
theorem, which implies that any separable two-qubit state can be decomposed as

ρ̂sep =
16∑

j=1

p2
j |ψ

(1)
j 〉〈ψ(1)

j | ⊗ |ψ(2)
j 〉〈ψ(2)

j |, (A1)

where thekth (k = 1, 2) qubit pure states can be parametrized, e.g., as follows

|ψ(k)
j 〉 = cosα

(k)
j |0〉 + exp(iη

(k)
j ) cosα

(k)
j |1〉, (A2)

andpj = sinφj−1
∏15

i=j cosφi with φ0 = π/2. Thus, the minimalization of the quantum relative entropy
S(ρ̂||ρ̂sep), given by Eq. (5), withρ̂sep described by Eq. (A1), should be performed over 16× 4 + 15
= 79 real parameters. Usually (see, e.g., Refs. [15,38]), gradient-type algorithms are applied to perform
the minimalization. Řeh́aček and Hradil [38] proposed a method resembling a state reconstruction
based on the maximum likelihood principle. Doherty et al. [39] designed a hierarchy of more and more
complex operational separability criteria for which convex optimization methods (known as semidefinite
programs) can be applied efficiently. One can also use an iterative method based on Ishizaka formula [40,
37] for the closest entangled state for a given separable state in order to find the closest separable state
for a given entangled state. Our algorithms for calculating the REE are based either on the latter method
or on a simplex search method without using numerical or analytic gradients.
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Abstract. The ONIOM method was used to reproduce geometrical parameters, atomic charges, dipole moment forα andβ L-
Fucopyranose which are biological interest molecules. The results of ONIOM(MP2/HF) and ONIOM(B3LYP/HF) calculations
were compared to the values obtained by means of its corresponding theoretical levels MP2, DFT and RHF with 6-31G* bases
set, using GAUSSIAN 98 software.

1. Introduction

The biological importance of L-fucose appears owing to the fact that it occurs as a component of
serum protein [1], blood group substance [2,3], bacterial polysaccharides [4,5], and as a constituent of
macromolecules in a variety of animal and plant tissue [1,6]. Fucose is also implicated in neuronal
communication that underlies long-term memory storage [7–10].

L-fucose is characterized by the lack of a hydroxyl on the methyl group. This reduces considerably
the conformational space due to the rotation of the hydroxyls groups. Compared to glucose which have
729 [11,12] possible conformations, Fucose manifest 81 (see Fig. 1) Conformations in chair forms, this
pyranoses forms is preferential for most simple sugar in solution such as L-fucopyranose [11].

Many theoretical studies of sugar show that the hydrogen bond (HO. . .H) has an important impact
on the stability of those molecules [11–13]. Indeed, Imre G. Csizmadia and collaborators [14] carried
out a conformational study forα-L-fucopyranose and confirm that the orientations of the hydroxyl
groups are not independent of each other. In the most stable rotamers, the number of possible OH. . . O
(hydrogen bond) interactions is maximal, leading to the formation of an intra-molecular chain of hydroxyl
groups [14]. As mentioned above,α-L-fucose andβ-L-fucose exist in pyranose form; in this form we
distinguish two chair conformations:

1. The first is the4C1: for theα-L-fucopyranose (α-LF) it corresponds to an anomeric hydroxyl group
(noted OH (a)) in equatorial position (eq), whereas for theβ-L-fucopyranose (β-LF) OH(a) is in
axial position (ax).

2. The second is1C4: It is exactly the reverse of the4C1. OH(a) of theα-LF will be in axial position
and that of theβ-LF will be equatorial. (See Fig. 2)

We consider only the most stable rotamers for theα-LF andβ-LF, which correspond to the conforma-
tions with a maximal HO. . . H interaction. We obtained one most stable rotamers for4C1α-LF and one
most stable rotamers for1C4α-LF, Idem for4C1β-Lf and 1C4β-Lf.

1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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Fig. 1. Schematic representation of 81 possible minimum energy rotamers of1C4α-L-fucopyranose [14]. The idealised C
(x+1)-Cx-O-H torsions are denoted by g+, t, and g- for gauche clockwise (60◦), anti (180◦) and gauche counter clockwise
(−60◦), respectively wherex = 1, 2, 3, 4.

Fig. 2. graphical representation of4C1 and 1C4 chair forms forα andβ L-fucopyranose.
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Fig. 3. Two-layered ONIOM partition ofα-L-fucopyranose andβ-L-fucopyranoe.

2. ONIOM methodologies

ONIOM (Own N-layer Integrated molecular Orbital molecular Mechanics) is a hybrid computational
method developed by Morokuma and collaborators [15–23] that allows different levels of theory to be
applied to different parts of a molecular system. This approach considering both the IMOMM [16]
and IMOMO[17] models which combine layers of different levels of Molecular Orbital theory and
molecular-mechanics force fields to achieve an optimal cost performance strategy in obtaining structural
and energetic information. In the two-layered ONIOM method, the molecular system under study is
divided into an inner and an outer layer. The inner layer consists of the most critical elements of the
system, and the rest of the system comprises the outer layer.

In the terminology of Morokuma and collaborators, the full system is called “real” and is treated with
a low theoretical level. The inner layer is termed “model” and is treated with both the low and high levels
of theory. For our molecules (α-LF andβ-LF), we use a two-layered ONIOM scheme (See Fig. 3).

In GAUSSIAN 98 software [24], ONIOM method can divide molecules in two or three layers. The
basic idea of ONIOM approach can be easily understood when it is considered as an extrapolation scheme
in two-dimensional space spanned by the size of the system in one axes and the level of theory on the
other axes [17] (See Fig. 4).

In The case of two-layer, the extrapolated energy EONIOM2 is defined as [16,17]:

EONIOM2 = E(low, real)− E(low, model)+ E(high, model)= E3– E1+ E2

Where E3 is the energy of the entire system calculated at the low level of theory and E1, E2 are the
energies of the model system determined at the low and high level of theory, respectively.
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Fig. 4. Schematic representation of two-layer (left) and three-layer (right) ONIOM extrapolation schemes. E4 and E9 represent
respectively the true energy of the real system for the two-layered and three-layered ONIOM scheme [16,17].

Fig. 5. Cutting covalent bond and link atom treatment forα−L-fucopyranose.

If on the partitioning system a covalent bond has to be cut like in our case (Fig. 3), ONIOM scheme
implemented in Gaussian98 treat the frontier between the two levels of theory by link atom. It consists of
adding a monovalent atom along this covalent bond to fill the valency of the inner layer (model system).
See Fig. 5.

In Gaussian 98 implementation the link atom is a hydrogen atom, they are only present in the model
system and its treatment differs in the different implementations that have been published.

2.1. Computational aspect

The aim of this work is to study the behavior of ONIOM method for the pyranic cycle of the oses and to
determine the influence of the cutting effects on the covalent bonds of our molecules and the effects of the
link atoms added along those covalent bonds to the relative energy, geometrical parameters (bond length,
valence angles, dihedral angels, and hydrogen bond), Mulliken charges, dipole moment, especially to
see if the anomeric behavior of the molecules is affected. To confirm the results for the pyranosic form
we chose two oses, which areα-L-fucopyranose andβ-L-fucopyranose in chair conformation.
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Table 1
The relative energy (kcal /mol) between
the various conformations calculated by
B3LYP, MP2 and RHF methods with 6-
31G* bases set

∆E (kcal/mol) B3LYP MP2 HF
4C1α-4C1β 3.78 0.15 4.14
1C4α-4C1α 2.89 3.23 3.07
1C4β-1C4α 1.67 1.67 1.93
1C4β-4C1α 4.56 4.90 5.00
1C4β-4C1β 8.34 5.05 9.14

In order to define the most stable chair forms between4C1α-LF and1C4α-LF and between4C1β-Lf
and1C4 β-Lf, we performed an ab-initio calculations: second order moller plesset (MP2) Method [25],
Hatree Fock (RHF) method and Density functional theory (DFT) using B3LYP hybrid method [26]. This
functional was first implemented into GAUSSIAN 92/DFT [27] program. It is a logical extension of
Becke’s three-parameter concept using LYP correlation function [28]); according to the 6-31G* bases set
using GAUSSIAN (98) software [24]. The 6-31G* are sufficient bases set to reproduce the physical and
chemical properties of sugars [11–14]. The results were compared to the experimental values obtained
by RX [29–32].

Once obtained the most stable conformation forα-LF andβ-LF, which corresponds to the1C4 chair
form, we carried out the two-layered ONIOM calculation according to GASSIAN98 software. In this
two layered ONIOM calculations we integrate two molecular orbital methods using ONIOM(MP2/6-
31G*:HF/6-31G*), ONIOM(B3LYP/6-31G*: HF/6-31G*) and ONIOM(HF/6-311G*:HF/6-31G*).
Then we compare the resulting relative energy, time calculations, geometrical parameters, Mulliken
atomic charges and dipole moment with those obtained by means of the non integrated molecular orbital
methods such as MP2, DFT and RHF.

3. Results and discussion

The results of energy according to Table 1 shows that the1C4 chair forms are the most stable for both
α-LF (axial C1-OH) andβ-LF (equatorial C1-OH). It is also noted that the order of stability of the fourth
conformations is the same for the B3LYP, MP2, and RHF methods (Fig. 3).

This order of stability for which1C4 β-LF is more stable than1C4 α-LF, and1C4 α-LF is more stable
than the4C1 α-LF and the least stable are the4C1 β-LF, is confirmed by experience [32]. The difference
in energy between the4C1 α-LF and the4C1 β-LF calculated by MP2 method is very small compared
to that obtained by B3LYP and RHF.

The relative energy between4C1 α-LF and 1C4 α-LF conformations is estimated by experience
approximately 5 Kcal /mol [32], this energy is underestimated by B3LYP, MP2, and RHF methods of
approximately 2 kcal/mol.

We carried out the two-layered ONIOM calculation for the most stable rotamers1C4 αLf and1C4βLf
according to GASSIAN98 software. In this tow layered ONIOM calculations we integrate two molecular
orbital methods using ONIOM(MP2/6-31G*:HF/6-31G*), ONIOM(B3LYP/6-31G*: HF/6-31G*) and
ONIOM(HF/6-311G*:HF/6-31G*).

Like it is mentioned above, this method consists in dividing our molecule into two regions, the
interesting part is studied by a high theoretical level (B3LYP, MP2) and the other part by a low theoretical
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Table 2
∆S values (hartree) for1C4 − α-L-Fucopyranose1C4 − β-L-
Fucopyranose obtained by MP2, B3LYP and RHF, the value
between brackets design the error of extrapolation∆D for the
ONIOM(MP2/B3LYP) and ONIOM(MP2/HF) scheme and those
between hook is the∆D for ONIOM(B3LYP/HF) scheme

Level 1C4α-L-Fucopyranose 1C4β-L-Fucopyranose
MP2 −305.566 (0.000) −305.573 (0.000)

B3LYP −306.478 (0.912) −306.486 (0.913)
RHF −304.696 (−0.870) [1.782] −304.697 (−0876) [1.78]

level (RHF) (see Fig. 3). The atoms implied in the high theoretical level are those numbered (C1, C 2,
O1, O2, O5, H1, H2, H1a, H2a). The remainder will belong to the low theoretical level.

This integration of different levels is confirmed by a Substituent-value (S-value) calculation, which is
a potential indicator to know how to select the methods to be combined, and how to partition the system
into high and low level.

∆Slevel= ∆E(level, real )–∆E(level, model)

Using the∆Svalues, the errorD of the ONIOM extrapolation∆EONIOM, compared to the target
calculation∆Ehigh

real , can be written as [17]:

∆D = ∆E(high, real) -∆EONIOM

= [∆E(high, real) –∆E(high, model)] –[∆E(low, real –∆E(low, model)]

= ∆Shigh– ∆Slow

In Table 2, we present the S-value results calculation for the1C4 αLf and 1C4 βLf. The geometry for
this molecule is optimized by RMP2/ 6-31G* level which is the target level calculation.

The S-values obtained by B3LYP and RHF calculations for1C4 αLf and 1C4 βLf are all quite close
to the target value of−305.5666 hartree and−305.5734 hartree respectively. Table 2 also show that the
difference between the S-value for the target and the low level of theory are constant for both1C4 αLf and
1C4 βLf (0.912± 0.001 Hartree for (RMP2:B3LYP), 0.870± 0.006 Hartree for (RMP2:RHF) and 1.782
± 0.007 Hartree for (B3lyp:RHF)), which indicates that the error of extrapolation is constant. So, we
would conclude that both (MP2:B3LYP) and (MP2:RHF) integrations are justified but we could simply
choose the cheapest method as the low level in ONIOM2 calculations. For this, and like it mentioned
above, we choose to perform ONIOM(MP2:RHF) and ONIOM(B3LYP:RHF) calculation to compare
the MP2 and B3LYP correlation effects for the high level of theory.

In order to determine the effects of the change of bases set on the low level to the energy calculation, we
carried out an ONIOM calculations with B3LYP(6-31G*) at the high level, with various bases set (STO-
3G*, 3-21G*, 6-311G*) at the low level for1C4 α-LF, the results were compared to ONIOM(B3LYP/6-
31G*:HF/6-31G*) and B3LYP/6-31G* calculations (see Table 3).

It is noted that the resulting energy from ONIOM(B3LYP/6-31G*:HF/6-31G*) and ONIOM(B3LYP/6-
31G*:HF/6-311G*) calculations are relatively close to B3LYP/6-31G* energy value, whereas
ONIOM(B3LYP/6-31G*:HF/STO-3G*) and (B3LYP/6-31G*:HF/3-21G*) are with a higher energy.
to conclude that the bases set 6-31G* is sufficient to use for both high and low levels of theory, we
determined the geometrical parameters obtained by the preceding ONIOM calculations (Table 4), and
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Table 3
1C4 α-L-Fucopyranose, Relative energy values to B3LYP/6-31+G*
calculation obtained by ONIOM methods with different bases set in
the low level

Methods Relative energy (Hartree)
for B3LYP/6-31G-*

ONIOM(B3LYP/6-31G*:HF/6-31G*) 1.788601
ONIOM(B3LYP/6-31G*:HF/STO-3G*) 5.6282
ONIOM(B3LYP/6-31G*:HF/3-21G*) 3.465501
ONIOM(B3LYP/6-31G*:HF/6-311G*) 1.7210
B3LYP/6-31G* −611.946836

Table 4
Bases set effects of ONIOM(B3LYP:HF) for results of geometrical parameters in low-level calculations for
α−L-fucopyranose

α-L-fucopyranose B3LYP ONIOM ONIOM ONIOM ONIOM
6-31G* (B3lyp/6-31G* (B3lyp6-31G* (B3lyp/6-31G* (B3LYP/6-31G*

:HF/STO-3G*) :HF/3-21G*) :HF/6-311G*) :HF/6-31G*)
Bond lengths
C1-C2 (R1) 1.529 1.524 1.520 1.532 1.531
C2-C3 (R2) 1.530 1.575 1.533 1.532 1.534
C3-C4 (R3) 1.531 1.556 1.517 1.521 1.522
C4-C5 (R4) 1.534 1.562 1.526 1.522 1.524
C5-C6 (R5) 1.521 1.544 1.521 1.513 1.516
C1-O1 (R6) 1.424 1.417 1.425 1.428 1.427
C1-O5 (R7) 1.401 1.412 1.397 1.393 1.395
C2-O2 (R8) 1.424 1.415 1.422 1.424 1.424
C3-O3 (R9) 1.425 1.433 1.440 1.401 1.402
C4-O4 (R10) 1.418 1.433 1.434 1.396 1.398
C5-O5 (R11) 1.444 1.422 1.467 1.457 1.447
Valence angles
O5-C1-C2 (A1) 111.9 111.9 111.6 112.6 112.4
O5-C1-O1 (A2) 113.2 113.1 112.7 113.3 113.1
C2-C1-O1 (A3) 105.7 105.9 105.1 105.4 105.5
C1-C2-C3 (A4) 110.5 110.0 109.4 110.4 110.4
C1-C2-O2 (A5) 112.2 112.1 113.2 111.7 111.9
O2-C2-C3 (A6) 110.8 110.9 109.3 111.0 110.8
C2-C3-C4 (A7) 110.1 109.5 109.2 110.4 110.2
C2-C3-O3 (A8) 110.1 111.0 108.8 110.6 110.5
O3-C3-C4 (A9) 107.7 107.1 106.4 107.7 107.7
C3-C4-C5 (A10) 109.8 109.3 110.8 110.1 110.0
C3-C4-O4 (A11) 109.9 110.5 108.1 110.7 110.5
O4-C4-C5 (A12) 110.1 109.5 108.8 109.8 109.6
C4-C5-O5 (A13) 112.1 112.2 111.6 111.3 111.3
C4-C5-C6 (A14) 113.1 111.7 112.2 113.7 113.5
C6-C5-O5 (A15) 106.2 106.7 105.2 106.1 106.2
C1-O5-C5 (A16) 116.1 116.2 115.6 115.8 116.2

carried out a comparison of geometrical parameters between those calculated by ONIOM and those
resulting of DFT method according to B3LYP/ 6-31G*. The comparison between the results of bond
length and valence angles is illustrated in Figs 6 and 7 respectively.

Figures 6 and 7 show that the results of the geometrical parameters (bond length, valence angles)
obtained by ONIOM (B3LYP/6-31G*: HF/6-311G*) and ONIOM(B3LYP/6-31G*:HF/6-31G*) are
almost confused with the straight lines, which represents the values of the parameters calculated by
B3LYP/6-31G*, this is not the case of the other calculations. This makes it possible to validate this
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Fig. 6. Comparison between the resulting bond lengths by ONIOM(B3LYP/HF) calculations and B3LYP(6-31G*) for
α−L-Fucopyranose.

Fig. 7. Comparison between the resulting valence angles by ONIOM(B3LYP/HF) calculations and B3LYP(6-31G*) for
α−L-Fucopyranose.

bases set and to preserve it for next stages. This also shows that the ONIOM method is sensitive to the
bases set. Indeed, the change of bases set on the part treated by HF in ONIOM calculations influence the
geometrical results of the part treated by B3LYP of our molecule. According to the preceding table, the
C1-C2, C1-O1, C2-O2 and C1-O5 inter atomic distances vary from an ONIOM calculation to another.
The relative bond lengths for those obtained by B3LYP/6-31G* calculation are in Table 5.

This table shows that the C-H and O-H distances do not vary with the change of bases set in the part
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Table 5
The relative bond length to B3LYP/6-31G* obtained by ONIOM calculations with different
bases set in the low theoretical part
1C4α-LF B3LYP ONIOM ONIOM ONIOM ONIOM

6-31G* (B3lyp/6-31G* (B3lyp6-31G* (B3lyp/6-31G* (B3LYP/6-31G*
:HF/STO-3G*) :HF/3-21G*) :HF/6-311G*) :HF/6-31G*)

C1-C2 1.530 0.006 0.1 0.002 0.001
C1-O1 1.424 0.007 0.001 0.004 0.003
C2-O2 1.424 0.009 0.003 0.000 0.000
C1-O5 1.405 0.007 0.008 0.012 0.01
C1-H1 1.096 0.000 0.002 0.001 0.000
O1-H1a 0.970 0.000 0.000 0.000 0.000
C2-H2 1.093 0.001 0.002 0.000 0.000
O2-H2a 0.973 0.001 0.000 0.001 0.000

Tables 6 and 7

The calculations results of relative energy (Hartree), the
dipole moments (Debye) and the computing times for
ONIOM, ab-initio and DFT methods forα-LF andβ-LF
α-L-fucopyranose Energie Dipole moment

(Hartree) (Debye)
MP2/6-31G* −610. 150 2.84
HF/6-31G* 1.672 2.60
ONIOM (MP2/HF) 0.87 2.61

B3lyp/6-31G* −611. 940 2.55
HF/6-31G* 3.462 2.60
ONIOM (b3lyp/HF) 1.782 3.78

HF/6-311G* −608.628 2.67
HF/6-31G* 0.15 2.60
ONIOM (HF/HF ) 0.068 2.60

β-L-fucopyranose Energie Dipole moment
(Hartree) (Debye)

MP2/6-31G* −610.152 0.76
HF/6-31G* 1.67 0.69
ONIOM (MP2/HF) 0.876 0.72

B3lyp/6-31G* −611.943 0.71
HF/6-31G* 3.461 0.69
ONIOM (b3lyp/HF) 1.752 1.01

HF/6-311G* −608.625 0.73
HF/6-31G* 0.143 0.69
ONIOM (HF/HF ) 0.068 0.70

treated by HF calculation. This indicates that the treatmentby link atoms does not influence the result of
geometrical parameters of the atoms which are far from the border between different theoretical levels
of ONIOM calculations. But the bond length, which is adjacent to the frontiers, was influenced by the
change of the bases set in the low theoretical level.

Once the bases set 6-31G* was validate, we carried out calculations on1C4 βLF and 1C4 αLF
using MP2/6-31G*, B3LYP/6-31G*, HF/6-311G*, HF/6-31G*, ONIOM(MP2/6-31G*:HF/6-31G*),
ONIOM(B3LYP/6-31G*:HF/6-31G*) and ONIOM(HF/6-311G*:HF/6-31G*) methods. We have com-
pared the results of the values of energies, the dipole moments and the computing times (Table 6 for
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1C4 α-LF and 7 for1C4 β-LF).
Tables 6 and 7, show an improvement on the value of energies compared to HF/6-31G* method, due

to the partial correlation energies introduced into the ONIOM(MP2:RHF) and ONIOM(B3LYP:RHF)
calculations in high level part, on one hand, and due to the improvement of the bases set on highs level
region of the molecule for ONIOM(HF/HF) with different base.

The computing times are considerably reduced by ONIOM method compared to B3LYP and MP2
methods. Moreover, compared to MP2 calculation the reducing time are more than 60%. This reduction
of the computing times represents one of this method interests.

The dipole moments are well evaluated by ONIOM method except those resulting from
ONIOM(B3LYP/HF) which are overestimated.

The comparison between different geometrical parameters, bond length, valence angles, intra-cyclic
and extra-cyclic dihedral angles, is represented in Table 8 for the1C4α-LF and Table 9 for1C4 β-LF.

3.1. Geometrical results and discussion for1C4 α-L-fucopyranose

According to Table 8, MP2, B3LYP and RHF calculations shows that the distance C1-O5 is smaller
than the distance O5-C5, these results are on agreement with the experimental results (X-ray [31]),
which indicates that C1-O5 and O5-C5 bond length are respectively 1.411A◦ and 1.480A◦. However the
experimental results also shows that the distance C1-O5 is larger than C1-O1 (1,381 A◦), whereas the
different theoretical methods do not reproduce this result. The deviation for the experimental data is due
to the fact that the comparison between calculated and crystal structure is not straightforward because
the ring of the hydroxyl groups orientate them selves differently in the gaze phase than in the crystalline
phase. The intermolecular O. . . H dominate in crystals [30,31,33]. We also notice that various ONIOM
calculations have the same behavior as the other theoretical method for the bond lengths mentioned
above.

The first comparisons between the ab-initio and DFT method with the experimental results will be
presented, and then we do another comparison between the results of ONIOM methods and that of the
experimental data. (See respectively; Fig. 8 (A) and 8 (B)).

According to Fig. 8 (A), MP2 and relatively DFT methods give a good results which are close to
the experimental data compared to RHF method for the C-O bond length, expect the C1-O1 distance
(anomeric region) which is over estimated by MP2 and B3LYP. HF gives close results to the experiment
one (Table 7). For C-C bond length MP2 and RHF methods gives practically a same results which is too
close to the experimental data than B3LYP method which gives an C-C average value equal to 1.529 A◦

compared to 1.519A◦ for MP2, 1.522A◦ for RHF/6-31G* and 1.520A◦ for experience [31].
The average value of the angles of the pyranic cycle other than that of the C5-O5-C1 is 109.6◦ for the

experimental data, 110.68◦ for MP2, 110.88 for B3LYP and 111.70 for HF/6-31G* calculations.
The resulting average value of this angles for ONIOM(MP2:RHF) and ONIOM(B3LYP/HF) calcula-

tions are respectively 110.84 and 110.86. This indicates that the value obtained by RHF calculation are
corrected and improved.

In Fig. 8 (B), one notices that the results of bond lengths obtained by ONIOM method are con-
clusive compared with those resulting from the experiment. It is noted that the ONIOM results
of the C-C bond lengths such as R3, R4 and R5 (see Table 8) are very close to the experi-
mental one. R1 and R2 values are overestimated respectively by ONIOM(B3LYP:RHF) and both
ONIOM(B3LYP:RHF), ONIOM(MP2:RHF) calculations. Related to C-O bond lengths, the results ob-
tained by ONIOM(MP2:RHF) and ONIOM(B3LYP:RHF) are conclusive for R7 and R8 whereas R6 is
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Table 8
Geometrical parameters resulting of X-rays [30], MP2, DFT, HF, ONIOM(MP2;HF), ONIOM(B3LYP:HF) forα-L-
fucopyranose

α-L-fucopyranose RX MP2 B3LYP HF HF ONIOM ONIOM ONIOM
6-31G* 6-31G* 6-311G* 6-31G* (MP2/HF) (B3LYP/HF) (HF/HF)

Bond length
C1-C2 (R1) 1.523 1.519 1.529 1.521 1.522 1.521 1.531 1.520
C2-C3 (R2) 1.520 1.519 1.530 1.521 1.522 1.531 1.534 1.523
C3-C4 (R3) 1.519 1.520 1.531 1.522 1.524 1.523 1.522 1.524
C4-C5 (R4) 1.526 1.524 1.534 1.525 1.526 1.524 1.524 1.527
C5-C6 (R5) 1.510 1.514 1.521 1.515 1.517 1.516 1.516 1.517
C1-O1 (R6) 1.381 1.425 1.424 1.398 1.399 1.427 1.427 1.397
C1-O5 (R7) 1.411 1.405 1.401 1.378 1.381 1.398 1.395 1.380
C2-O2 (R8) 1.433 1.428 1.424 1.401 1.402 1.428 1.424 1.400
C3-O3 (R9) 1.444 1.429 1.425 1.402 1.403 1.403 1.402 1.403
C4-O4 (R10) 1.430 1.422 1.418 1.396 1.398 1.397 1.398 1.398
C5-O5 (R11) 1.480 1.445 1.444 1.417 1.418 1.450 1.447 1.409
Valence angle
O5-C1-C2 (A1) 109.7 111.9 111.9 111.9 111.6 112.3 112.4 111.7
O5-C1-O1 (A2) 112.3 112.9 113.2 112.4 112.4 113.0 113.1 112.3
C2-C1-O1 (A3) 108.4 105.2 105.7 106.6 106.6 105.2 105.5 106.6
C1-C2-C3 (A4) 109.8 110.0 110.5 110.5 110.6 110.5 110.4 110.5
C1-C2-O2 (A5) 109.4 112.0 112.2 111.8 111.8 111.4 111.9 111.8
O2-C2-C3 (A6) 110.7 110.5 110.8 110.8 110.9 110.9 110.8 110.7
C2-C3-C4 (A7) 109.8 109.8 110.1 110.3 110.2 110.1 110.2 110.2
C2-C3-O3 (A8) 111.0 109.9 110.1 110.7 110.6 110.5 110.5 110.5
O3-C3-C4 (A9) 109.4 107.4 107.7 107.7 107.8 107.7 107.7 107.8
C3-C4-C5 (A10) 108.7 110.1 109.8 109.7 109.7 110.0 110.0 109.6
C3-C4-O4 (A11) 108.5 109.5 109.9 110.5 110.3 110.4 110.5 110.3
O4-C4-C5 (A12) 111.6 109.0 110.1 109.7 109.5 109.6 109.6 109.5
C4-C5-O5 (A13) 110.1 111.6 112.1 111.5 111.4 111.3 111.3 111.5
C4-C5-C6 (A14) 112.6 112.7 113.1 113.3 113.2 113.5 113.5 113.1
C6-C5-O5 (A15) 106.3 105.7 106.2 106.8 106.7 106.2 106.2 106.8
C1-O5-C5 (A16) 114.2 114.7 116.1 117.3 117.2 115.8 116.2 117.7
Dihedral angle
Intra-cyclic
O5-C1-C2-C3 (D1) −56.54 −55.51 −54.02 −52.45 −52.76 −53.00 −52.20 −52.33
C1-C2C3-C4 (D2) 57.51 55.32 54.74 53.51 53.70 53.86 53.48 53.70
C2-C3-C4-C5 (D3) −57.39 −54.70 −53.92 −53.70 −53.80 −54.60 −54.78 −53.79
C3-C4-C5-O5 (D4) 56.86 53.47 52.27 52.62 52.80 53.75 53.88 52.59
C4-C5-O5-C1 (D5) −59.29 −55.0 −53.91 −54.93 −55.2 −54.91 −54.88 −54.88
C5-O5-C1-C2 (D6) 58.58 55.87 54.33 54.48 54.84 54.39 53.89 54.41
Dihedral angle
Extra-cyclic
O1-C1-C2-O2 (E1) −55.30 −55.82 −54.47 −53.17 −53.63 −53.45 −52.40 −53.24
O1-C1-C2-C3 (E2) 66.35 67.56 69.75 70.78 70.38 70.4 71.52 70.63
O2-C2-C3-O3 (E3) −60.55 −62.45 −61.49 −62.86 −62.72 −63.01 −62.96 −62.71
O2-C2-C3-C4 (E4) −181.63 179.56 179.78 178.00 178.23 177.97 178.03 178.23
O3-C3-C4-O4 (E5) −57.91 −54.27 −52.87 −53.58 −53.81 −54.13 −54.31 −53.87
O3-C3-C4-C5 (E6) −179.41 −174.19 −174.09 −174.60 −174.52 −175.24 −175.44 −174.49
O4-C4-C5-C6 (E7) 57.76 52.07 51.21 51.58 51.82 51.83 51.95 51.88
O4-C4-C5-O5 (E8) −62.71 −66.714 −68.86 −68.88 −68.39 −67.87 −67.77 −68.496
C5-O5-C1-O1 (E9) −62.01 −62.65 −65.12 −65.40 −64.96 −64.51 −65.473 −65.29
C6-C5-O5-C1 (E10) −181.56 −177.91 −177.90 −179.13 −179.25 −178.91 −178.87 −178.91
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Table 9
Geometrical parameters resulting of MP2, DFT, HF, ONIOM(MP2;HF), ONIOM(B3LYP:HF) forβ-L-fucopyranose

β-L-fucopyranose MP2 B3LYP HF HF ONIOM ONIOM ONIOM
6-31G* 6-31G* 6-311G* 6-31G* (MP2/HF) (B3LYP/HF) (HF/HF)

Bond length
C1-C2 (R1) 1.519 1.531 1.520 1.521 1.520 1.531 1.519
C2-C3 (R2) 1.511 1.522 1.514 1.517 1.524 1.526 1.517
C3-C4 (R3) 1.522 1.533 1.523 1.525 1.525 1.525 1.525
C4-C5 (R4) 1.527 1.539 1.527 1.529 1.527 1.527 1.530
C5-C6 (R5) 1.514 1.521 1.514 1.517 1.515 1.515 1.517
C1-O1 (R6) 1.406 1.403 1.382 1.383 1.406 1.403 1.382
C1-O5 (R7) 1.413 1.410 1.385 1.387 1.408 1.406 1.387
C2-O2 (R8) 1.425 1.421 1.400 1.402 1.426 1.422 1.400
C3-O3 (R9) 1.428 1.425 1.400 1.402 1.400 1.400 1.401
C4-O4 (R10) 1.421 1.417 1.396 1.400 1.397 1.397 1.397
C5-O5 (R11) 1.439 1.437 1.412 1.413 1.443 1.440 1.404
Valence angle
O5-C1-C2 (A1) 109.5 109.7 109.8 109.7 109.7 109.9 109.7
O5-C1-O1 (A2) 108.3 108.6 108.5 108.6 108.4 108.8 108.4
C2-C1-O1 (A3) 110.7 110.9 110.8 110.9 110.6 110.9 111.0
C1-C2-C3 (A4) 110.1 110.2 110.0 110.0 110.3 110.0 110.0
C1-C2-O2 (A5) 111.5 111.8 111.5 111.4 111.1 111.6 111.5
O2-C2-C3 (A6) 107.1 107.6 107.5 107.5 107.6 107.5 107.4
C2-C3-C4 (A7) 109.4 109.8 110.0 109.9 109.7 109.9 109.9
C2-C3-O3 (A8) 111.0 111.3 111.6 111.5 111.4 111.4 111.5
O3-C3-C4 (A9) 107.3 107.4 107.7 107.8 107.7 107.7 107.8
C3-C4-C5 (A10) 110.2 110.2 109.9 109.8 110.2 110.2 109.8
C3-C4-O4 (A11) 109.6 109.9 110.5 110.4 110.4 110.4 110.3
O4-C4-C5 (A12) 108.8 109.8 109.4 109.3 109.4 109.4 109.3
C4-C5-O5 (A13) 111.7 112.2 111.4 111.2 111.3 111.4 111.3
C4-C5-C6 (A14) 112.7 113.0 113.3 113.3 113.5 113.5 113.2
C6-C5-O5 (A15) 106.2 106.8 107.3 107.2 106.7 106.7 107.3
C1-O5-C5 (A16) 112.9 114.2 115.4 115.4 114.0 114.3 115.8
Dihedral angle
Intra-cyclic
O5-C1-C2-C3 (D1) −60.04 −59.08 −57.44 −57.50 −58.37 −57.76 −57.20
C1-C2C3-C4 (D2) 56.39 55.86 54.80 55.00 55.47 55.21 55.00
C2-C3-C4-C5 (D3) −52.65 −51.74 −51.96 −52.20 −52.61 −52.87 −52.14
C3-C4-C5-O5 (D4) 52.99 51.40 52.05 52.30 52.92 53.04 52.08
C4-C5-O5-C1 (D5) −58.19 −56.90 −58.09 −58.30 −58.10 −58.03 −58.04
C5-O5-C1-C2 (D6) 60.94 59.88 60.18 60.30 60.18 59.79 60.05
Dihedral angle
Extra-cyclic
O1-C1-C2-O2 (E1) 61.76 61.20 63.55 63.50 62.86 62.64 63.95
O1-C1-C2-C3 (E2) −179.49 −179.13 −177.30 −177.45 −177.92 −178.06 −176.98
O2-C2-C3-O3 (E3) −63.84 −63.10 −64.04 −64.11 −63.94 −63.70 −63.98
O2-C2-C3-C4 (E4) 177.84 178.08 176.41 176.43 176.78 177.02 176.54
O3-C3-C4-O4 (E5) −53.44 −51.67 −52.94 −53.30 −53.19 −53.38 −53.30
O3-C3-C4-C5 (E6) −173.25 −172.88 −173.82 −173.88 −174.12 −174.36 −173.80
O4-C4-C5-C6 (E7) 52.22 50.85 51.66 51.94 51.76 51.87 51.96
O4-C4-C5-O5 (E8) −67.31 −69.90 −69.46 −68.94 −68.63 −68.56 −69.06
C5-O5-C1-O1 (E9) −178.15 −178.65 −178.54 −178.32 −178.97 −178.62 −178.57
C6-C5-O5-C1 (E10) 178.50 178.83 177.34 177.31 177.54 177.58 177.55
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Fig. 8. Bond length Comparison between X Ray, MP2, B3LYP and RHF calculations for (A) using 6-31G* and between X
ray [30], ONIOM(MP2/HF), ONIOM(B3LYP/HF), ONIOM(HF/6-311G*:HF6-31G*) for (B) .

on evaluated. We also announce that bond lengths C5-O5 (R11) and C2-C3 (R2) belonging to the border
between the two theoretical levels applied to our molecule, according to selected cutting (Fig. 3), are
longer than the average value. That is due to the link atom introduced by ONIOM method between these
two pairs of atoms.

If we compare Fig. 8 (A) with Fig. 8 (B), we distinguishes a clear improvement from the results of
bond lengths R3, R4 and R5 obtained by ONIOM(B3LYP:RHF) calculation than for those obtained by
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Fig. 9. α-LF, Comparison between the resulting bond length for ONIOM(MP2/HF), ONIOM(B3LYP/HF) and its corresponding
non integrated theoretical levels calculations.

B3lyp/6-31G*. The precision of MP2 calculation are preserved while using ONIOM(MP2:RHF) for
C-C bonds.

The C-O bonds C1-O1 (R6), C1-O5 (R7) and C2-O2 (R8) obtained by ONIOM(MP2:RHF) and
ONIOM(B3LYP:RHF) are very close to the results obtained respectively by MP2 and B3LYP calculation,
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Fig. 10. α-LF, Comparison between the resulting valence angles for ONIOM(MP2/HF), ONIOM(B3LYP/HF) and its corre-
sponding non integrated theoretical levels calculations.
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whereas the results obtained for R9 and R10 are very close to those obtained by the HF method. This
behavior of ONIOM method obtained for the bond lengths is the same one for the angle of valence and
the dihedral angles.

To make on evidence this behavior, we used a graphic illustration (Figs 9 and 10).
Figure 9 indicate that the MP2 and RHF calculations gives approximately the same C-C bond lengths

but diverge for the C-O.
The ONIOM calculation merge with the line indicating that the resulting bond lengths are very close

to the values obtained by MP2/6-31G*. These observations are proved for B3LYP calculations.
For the angles calculations (Fig. 10, ONIOM methods gives a good results compared to HF/6-31G*

and the results are very close to MP2 and DFT methods.

3.2. Geometrical results and discussion for1C4β-L-fucopyranose

According to Table 9, the C2-C3 bond length calculated on HF (1.517 A◦) and MP2 (1.511 A◦) levels
with 6-31G* base set is relatively shorter than the average value of C-C bond (1.520 A◦) in sugars,
whereas the C4-C5 distance obtained in HF(1.529 A◦) and MP2(1.527 A◦) is longer. Let us recall that
B3LYP over-estimates the C-C bond lengths. The ONIOM(MP2:RHF) method gives an acceptable C-C
bond lengths compared to those given by MP2 and HF (See Fig. 11). We also announce that the C2-C3
distance was corrected by ONIOM(MP:RHF) calculation it passes from 1.511 A◦ (MP2) to 1.524 A◦,
this is due to the fact that C2-C3 represents the border between the two theoretical levels (MP2 and HF)
corresponding to ONIOM(MP2:HF) calculation.

The resulting C4-C5 distance obtained by ONIOM(MP2:RHF) and HF/6-31G * was very close. This
is due to the fact that the two atoms C4 and C5 belong to the part of the molecule treated by the
low theoretical level which corresponds to HF/6-31G *, this means that distance C4-C5 value will be
close to HF result. Relate to the ONIOM(B3LYP:RHF) results, distance C1-C2 and C2-C3 have the
same behavior as B3LYP/6-31G * whereas C3-C4, C4-C5 and C5-C6 distances follow the behavior of
HF/6-31G *.

Contrary to theα-LF, the MP2 and B3LYP methods applied toβ-LF, give C1-O1 bond smaller than
C1-O5 bond; this is in agreement with the anomeric effects.

For the valence angle and the intra and extra cyclic dihedral angle, the ONIOM results Compared to
its corresponding non-integrated methods have the same behavior as mentioned toα-LF. (See Fig. 12).

The ONIOM calculations carried out on the part treated by a high theoretical level give similar results
to it corresponding non integrated theoretical calculation (MP2, B3LYP) whereas the region treated in
low theoretical level (RHF) has a same behavior of purely HF calculations.

For bothα-LF andβ-LF, there is a considerable improvement of the geometrical results obtained by
ONIOM compared to the HF level that is due to the introduction of a partial electronic correlation from
the treatment of a part of the molecule by MP2 or B3LYP. So the ONIOM calculations can compete with
a high calculations method to reproduce geometrical parameters with reduced times for small molecules.

Van den Enden et al. [34] classified the O. . . H non-bonded interactions into three major groups: p-,
sp3-, and s-type interaction. The idealized values for the out-of plane angle between an Ox. . . Hy vector
and the Cx–Ox–H plane would be 90◦, 125◦, and 180◦, respectively. Thesp3-type interaction seems to
be energetically favorable, and hydrogen atoms are trying to maintain this angle as much as possible.

For O. . . H interactions we used the O. . . H distance and one angle (e.g. O. . . H-O or R-O-C. . . H out of
plane angle [34]). The O. . .H-O angle is not discussed here, because the linearity and non-linearity of the
O. . .H-O angle is extensively discussed in the literature [35] and this parameter is completely insensitive
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Fig. 11.β-LF, Comparison between the resulting bond length for ONIOM(B3LYP/HF), ONIOM(MP2/HF) and its correspond-
ing non integrated theoretical levels calculations.

to the spatial arrangement of the oxygen lone pairs [36]. Also in sugars this angle is determined by other
geometrical constraints and it deviates considerably from 180◦. Alternatively, the O. . . H interactions
for non-symmetric cases can be characterized in a polar coordinate system centered on the O atom by
three coordinates that provide the exact position of the H atom: the O. . . H distance, the C-O. . . H angle
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Fig. 12. β-LF, Comparison between the resulting valence angles for ONIOM(MP2/HF), ONIOM(B3LYP/HF) and its corre-
sponding non integrated theoretical levels calculations.

and the R-O-C. . . H dihedral angle [36].
The deviation of the C-C-O-H to its ideal value can be an indicator for the power of the Hydrogen

bond.
Table 10 show that forα-LF, the values of the O. . .H distance are well estimated by B3LYP method,

whereas the ONIOM(MP2:RHF) and ONIOM(B3LYP/HF) calculations gives a longer H3. . .O2 and
H4. . .O3 distances who are respectively 2.445 A◦ and 2.256 A◦ for ONIOM(MP2/HF) and 2.615 A◦ and
2.256 A◦ for ONIOM(B3LYP:RHF). Those methods give too long values for the distance H3. . .O2 to
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Table 10
The geometrical parameters (nuclear distance and angle) implicated on the hydro-
gen bond forα-L-Fucopyranose obtained by MP2, B3LYP, HF, ONIOM(MP2/HF),
ONIOM(B3LYP/HF) calculations using 6-31G* bases set

α−LF MP2 B3LYP HF MP2/HF B3lLYP/HF
H2. . . O1 2.223 2.239 2.256 2.169 2.250
H3. . . O2 2.345 2.356 2.422 2.443 2.615
H4. . . O3 2.166 2.173 2.251 2.257 2.266
C1-O1. . . H2 82.0 82.0 81.8 82.6 80.4
C2-O2. . . H3 74.8 74.8 74.8 74.0 68.0
C3-O3. . . H4 80.8 80.8 81.1 81.0 81.0
H1-O1-C1. . . H2 143.6 143.8 146.0 143.6 143.0
H2-O2-C2. . . H3 −112.9 −113.8 −113.0 −114.8 −116.2
H3-O3-C3. . . H4 131.8 135.2 138.0 138.4 1387

Table 11
The geometrical parameters (nuclear distance and angle) implicated on
the hydrogen bond forα-L-Fucopyranose obtained by MP2, B3LYP, HF,
ONIOM(MP2/HF), ONIOM(B3LYP/HF) calculations using 6-31G* bases set

β-LF MP2 B3LYP HF MP2/HF B3lLYP/HF
H2. . . O1 2.443 2.458 2.516 2.437 2.466
H3. . . O2 2.339 2.355 2.409 2.421 2.416
H4. . . O3 2.158 2.153 2.248 2.248 2.250
C1-O1. . . H2 76.4 76.3 75.7 76.1 68.8
C2-O2. . . H3 76.9 76.7 76.9 76.3 71.2
C3-O3. . . H4 81.2 81.5 81.3 81.4 80.8
H1-O1-C1. . . H2 108.1 106.9 114.1 109.9 108.0
H2-O2-C2. . . H3 151.0 151.8 148.8 152.9 153.8
H3-O3-C3. . . H4 135.0 137.9 142.2 142.0 142.0

constitute an hydrogen bond. It is announced that for these bonds the ONIOM(MP2:RHF) has the same
behavior as that of pure HF results.

The valence angles results are close to the MP2 calculations except that to ONIOM(B3LYP:RHF) for
C2-O2-H3 valence angle which is under-estimated of 6.8◦. Concerning the dihedrals angles, the ONIOM
results for angle H1-O1-C1. . .H2 are close to results MP2, while the two other angles, approach the
values obtained by HF calculations. For theβ-LF (Table 11), ONIOM(B3LYP:RHF) calculations have
the same behavior as that observed for theα-LF whereas the results ONIOM(MP2:RHF) are better than
those of HF calculations.

We also carried out a comparison between the results of Mulliken charges calculated by these various
methods forα-LF andβ-LF (Tables 12 and 13). The replacement of 6-31G* bases set by 6-311G* in
RHF calculations affect the results of MULLIKEN charges, although their behavior on all atoms is the
same one.

For α-LF, according to Table 12, the carbon C1 and oxygen O5 carry charge respectively of+0.285
and−0.482 calculated by HF/6-311G* and respectively+0.427 and−0.656 by HF/6-31G *. The results
of the charges obtained by HF/6-31G* are very close to the MP2, whereas the computed values by HF/6-
311G* approaches more the B3LYP/6-31G* calculations. B3LYP and HF/6-311G* indicates that the
charges carried by the atom O5 (−0.487 for B3LYP and−0.482 for HF/6-311G *) are much smaller than
that carried by the atom O1 (−0.638 for B3LYP and−0.716 for HF/6-311G *), while calculations makes
by MP2 and HF/6-31G * for these two atoms are closer. It is also noted that the atoms C2 according to
B3LYP calculations and HF/6-311G * is practically not charged whereas MP2 and HF/6-31G * gives an
average values of+0.126. Although the results of the charges obtained by HF/6-31G* is close to those
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Table 12
The resulting Mulliken charges forα-L fucopyranose

α-L fucopyranose Mulliken charges
Methods MP2 B3LYP HF HF ONIOM ONIOM ONIOM
Atoms 6-31G* 6-31G* 6-311G* 6-31G* (MP2/HF) (B3LYP/HF) (HF/HF)
C1 0.422 0.303 0.285 0.427 0.422 0.342 0.385
O5 −0.662 −0.487 −0.482 −0.656 −0.756 −0.714 −0.799
O1 −0.779 −0.638 −0.716 −0.774 −0.774 −0.755 −0.774
H1 0.192 0.141 0.220 0.185 0.185 0.264 0.205
H1a 0.456 0.405 0.436 0.456 0.455 0.460 0.460
C2 0.125 0.087 0.030 0.127 0.127 0.283 0.335
O2 −0.783 −0.647 −0.700 −0.780 −0.780 −0.668 −0.619
H2 0.215 0.162 0.244 0.209 0.209 0.287 0.293
H2a 0.462 0.406 0.435 0.461 0.461 0.501 0.514

Table 13
The resulting Mulliken charges forβ-L fucopyranose

β-L fucopyranose Mulliken charges
Methods MP2 B3LYP HF HF ONIOM ONIOM ONIOM
Atoms 6-31G* 6-31G* 6-311G* 6-31G* (MP2/HF) (B3LYP/HF) (HF/HF)
C1 0.470 0.328 0.297 0.481 0.434 0.336 0.385
O5 −0.669 −0.495 −0.484 −0.664 −0.766 −0.613 −0.785
O1 −0.759 −0.620 −0.677 −0.759 −0.739 −0.679 −0.705
H1 0.172 0.129 0.200 0.163 0.174 0.188 0.167
H1a 0.450 0.399 0.422 0.452 0.448 0.432 0.446
C2 0.119 0.097 0.080 0.120 −0.006 0.295 0.398
O2 −0.787 −0.654 −0.719 −0.782 −0.747 −0.718 −0.694
H2 0.180 0.125 0.206 0.174 0.144 0.250 0.264
H2a 0.462 0.406 0.439 0.460 0.441 0.500 0.523

of MP2, the ONIOM(MP2:RHF) results are very close to those of HF/6-31G*. Whereas for ONIOM
(B3LYP:RHF) calculation, the charge carried by O5 passes from−0.487 (B3LYP) to−0.714. According
to the results ONIOM(B3LYP:RHF) diverge compared to those of B3LYP and HF/6-31G*. The same
behavior is to be announced for theβ-LF.

However, since RHF/6-311G * calculations reproduced well the Mulliken charges results of B3LYP/6-
31G*, it is perhaps preferable to use ONIOM(B3LYP/6-31G* :HF/6-311G *) integration.
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Abstract. In the present report we analyze the performance of DFT to compute molecular polarizabilities through the analysis
of molecular polarization potential that can be used as a tool to understand their spatial effects in the calculation of molecular
polarizabilities. This is done in the present report through the results obtained for three reference molecules: hydrogen cyanide,
formaldehyde and urea. Calculations were carried out at the density functional theory using the BLYP and B3LYP functionals.
The results of the polarization maps reveal similar trends observed with the calculation of the different components of the
polarizability tensor. However, the use of the maps permits to understand spatial effects specific for each level of calculation
and each basis set.

1. Introduction

Dipole polarizability accounts for the linear contribution to the induced dipole of a charge distribution
in the presence of an electric field [1]. The polarizability is an important magnitude involved in the
description of molecular interactions with a determining role in some cases [2,3]. Since its experimental
determination is not straightforward, computational methods provide a reasonable alternative to obtain
estimates of this property [4]. Indeed, polarizability can routinely be calculated from the molecular
electron density through either the computation of the analytical derivative of the dipole moment or
computing the second derivative of the energy versus the electric field [5]. Alternatively, the Finite field
theory (FFT) can also be used for this purpose; however it requires a careful choice of electric field to
be in the position to disregard higher order contributions [6]. At the Hartree-Fock level this procedure is
equivalent to use the perturbation theory known as the couple Hartree-Fock method (CPHF) [7].

The effect of the polarizability in molecular interactions and its distribution in space can be rationalized
using the Molecular Polarization Potential (MPP) maps. They represent an interesting way to look at
polarizabilities accounting for the spatial distribution of the deformability of the molecular electron
density as a correction to the Molecular Electrostatic Potential (MEP) maps [8–11]. Indeed, the MEP
represents the first order (coulombic) contribution of the interaction energy between a point charge and a
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molecule, whereas the MPP represents the second order (induced) contribution to the interaction energy
of a molecule in the same conditions. However, MPP maps can also be used as a tool to provide a
quantitative measure of how the spatial distribution of the electron density affects the calculation of
the polarizability [12], providing new insights into the understanding of the effect of the extension of
the basis sets and/or the deficiencies for describing the induced moments of alternative procedures to
compute the electron density [12–18].

The purpose of this report is to analyze the performance of the DFT method to compute molecular
polarizabilities. In this work we report the results of calculations using two different commonly used
exchange functionals. DFT results reported in this work show an overestimation of polarizability
estimates as had been previously published in the literature [19]. Furthermore, in order to understand the
origin of such a behavior we carried out a comparative analysis of the MPP maps using the calculations
computed at the MP4 level using a 6-311++(2d,2p) basis set as reference [20]. In the present work
benchmark calculations have been performed on three small molecules: hydrogen cyanide, formaldehyde
and urea.

2. Methods

The polarizability tensor was calculated from the second derivative of the energy on the optimized
geometries within each computational method. For the computation of the MPP maps, molecules were
placed on the XZ plane and the maps computed on the plane y= 4 bohr above the molecular plane.
Grid points were computed every bohr and extended approximately 6 bohr beyond the van der Waals
molecular surface. Since the molecules selected have a symmetry plane only one half of the points of
the grid were computed. The total number of points calculated was 231 points for hydrogen cyanide,
242 for formaldehyde and 312 for urea.

The polarization was computed at each point of the grid by subtracting the coulomb contribution to
the interaction energy (∆E) computed using a probe charge of 0.1 a.u. The coulomb contribution (eV )
was computed from the corresponding molecular electrostatic potential map. The polarization potential
(P ) can easily be obtained from the following expression:

∆E(r) = eV (r) + e
2
P (r)

Calculations at the DFT level were carried out with the BLYP [21] and B3LYP [22] functionals,
using a 6-311++(2d,2p) [20] basis set that includes two sets of polarization functions as well as diffuse
functions. Calculations were also carried out at the SCF and MP2 and MP4 level with the same basis set
to be used as reference. All the calculations reported in this work were performed with the Gaussian94
package [23].

3. Results and discussion

Estimates of the polarizability tensor for the three molecules studied in the present work are listed in
Table 1 together with the available experimental results. Inspection of the Table shows that whereas the
MP4 improves systematically both, SCF and MP2 results by less than a 5%, the DFT method tends to
overestimate polarizability calculations beyond MP4 results. However, the two functionals used in the
present work exhibit a differential behavior, with the B3LYP providing closer values to MP4 estimates.
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Table 1
Estimates of the polarizability tensor molecules reported in the present work computed
with the 6-311++(2d,2p) basis set. Values correspond to the different tensor compo-
nents (αxx, αyy, αzz) followed by the average value< α > (in bold), computed as
< α >= (αxx, +αyy + αzz)/3. All values are in atomic units (1e2a2

0E−1

h = 1.648778
× 10−41C2.m2.J−1). Experimental values available are also listed

RHF MP2 MP4 BLYP B3LYP Exper.
value< α >

Hydrogen xx 11.36 11.51 11.44 12.22 11.88
cyanide yy 11.36 11.51 11.44 12.22 11.88

zz 26.12 26.34 26.99 27.01 26.49
< α > 16.28 16.45 16.62 17.15 16.75 17.5

Formaldehyde xx 15.23 15.24 16.54 17.90 16.96
yy 10.48 10.71 10.86 11.17 10.99
zz 21.51 21.56 22.09 23.58 22.72

< α > 15.74 15.89 16.50 17.55 16.87 16.5
Urea xx 32.47 33.45 34.50 40.77 38.01

yy 22.61 25.14 25.17 26.45 25.13
zz 35.37 36.72 36.98 42.10 39.91

< α > 30.15 31.77 32.22 36.44 34.35 31.9

Specifically, for formaldehyde and hydrogen cyanide the results are very similar to MP4 estimates,
whereas for the case of urea estimates are about 5% above. In contrast, the BLYP exhibits a poorer
behavior with deviations of about 5% for formaldehyde and hydrogen cyanide and even a 10% for urea.

Some insight of the performance of the DFT method can be obtained from the analysis of the MPP maps,
however, more interesting the MPP themselves are the maps of the deviations of the polarization from
a reference that can provide information about systematic differences between the different methods of
calculation. Figures 1–3 show the polarization difference maps (in percentage), with the MP4 calculation
being taken as reference. As can be seen, difference maps of the Hartree-Fock and MP2 calculations are
smooth; the improvement is continuous, whereas the maps of the DFT calculations are rough with values
underestimated in the neighborhood of the atoms and values overestimated in the outer-most regions of
the molecule.

In the case of the hydrogen cyanide the largest differences between the Hartree-Fock calculations and
the MP4 are around the nitrogen lone pair (Fig. 1a), with underestimations around 15%, whereas for
the rest of the molecule these difference goes down to a 4%. Clearly the MP2 calculation is closer to
the reference MP4 calculations (Fig. 1b), with deviations of around a 2% in the neighborhood of the
nitrogen lone pair. This behavior clearly reflects the continuous improvement in the evaluation of the
polarizability when the correlation energy is included. In contrast, in the case of the DFT calculations
difference maps are uneven with zones where the polarization is overestimated and regions where it is
underestimated (Figs 1c and 1d). The two functionals exhibit a similar behavior with an underestimation
of the polarization in the neighborhood of the nuclei with peaks that reach a 10% around the nitrogen
lone pair and an overestimation of the polarization of around a 4% in the outer-most regions of the
molecule in the case of the BLYP functional and around a 8% for the B3LYP functional. Thus, although
both maps show an uneven topography the B3LYP surface exhibits larger differences between lows and
highs.

Similar results are obtained after the analysis performed to the formaldehyde molecule. The Hartree-
Fock procedure underestimates the polarization in regard to the MP4 calculations up to 25% in the
areas close to the oxygen lone pairs (Fig. 2a). This effect is reduced with differences up to 4% when
the correlation energy is included at the MP2 level (Fig. 2b). In regard to the DFT calculations, the
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Fig. 1. Molecular polarization difference maps (in percentage) for HCN at different levels of the theory using the MP4 calculation
as reference. (a) RHF/MP4 (b) MP2/MP4 (c) BLYP/MP4 (d) B3LYP/MP4.

two functionals overestimate the polarizability, although values computed with the B3LYP are closer to
those obtained with the MP4 method. Difference maps reveal an uneven distribution of the polarization
with underestimations in regions close to the nuclei and overestimations in the outer-most regions of the
molecule (Figs 2c and 2d).

In regard to urea, Figs 3a–3d show the polarization difference maps taking the MP4 calculation as
reference. The same trends as described above can be observed: whereas the SCF and MP2 maps are
smooth, the DFT maps are uneven. Thus, the SCF calculation underestimates the polarization about a
25% (Fig. 3a) whereas the MP2 calculation only around 2% (Fig. 3b). On other hand, DFT calculations
exhibit underestimations up to 50% close to the nuclei (Figs 3c and 3d) and overestimations of around
20% in the outer-most regions.
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Fig. 2. Molecular polarization difference maps (in percentage) for formaldehyde at different levels of the theory, using the MP4
calculation as reference. (a) RHF/MP4 (b) MP2/MP4 (c) BLYP/MP4 (d) B3LYP/MP4.

A good description of the electronic density in the outer-most regions of the molecules is critical for
good values of the polarizability. This is supported by the need to use extended basis sets including
diffused functions to get good estimates [12]. Accordingly, comparison of the polarization maps may
suggest that the overestimation of the polarizability obtained when using the DFT method in contrast
to the Hartee-Fock and MP procedures must be due to the overestimation of the polarization in these
regions. This effects is more remarkable in the perpendicular components.

Figures 4–6 show the correlations between the values of the polarization computed with different
methods and the MP4. As expected, the correlation between points computed at the SCF, MP2 versus
the MP4 method is good, being the fit better for points of lower polarization. In contrast, the correlation
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Fig. 3. Molecular polarization difference maps (in percentage) for urea at different levels of the theory using the MP4 calculation
as reference. (a) RHF/MP4 (b) MP2/MP4 (c) BLYP/MP4 (d) B3LYP/MP4.

is worse in the DFT calculations. As can be seen there are points poorly computed, even some of then
have the sign changed. However, most of these outsiders correspond to small values of polarization and
are due to the lack of accuracy of the density function.

4. Conclusions

The aim of the present report is to assess the spatial distribution of the effects observed when using
different basis sets and at different levels of the theory for the computation of molecular polarizabilities.
For this purpose, we computed the molecular polarization potential of three small molecules: hydrogen
cyanide, formaldehyde and urea. The results show that the DFT method overestimates the values of he
polarization in the outer-most regions of the molecule, being this the reason for the overestimation of
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Fig. 4. Molecular polarization maps correlation plots of HCNcomputed at different levels using the MP4 level as reference.
All the results are in a.u.

Fig. 5. Molecular polarization maps correlation plots of formaldehyde computed at different levels using the MP4 level as
reference. All the results are in a.u.
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Fig. 6. Molecular polarization maps correlation plots of urea computed at different levels using the MP4 level as reference. All
the results are in a.u.

polarizability estimates. Moreover, calculations carried out at the DFT level exhibit a poor correlation
compared to MP4 calculations, with the BLYP functional exhibiting a better behavior. Interestingly,
points outside of the correlation correspond to small values of the polarization and even there are some
values with the sign changed suggesting that the accuracy of the density function is small for the electric
field used in the calculations.
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Abstract. Third-order nonlinear optical properties of functionalized deoxyribonucleic acid (DNA) are studied by optical third
harmonic generation at 1 0642 nm fundamental wavelength. The studies were performed on thin films of DNA-CTMA and
DNA-CTMA doped with a charge transfer molecules DR1 and with a cobalt phthalocyanine. They show that DNA, similarly
as synthetic polymers, can be used as matrix for highly active NLO chromophores.

Keywords: DNA, DNA-CTMA, doped DNA-CTMA, third harmonic generation, NLO susceptibility

1. Introduction

Since the discovery of its double helice structure by J. Watson and F. Crick in 1953 [1] the deoxyri-
bonucleic acid (DNA) became a center of interest for biologists and biochemists. It is commonly known
how important role plays this supramolecule in biological life of living species. Indeed, all genetic
information is encoded in the sequences of nucleobases, basic structural elements of DNA. It determines
the life of living species from the very beginning. Because of their important biological role the nucleic
acids and their derivatives attract a lot of attention of researchers due to their chemical structure [2–5].

Since a few years DNA attracts also an increasing interest as a potential material for applications
in photonics and in electronics [6–24]. Composed from four bases, with a relatively weakπ electron
conjugation in phenyl rings only, DNA exhibits a large transparency range, the cut off wavelength being
determined by the absorption of conjugatedπ electrons in phenyl rings.

One of the problems limiting practical application of pure DNA is its poor temperature stability
and solubility. Pure DNA is soluble in water only. It has a characteristic, double stranded chiral
structure. At about 90 centigrades the double stranded structure changes to a single stranded spiral.
The pure solubility and thermal stability limited obviously its practical application, despite its great
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interest because of abundance in nature and biodegradability. In fact DNA is an ionic compound, with
DNA charged negatively and Na+ as counterion. K. Tanaka and Y. Okahata [6] as well as Timura
et al. [7] have shown recently that the counterion Na+ can be substituted by an amphiphile cation,
leading to a more stable compound, soluble in polar organic solvents. Also its temperature stability is
highly improved. DNA functionalized with hexadecyltrimetylammonium chloride (CTMA) is thermally
stable up to around 230 centigrades. It shows also excellent film formation properties. Excellent light
propagation properties, with propagation losses of 0.2 dB/cm was obtained. Thin films of DNA-CTMA
have been successfully used as buffer layers in organic electro-optic modulators (EOM). Due to the
controlled conductivity a better distribution of electric field through the EOM structure is obtained,
with larger field on the EO polymer active layer. DNA-CTMA systems was also used in other kind
of applications such as field effect transistors (FET’s), biopolymer based organic light emitting diodes
(BIOLED’s) [25]. and for solar energy conversion.

However one of the problems encountered in practical application of DNA and DNA-CTMA is the
already mentioned large optical gap. For applications in nonlinear optics a largeπ electron conjugation
is required. Similarly as in synthetic polymers, this can be obtained by functionalizing DNA or DNA-
CTMA systems with active NLO molecules, whose choice will depend on targeted applications.

In this paper we describe some results obtained on nonlinear optical properties of DNA-CTMA system
alone, and doped with two kinds of molecules:

(i) quasi 1D charge transfer molecule
(ii) molecule with 2Dπ electton conjugation

in view of their application in third-order NLO optics.

2. Chemical synthesis and material processing

DNA used in our studies was provided by Chitose Institute of Science and Technology (CIST, Japan).
It was obtained from salmon food waste and separated from other constituents present in. The procedure
leading to obtaining pure DNA includes homogenization, enzyme treatment, protein elimination, carbon
treatment, freeze drying and purification exhibits a large molecular weight. Its direct use for thin film
fabrication leads to thin films with large propagation losses and inhomogeneous thickness, because of
high solution viscosity. The two most prevalent techniques for molecular weight reduction of DNA
are chemical treatment with enzymes and mechanical shearing. Enzyme treatment requires a precise
knowledge of the DNA structure and base sequence to determine which enzyme will cut the DNA in the
precise location. This technique is valuable for biologists who are studying the structure of single DNA
molecules in very low quantities. However, using DNA in optoelectronic device applications requires
the use of bulk material processing techniques [26]. In order to decrease the viscosity of DNA solutions
the ultrasonic procedure was used [27]. After sonication the DNA aqueous solution is filtered through a
nylon filter (0.45µm) and used in next steps. Figure 1 shows the distribution of molecular weights after
different time of sonication process based on measurements of the hydrodynamic volume. The chemical
structure of DNA is shown (without Na+ counterion) in Fig. 2.

As already mentioned, pure DNA is soluble only in water. In order to obtain a compound soluble
in another solvent it is functionalized with a surfactant. Cationic surfactants having longer (>16) alkyl
chains are water insoluble, and chains shorter than C16 might induce poor mechanical property of
materials. DNA complexes made with longer alkyl chains might damage the double helix structure of
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Fig. 1. Molecular weights distribution of DNA.

DNA as the strong association and aggregation among alkyl chains might break the hydrogen bonds of
the nucleobase pairs [13].

The DNA-CTMA system was obtained in the following way (cf. Fig. 2). A 6 g/L solution of DNA
in 18 MΩ cm deionized water at 20◦C, was obtained by using a magnetic stirrer during the night. The
CTMA surfactant (cf. Fig. 2), with a slightly higher concentration (6.2 g/L), was dissolved in the same
conditions in 18 MΩcm deionized water. One litre of the aqueous DNA- Na+ solution was added
dropwise to 1 L of aqueous solution of cationic amphiphiles and mixed at room temperature during
6 hours. The precipitate DNA-CTMA surfactant complex was collected by vacuum filtration through a
0.4µm nylon filter, washed with 18 MΩ cm deionized water and then dried in vacuum at 35◦C.

The obtained in this way DNA-CTMA complex is insoluble in water, but soluble in such organic
solvents as chloroform, benzene and a large number of alcohols including isopropanol, methanol,
ethanol and butanol. These solvents are more convenient in thin film processing and device fabrication
than water.

As already mentioned the DNA molecule is highly transparent with limitedπ electron conjugation
(phenyl rings) that is why not largeχ(3) susceptibility is expected. Therefore to increase its NLO
response we have doped DNA-CTMA with two dopants, known for theπ electron delocalisation:

1. Cobalt phthalocyanine (CoPc) with an in-planeπ electron delocalization
2. N -Ethyl-N -(2-hydroxyethyl)-4-(4-nitrophenylazo)aniline (Disperse Red 1, DR1)

Their chemical structures are shown in Fig. 3
Purified CoPc powders were purchased from Sigma Aldrich Co. The CoPc powders were dissolved in

tetrahydrofuran (THF). Solvent (THF) was dried by distillation from purple sodium benzophenone ketyl
under argon. The solvent did not produce any signal under the experimental conditions.

N,N-dimethylformamide (DMF) was vacuum-distilled off from calcium hydride just prior to use.
Chlorobenzene was dried by distillation under argon.
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Fig. 2. Chemical structure of a DNA segment and surfactant CTMA.
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Fig. 3. Chemical structure of DR1 and of CoPc.

The second chromophore,N -Ethyl-N -(2-hydroxyethyl)-4-(4-nitrophenylazo)aniline (DR1), pur-
chased from Aldrich, was purified by a double recrystallization from an absolute methanol solution.

3. Thin film processing

For thin film fabrication solutions of DNA-CTMA and DNA-CTMA-Dye were filtered through a
0.2µm nylon filter before the thin film deposition. The glass substrates used were carefully cleaned in a
commercial surfactant using ultrasounds and then washed several times in deionized water. The cleaning
procedure was ended by baking in an oven at 200◦C for one hour.

On such cleaned glass substrates the spin-coating technique was used to make thin films of DNA-
CTMA and DNA-CTMA doped with organic dye with controlled thickness. Immediately after the
deposition the thin films were cured in oven at 80◦C for one hour in order to eliminate the remaining
solvent.

In preparation of functional-dye-doped DNA-CTMA films the same concentration of DNA-CTMA
80 g/L in solvent was used. For DNA-CTMA-CoPc a 2:1 chloroform:butanol solvent mixture was used
and sole butanol for DNA-CTMA-DR1. Films with weight concentrations of 5%, 10%, 15% dyes in
DNA-CTMA films were prepared for NLO properties studies.
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Fig. 4. Absorption spectra of pure DNA in buffer Ac (a) and of DNA-CTMA complex (b) in butanol.

4. Thin film spectroscopy

The spectroscopic UV-VIS-NIR in spectral region 210–1200 nm on solutions kept in a quartz cuve (C
= 10−5 mol/L) and on thin films deposited on BK7 glass plates were performed at room temperature
with a Perkin Elmer UV/VIS/NIR Lambda 19 spectrometer.

The UV absorption spectrum of DNA is an important property for determining whether theπ–π
stacking of nucleobases occurs. The DNA double helix in aqueous solution has a specific absorption band
extending from 220 to 300 nm with the maximum absorption wavelengthλmax of 260 nm, characteristic
for phenyl rings as seen in Fig. 4. The DNA-surfactant complex exhibits the same absorption, with
λmax at 260 nm, assigned as the characteristic absorption of the nucleobases in DNA. However, our data
indicate that the absorption coefficient is not the same as compared to the aqueous DNA. The absorption
coefficient for all the DNA-surfactant complexes is larger than that of the aqueous DNA solution. It
indicates possible changes, to some degree, in theπ–π stacking structure of the DNA strands. Also a
little modification of the absorption band is observed, most likely due to the different environment.

Figure 5 shows solution absorption spectra of DNA-CTMA and DNA-CTMA-DR1 (5% DR1 concen-
tration) and DR1 alone. DR1 is a well known as 1D charge transfer molecule, with electron donating
(CH3) and electron accepting (NO2) end groups, separated by aπ electron transmitter, composed of two
phenyl rings and –N=N– segment (cf. Fig. 3). It is particularly used for second order NLO effects, but
because of the strongπ electron conjugation it is also interesting for third order NLO effects. The UV
absorption of nucleobases at around 260 nm is clearly seen in the first two absorption spectra (curves
1 and 2 in Fig. 5). As already mentioned, this strong absorption band corresponds to theπ − π∗ tran-
sition of electrons of C= C bond of DNA bases. The second absorption band at around 490 nm in
DNA-CTMA-DR1 (2) is similar to that of pure DR1 (spectrum 3) showing very similar solvent influence.

The chemical structure of another doping molecule used, i.e. the cobalt phthalocyanine CoPc
(C32H16N8Co) is also shown in Fig. 3. It is a planar molecule with two-dimensional (2D)π elec-
tron conjugation. As discussed by Kajzar [28] such molecules exhibit smaller cubic susceptibilities
compared to those with 1Dπ electron delocalization. The central metal atom (Co) is connected with four
ligands (the benzene ring plus the pyrrole ring) by nitrogen bridges. In CoPc there are 18π electrons
surrounding the central metal atom characterized by a large delocalization, as it is seen from the value
of the optical gap. The UV-VIS-NIR absorption spectra of DMF solutions of CoPc (1), DNA-CTMA
complex (2) and of a guest-host system DNA-CTMA-CoPc (3) are displayed in Fig. 6. We notice that
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Fig. 5. Absorption spectra of DNA-CTMA (curve 1), DNA-CTMA-DR1 (5%) (curve 2) and DR1 alone (curve 3) in solution.

Fig. 6. Absorption spectra of CoPc (curve 1), DNA-CTMA-CoPc (curve 2) and DNA-CTMA (curve 3) in DMF.

the optical absorption spectra of CoPc exhibit two major absorption regions called Q and B bands. The
single, sharp absorption peak (near 657 nm) in the visible region (CoPc solution) is associated with the
Q band. The small absorption peak in Q band of CoPc is assigned as a vibrational component [29] and
marked Qvib.

The strongly broadened peak near 300 nm in CoPc solution spectrum is due to both a2u to eg (B1)
and b2u to eg (B2) transitions and corresponds to the B (Soret) band transition. Due to overlapping the
width of the B band is significantly greater than that of Q band. Both B and Q bands are due to the
π−π* transitions [4,30–34]. In the spectral region of 400–600 nm, the ground-state absorption of CoPc
is very weak. However at this wavelength range the metal phthalocyanines exhibits a quite important
excited state absorption, exploited in optical power limiting [35,36]. The maximum of the excited-state
absorption is located at the wavelength of around 500 nm, which is just the location of the minimum of
the ground-state absorption [8,37]. The absorption peak of DNA-CTMA-CoPc at 278 nm is blueshifted
with respect to DNA-CTMA and exhibits a small shoulder (near 308 nm), which comes from the B-band
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Fig. 7. Absorption spectra of DNA-CTMA-CoPc deposited on glass substrates and doped with 5% (1) and 10% (2) of CoPc.

of CoPc. Apparently it is interaction effect with the DNA matrix.
The absorption spectra of thin films of DNA-CTMA, doped with 5% and 10% of CoPc, deposited on

glass substrates, are shown in Fig. 7. Due to the interaction with the matrix a significant broadening
of the Q and B bands is observed. The intensity of vibronic Q bands is even reversed, as compared to
the solution case. It shows that the linear spectroscopic properties of DNA-CTMA-CoPc depend on the
intermolecular interactions of CoPc molecules with the matrix. These interactions are influenced by the
peripheral substituent in DNA-CTMA [38].

5. Nonlinear optical properties

The nonlinear optical properties studies of pure and doped DNA-CTMA systems were performed
by using the optical third harmonic generation (THG). This technique allows to measure the fast,
electronic part of cubic susceptibilityχ(3)(−3ω;ω, ω, ω) whereω is the fundamental beam frequency.
The measurements were done using a Q switched Nd:YAG laser, operating at 1 064 nm fundamental
wavelength with 13 ns pulse duration and 10 Hz operation rate. The studied films, deposited on BK7
glass substrates, were mounted on a rotation stage, kept in vacuum in order to avoid air contribution [39]
and the harmonic intensities were collected as function of the incidence angle, when rotating thin film
around an axis perpendicular to the beam propagation direction and coinciding with it.

The experimental setup used is shown schematically in Fig. 8. The fast Si photodiode, located just
behind the mirror of laser cavity, is used for triggering boxcar and for correction of fundamental beam
intensity fluctuations. The half wave plate (λ/2) was used to change easily the fundamental beam
polarization. As the measured samples are isotropic vertical (s) polarization was used for both incident
fundamental and the outcome harmonic beams. Filter F1 transmits fundamental beam whereas filter F2
the harmonic one.

The THG intensities were calibrated with THG measurements on a high purity silica slab done at the
same conditions. The THG intensity from a system: substrate+ thin film is given by [40].
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Fig. 8. Schematic presentation of THG experimental setup. LASER – Nd:YAG, 13 ns, 10 Hz, 1064 nm,λ/2 –half wave plate, P
– polarizer, L – convergent lens, F1, F2 – filters (with selective filter: 355 nm), S – rotating sample stage, Si – fast Si photodiode
for triggering and laser power control, PMT – photomultiplier tube.

where the bulk susceptibilityχ(3)(−3ω;ω, ω, ω) is related to the molecular hyperpolarizability
γ(−3ω;ω, ω, ω) through the following relation

χ(3)(−3ω;ω, ω, ω) = NFγ(−3ω;ω, ω, ω) (2)

with N being the molecules number density

N =
dNA

M
(3)

and d is the material density. In Eq. (3)NA is the Avogadro’s number andM is the molecular mass,
respectively.

In Eq. (2)F is the global local field factor, which for a THG process is given by

F = f3ω(fω)3 (4)

The factorsfω,3ω in Eq. (4) take account of the screening of external AC optical field with fundamental
(ω) or harmonic (3ω) frequency by the molecular field. It depends on the symmetry of the molecule
under consideration. For molecules with a spherical symmetry it is given by

fω,3ω =
n2

ω,3ω + 3

2
(5)

wherenω,3ω is the medium index of refraction atω(3ω) requency.
∆ε in Eq. (1) is the dielectric constant dispersion of the medium

(∆ε)s,f = εs,f
3ω − εs,f

ω (6)

with ε = n2. The superscriptss andf refer to the substrate (s) and the thin film (f ), respectively
The phases appearing in Eq. (1) are given by

ϕs,f
ω,3ω =

6πl

λ
ns,f

ω,3ω cos θs,f
ω,3ω (7)
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(a) (b)

(c) (d)

Fig. 9. Measured (open circles) and calculated (solid lines) THG intensities for the glass substrate (a), deposited thin films
on glass substrates of: DNA-CTMA (b), DNA-CTMA-DR1 (5%) (c) and DNA-CTMA-CoPc (5%) (d). The intensities don’t
match with actual THG responses as they are not corrected here for the fundamental beam attenuation by used filters.

for waves with frequencyω or 3ω in mediums or f , respectively.θs,f
ω,3ω are propagation angles in the

given (s or f ) medium and for waves withω, 3ω of requencies andl is the medium thickness.T1 andT2

in Eq. (1) are factors arising from transmission and boundary conditions (cf. Ref. [41]).

ρ =

{
χ(3)

∆ε

}

f

/{
χ(3)

∆ε

}

s

(8)

Φ is the phase of the thin film susceptibility (or difference with that of substrate if not zero),Iω is the
fundamental beam intensity and the phase mismatches∆ϕ are given by

∆ϕs,f = ϕs,f
ω − ϕs,f

3ω (9)

with ϕs,f
ω,3ω given by Eq. (7).

The collected incidence angle dependent third harmonic intensities were least – square fitted with
Eq. (1). Figure 9 displays the measured (open circles) and the fitted (continuous line) THG intensities
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Table 1
Thin film thicknesses (inµm), refractive indices, coherence lengths and third order nonlinear
optical susceptibilitiesχ(3)(−3ω;ω, ω, ω) of studied materials

Sample Thickness Refractive Coherence χ(3)(−3ω; ω; ω; ω)
[µm] indexnω length [µm] in 10−14 [esu]

DNA-CTMA 0.367 1.488a 7.4a 11.5± 0.1
DNA-CTMA-DR1 (5%) 3.484 1.488b 7.4 155± 16
DNA-CTMA-DR1 (10%) 4.060 1.488 7.4 69± 7
DNA-CTMA-DR1 (15%) 3.484 1.488 7.4 85± 9
DNA-CTMA-CoPc (5%) 0.149 1.488 7.4 30± 3
DNA-CTMA-CoPc (10%) 0.162 1.488 7.4 19± 2
DNA-CTMA-CoPc (15%) 0.168 1.488 7.4 17± 2
Glass plate 1041 1.50664 5.62 2.1± 0.2
silica 1010 1.44967 6.71 1.43± 0.14c

PMMA 1.4795d 8.28d 3.2d,e

aGrote et al. [42].
bassumed (see text).
cGubler and Bosshard [43].
dMorichere et al. [45].

from the glass plate alone (a), glass plate with DNA-CTMA (b), glass plate with DNA-CTMA-DR1
(c) and DNA-CTMA-CoPc (d) thin films. A good agreement is observed between the calculated and
measured THG intensities. For the glass substrate alone, the Maker fringes, due to the interference of the
free and bound waves in the glass slab, can be seen. This is due to the fact that the glass slab thickness
(1 040 nm) is much larger than the coherence length for this material (5.62µm). In Figs 9.b, 9.c and 9.d
we can see a monotonically varying, with incidence angle, contribution from thin films of DNA-CTMA,
DNA-CTMA-DR1 and DNA-CTMA-CoPc to that of substrate. In all cases these contributions are
decreasing with the incidence angle due to the envelope function (less light coupled into thin film when
increasing the incidence angle). This behaviour is due to the fact that the thin film thickness is smaller
than the coherence length. It is also seen that in the case of DR1 and CoPc doped films (Figs 9.c, 6.29.d)
the thin film contribution is more important than in the case of undoped film (Fig. 9.b).

In the fitting procedure, the values of the refractive index for DNA-CTMA, reported by Grote et
al. [42] were used. For doped films we used the same refractive indices as for DNA-CTMA. Indeed,
for the relatively low dopant concentration we do not expect a significant change of the refractive index
in the doped film. Also, in the case of THG in thin films, the harmonic intensities do not depend on
the difference of refractive indices, but on their sum. A correction for the absorption at the harmonic
wavelength in doped films was taken into account by introducing a complex index of refraction in the
calculations, with imaginary part calculated from the optical absorption spectrum. For silica and BK7
glass the tabulated values for the refractive indices were used and the slab thickness was determined
from the fit. Independent THG measurements on a clean glass slab were also performed to calibrate the
data with the THG measurements on a silica slab.

The values of third orderχ(3)(−3ω;ω, ω, ω) susceptibility of the investigated materials derived from
THG measurements are listed in Table 1 and compared with those of silica, BK7 glass and of a common
synthetic polymer which is polymethyl metacrylate (PMMA).

For the calibration with silica we used the value reported recently by Gubler and Bosshard [43]
(χ(3)(−3ω;ω, ω, ω) = 1.43± 0.14× 10−14 esu), which is about two times smaller than the previously
reported one [44]. In the case of DNA-CTMA films we observe the value of THG susceptibility about
one order of magnitude larger than that for silica. It is also larger as for the other commonly used
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polymer PMMA [45] (cf. Table 1.). This difference may be well accounted for by the presence of highly
polarizable conjugatedπ electrons in DNA.

A significant increase ofχ(3)(−3ω;ω, ω, ω) susceptibility is observed for DNA-CTMA-DR1 system.
The largest, relative increase (with respect to the number of doping molecules) is observed at 5% doping
level. Similar behaviour at low doping level is observed also in the case of DNA-CTMA-CoPc system.
The largest value is obtained for films doped with 5% of CoPc, although the increase is much less
significant than in the case of doping with DR1. Theχ(3)(−3ω;ω, ω, ω) value of DNA-CTMA-DR1
(5%) is almost five times larger than for DNA-CTMA-CoPc (5%). In the case of both studied systems
we observe a decrease of NLO susceptibility for higher dopant concentration (10% and 15%), although
still significantly larger values than for undoped systems. Possible explanations of these effects are:

(i) interaction with matrix (DC Stark effect)
(ii) large local field factor

We note here that the fact we observe the same effect at low doping level for both dopants (DR1
and CoPc) shows that it isn’t an experimental artifact. The fact that we observe largest value of
cubic susceptibility for DNA-CTMA-DR1 than for DNA-CTMA-CoPc, at the same doping level may
be well accounted for by the dimensionality aspects ofπ electron delocalization, resulting in smaller
molecular hyperpolarizabilityγ of CoPc (2Dπ electron delocalization) with respect to DR1 (1Dπ
electron delocalization) [28] and by a possible two photon resonance contributions toχ(3)(−3ω;ω, ω, ω)
susceptibility in both dopants.

6. Conclusions

The present study shows that the used biopolymer DNA, and particularly the DNA-CTMA system
is an interesting counterpart of synthetic polymers for application in photonics. Similarly as synthetic
polymers it can be functionalized to get an active NLO material. The recent study shows that the
chemical stability of doping molecules is better in DNA matrix than in synthetic polymer. A one order
of magnitude smaller kinetic decay were observed [46]. An important advantage of this polymer is its
biodegradability. Due to the peculiar chiral structure of DNA two types of doping are possible:

(i) intercalation (inside the helix),
(ii) doping outside the helix.

Intercalation takes place at low doping level [47], whereas when the space inside the helices is filled
doping molecules will be located in intermolecular space. Obviously the chemical environment is
different in these two cases, so consequently both the local field factor and the electronic structure
of doping molecules may be different at low and higher doping levels what can explain the observed
behaviour ofχ(3)(−3ω;ω, ω, ω) susceptibility at low doping concentration in case of both dopants used:
DR1 and CoPc. In favour of the existence of specific environment in DNA based biopolymers is the
observed three orders of magnitude faster refractive index grating formation as compared to synthetic
polymers [48].

Other studies could subject of interesting investigation is thefonctionalisation of DNA with octopolar
molecules [49]and the mixtures of DNA withp – Conjugation Across the tetrathiafulvalene Core for
NLO applications [50].
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Effect of magnetic dipole coupling on optical
binding energies between molecules

A. Salam∗

Department of Chemistry, Wake Forest University, Winston-Salem, NC 27109-7486, USA

Abstract. Within the framework of molecular quantum electrodynamics, the method of induced multipole moments is used
to compute the laser-induced intermolecular energy shift between an electric dipole polarizable molecule and a magnetic
dipole susceptible molecule, and between two magnetic dipole polarizable molecules. The physical viewpoint adopted in the
calculation is one in which an applied electromagnetic field induces molecular multipole moments in each entity, which couple
via the retarded resonant multipole-multipole interaction tensors. Expectation values taken over the ground electronic states of
the material system, and a radiation field state containingn photons, leads directly to the coupling energy. Results are obtained
for external radiation in a fixed orientation relative to the internuclear axis, with a thorough polarization analysis being carried
out for linearly and circularly polarized radiation propagating in directions parallel and perpendicular to the separation distance
vector, as well as for a freely tumbling molecular pair. Comparison is made with field-induced discriminatory energy shifts
occurring between optically active molecules – which also involve coupling of electric and magnetic dipole moments, and the
leading contribution to optical binding forces arising within the electric dipole approximation.

1. Introduction

The late Professor Stanislaw Kielich made many seminal contributions to the study of light scattering
by molecules, and intermolecular interactions, inspiring numerous workers in these fields [1,2]. His
legacy continues today, especially with the continuing advances in the generation of coherent sources of
laser light, which have led to ever more novel nonlinear and quantum optical phenomena being proposed
and/or detected [3–5].

An interesting recent process that has been much studied both theoretically and experimentally is
the modification of the energy shift between a pair of coupled molecules by an intense beam of laser
radiation – often more commonly known as the optical binding energy [6–10]. An early calculation
of this effect within the framework of molecular quantum electrodynamics [11,12] was carried out by
Thirunamachandran [6]. For a pair of interacting neutral electric dipole polarizable molecules subject
to an external electric field, the change in energy shift was evaluated using fourth-order diagrammatic
perturbation theory, and found to be

∆Edyn =
I

ε0c
ē
(λ)
i (~k)e

(λ)
j (~k)α(A; k)α(B; k)ReVij (k, ~R) cos(~k · ~R), (1)

whereI = n~c2k/V is the irradiance of the incident beam, which containsn photons of mode(~k, λ),
where~k is the wavevector, andλ is the polarization index, whose unit electric vector is~e(λ)(~k), V is
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the volume of quantization, and Latin subscripts denote Cartesian tensor components, with an implied
summation convention for repeated indices. The quantityα(ξ; k) is the isotropic dynamic electric dipole
polarizability of speciesξ = A, B

α(ξ; k) =
2

3

∑

r

|~µ0r(ξ)|2
E2

r0 − (~ck)2
, (2)

where~µ0r(ξ) is the transition electric dipole moment matrix element of moleculeξ between ground
electronic state|0 > and excited state|r >, andEr0 = Er − E0 is the energy difference between these
two states. Intermolecular coupling is clearly personified by the presence in expression (1) of the retarded
resonant dipole-dipole interaction tensorVij(k, ~R),

Vij(k, ~R) =
1

4πε0R3
[(δij − 3R̂iR̂j)(1 − ikR) − (δij − R̂iR̂j)k

2R2]eikR, (3)

in which k = Er0/~c, and the intermolecular separation distance vector is~R = ~RB − ~RA. The
result (1) is interpreted as arising from the scattering of a real incident photon at different molecular
centres, and the exchange of a virtual photon between the pair. Initially, both molecules are in their
ground electronic states, as is also the case finally, with electric dipole allowed transitions occurring
to intermediate electronic states|r > and |s > in speciesA andB, respectively, with corresponding
unit increases or decreases in the number of real and virtual photons, whose initial and final states are
represented by|n(~k, λ); 0(~p, ε) >, where(~p, ε) denotes the mode characteristics of the virtual photon.
Since a finite amount of energy is relayed between the two sites, the contribution (1) has been termed the
“dynamic” one, and is seen to be directly proportional to the product of electric dipole polarizabilities of
each molecule.

If both molecules are polar, however, Bradshaw and Andrews [9] showed that there is an additional
term that contributes to the optical binding energy. It is also of fourth order, and arises when the real
incident photon is emitted and absorbed, or absorbed and emitted, by the same site, either moleculeA
or moleculeB, with a single virtual photon again propagating between the pair. It takes the form

∆Estat =
I

2ε0c
e
(λ)
i (~k)ē

(λ)
l (~k)[βijl(A; k)µ00

k (B) + µ00
k (A)βijl(B; k)]Vjk(0, ~R), (4)

where~µ00(ξ) is the ground state static electric dipole moment of moleculeξ = A, B, andβijk(ξ; k) is
the corresponding molecular first hyperpolarizability tensor. This contribution is termed the “static” one
since no real energy is transferred between centres [9,13]. This is confirmed by the appearance in result
(4) of the static dipolar coupling potentialVij(0, ~R),

Vij(0, ~R) =
(δij − 3R̂iR̂j)

4πε0R3
, (5)

which is simply the zero-frequency limit ofVij(k, ~R) Eq. (3). The total energy shift is given by the sum
of Eqs (1) and (4). As expressed, both of these terms apply to the situation in which the incoming laser
polarization is in a fixed orientation relative to the internuclear separation distance vector,~R. For a freely
tumbling molecular pair,∆Estat is found to vanish, while the dynamic term becomes

∆Edyn = − I

8πε2
0cR

3
α(A; k)α(B; k)

(6)[
kR sin 2kR + 2cos 2kR − 5 sin 2kR

kR
− 6 cos 2kR

k2R2
+

3 sin 2kR

k3R3

]
,
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and which is linearly proportional to the laser irradiance. Near- and far-zone asymptotic limits are readily
calculable from Eq. (6), and exhibit inverse and modulated inverse square dependence onR, respectively.

While results for both mechanisms may be obtained straightforwardly using standard techniques of
diagrammatic time-dependent perturbation theory, a fair amount of labour is involved since each contri-
bution requires summation over forty-eight time-ordered diagrams. An alternative physical viewpoint
and calculational method allows these results to be obtained in a more facile manner, however. The
approach entails the coupling of permanent and transition electric dipole moments induced at each centre
by fluctuations of the electromagnetic field, to the resonant retarded or static dipolar coupling poten-
tial [13–15]. Evaluating the expectation value over the ground state of both molecules with the radiation
field containingn(~k, λ) photons readily yields the interaction energy. The method has also successfully
been applied to the interactions in the presence of an external field occurring between pure electric
dipole polarizable molecules of arbitrary multipole order [15], as well as to the leading discriminatory
term taking place between two chiral molecules [16]. This last contribution necessitates the inclusion of
magnetic dipole coupling, with each species being electric-magnetic dipole polarizable.

It is the purpose of this paper to investigate other contributions to the field-induced intermolecular
interaction energy involving the magnetic dipole interaction term that are of a similar order to the energy
shift between optically active molecules. Due to the computational simplicity of the induced moment
method, this approach will be employed for the calculation of the interaction energy when one or both
species are magnetic dipole polarizable. A complete polarization analysis will also be carried out for
light that is linearly or circularly polarized propagating in directions parallel and perpendicular to the
intermolecular join.

2. Laser-induced energy shift: One magnetic susceptible molecule

The field induced intermolecular energy shift when one or both molecules are paramagnetically
susceptible is now calculated via the fluctuating multipole moment method outlined at the end of the
previous Section. LetA be an electric dipole polarizable molecule andB be a magnetic dipole susceptible
one, located at~RA and ~RB , respectively, with their relative separation~R defined as before. Further, let
both molecules be subject to the action of an intense electromagnetic field. Hence to leading order, the
electric displacement field induces an electric dipole moment,~µ(A) in speciesA, while the magnetic
field causes a magnetic dipole moment to be induced in speciesB, ~m(B). Explicitly,

µind
i (A) = ε−1

0 αij(A; k)d⊥j (~k, ~RA), (7)

and

mind
i (B) = χij(B; k)bj(~k, ~RB). (8)

In expression (7),αij(A; k) is the frequency-dependent electric dipole polarizability tensor, whose
isotropic form, was given by formula (2).d⊥j (~k,~r) is the j-th component of the transverse electric

displacement field, whose second quantized form for a specific(~k, λ)-mode of the radiation field is given
by

d⊥j (~k,~r) = i

(
~ckε0

2V

)1/2

[e
(λ)
j (~k)a(λ)(~k)ei~k·~r − ē

(λ)
j (~k)a†(λ)(~k)e−i~k·~r], (9)
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wherea(λ)(~k) anda†(λ)(~k) are annihilation and creation operators for a photon whose index of po-
larization isλ, and direction of propagation is~k. In relation (8),bj(~k,~r) is the magnetic analogue of
formula (9)

bj(~k,~r) = i

(
~k

2ε0cV

)1/2

[b
(λ)
j (~k)a(λ)(~k)ei~k·~r − b̄

(λ)
j (~k)a†(λ)(~k)e−i~k·~r], (10)

with ~b(λ)(~k) = k̂ × ~e(λ)(~k) the unit magnetic polarization vector. The magnetic dipole analogue of the
electric dipole polarizability is the magnetic susceptibility tensor

χij(B; k) =
∑

s

{
m0s

i (B)ms0
j (B)

Es0 − ~ck
+

m0s
j (B)ms0

i (B)

Es0 + ~ck

}
, (11)

and which is written in terms of the transition magnetic dipole moment operator between ground|0 >
and excited state|s > of moleculeB, m0s

i (B) = − e
2mεijk < 0|qj(B)pk(B)|s >, wherepk is the

k-th component of the linear momentum operator of an electron located atqj, andεijk is the third-rank
skew-symmetric tensor.

The electric and magnetic dipole moments induced at each centre Eqs (7) and (8) couple via the
retarded resonant electric-magnetic dipole interaction tensorUij(k, ~R) [17],

Uij(k, ~R) =
1

4πε0R3
εijkR̂k[ikR + k2R2]eikR, (12)

giving rise to an interaction energy

∆E = Imµind
i (A)mind

j (B)Uij(k, ~R), (13)

whereIm denotes the imaginary part, which is taken since for real wavefunctions, the transition electric
dipole moment is real and its magnetic counterpart is pure imaginary. A formula for the energy shift
expressed explicitly in terms of the response tensors of each molecule may be obtained on substituting
for the induced dipole moments from Eqs (7) and (8), yielding

∆E = Imε−1
0 αik(A; k)χjl(B; k)d⊥k (~k, ~RA)bl(~k, ~RB)Uij(k, ~R). (14)

Hence the field modified intermolecular interaction energy is obtained from formula (14) on taking
the expectation value over the product molecule-field state|EA

0 , EB
0 ;n(~k, λ) >, corresponding to both

molecules in the ground electronic stateEξ
0 , ξ = A,B and the incident field containingn(~k, λ) photons.

The expectation value of the molecular factor is elementary, producing the ground state electric dipole
polarizability and magnetic dipole susceptibility. The electromagnetic field factor, however, corresponds
to the average value of the product of the electric displacement and magnetic fields at two spatially
separated points, being a field-field spatial correlation function. It is easily evaluated using the forms for
the field operators Eqs (9) and (10), giving

< n(~k, λ)|d⊥k (~RA)bl(~RB)|n(~k, λ) >=

(
~k

2V

)

(15)
[(n + 1)e

(λ)
k (~k)b̄

(λ)
l (~k)e−i~k·~R + nē

(λ)
k (~k)b

(λ)
l (~k)ei~k·~R].
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It is common to make the approximationn+ 1≈ n in Eq. (15), which is appropriate for an intense beam
of laser light. Hence the two terms are then complex conjugates of each other, enabling twice the real
part to be taken, allowing Eq. (15) to be written as

(
n~k

2V

)
e
(λ)
k (~k)b̄

(λ)
l (~k) cos(~k · ~R). (16)

For a pair of isotropic molecules, a rotational average may be carried out using the result [18]

< αik(A; k)χjl(B; k) >=< αik(A; k) >< χjl(B; k) >= δikδjlα(A; k)χ(B; k), (17)

where the angular brackets denote an orientational average, and a factor of 1/3 has been subsumed into
each of the isotropic susceptibility tensors. Substituting (16) and (17) into (14), and contracting tensors,
produces the following expression for the change in energy shift between an electric dipole polarizable
molecule and a magnetic dipole susceptible body caused by an applied radiation field,

∆E =

(
n~k

ε0V

)
α(A; k)χ(B; k)e

(λ)
i (~k)b̄

(λ)
j (~k)ImUij(k, ~R) cos(~k · ~R). (18)

The result above applies to the case where the two coupled molecules have a fixed orientation with respect
to the direction of propagation of the incident laser beam. Before going on to calculate the interaction
energy for a freely tumbling pair, a polarization analysis is carried out in the next Section.

3. Polarization analysis

In this Section the energy shift (18) is examined for incoming radiation that is either linearly or
circularly polarized and propagating either parallel (||) or perpendicular (⊥) to the internuclear axis.

3.1. Linearly polarized radiation

First consider a linearly polarized electromagnetic field propagating in a direction parallel to~R, that
is, k̂||R̂ and~b⊥R̂, where the circumflex designates a unit vector, so thatcos(~k · ~R) = cos kR. Writing

b̄
(λ)
j (~k) = εjmnk̂mē

(λ)
n (~k), and substituting forUij(k, ~R), the energy shift (18) becomes

∆E
||
lin =

n~k

4πε2
0cR

3V
α(A; k)χ(B; k)εijkεjmne

(λ)
i (~k)ē(λ)

n (~k)k̂mR̂k

(19)
(kR cos kR + k2R2 sin kR) cos kR.

Sinceεijkεjmne
(λ)
i (~k)ē

(λ)
n (~k)k̂mR̂k = 1 for this particular configuration, Eq. (19) simplifies to

∆E
||
lin = I

4πε2

0
c3R3

α(A; k)χ(B; k)(kR cos2 kR + k2R2 sin kR cos kR), (20)

when written in terms of the irradiance.
For perpendicular incident propagation, that isk̂⊥R̂ and~b||R̂, ~k · ~R = 0 andcos(~k · ~R) = 1. Thus

Eq. (18) becomes

∆E⊥
lin = n~k

4πε2

0
cR3V

α(A; k)χ(B; k)εijkεjmne
(λ)
i (~k)ē

(λ)
n (~k)k̂mR̂k(kR cos kR + k2R2 sin kR). (21)
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Now εijkεjmne
(λ)
i (~k)ē

(λ)
n (~k)k̂mR̂k = 0 so that the energy shift vanishes,

∆E⊥
lin = 0. (22)

3.2. Circularly polarized radiation

To help facilitate the analysis of the energy shift when circularly polarized light is selected, use is
made of the identity

e
(L/R)
i (~k)b̄

(L/R)
j (~k) =

1

2
[±i(δij − k̂ik̂j) + εijkk̂k]. (23)

For parallel propagation, on inserting Eq. (23) and the imaginary part of Eq. (12) into Eq. (18) gives for
the interaction energy,

∆E
||

L/R =
n~k

8πε2
0cR

3V
α(A; k)χ(B; k)εijlR̂l[±i(δij − k̂ik̂j) + εijkk̂k]

(24)
(kR cos kR + k2R2 sin kR) cos kR.

Only the anti-symmetric part of the polarization factor remains as the symmetric part is zero. With
εijkεijlk̂kR̂l = 2, Eq. (24) simplifies to

∆E
||

L/R =
I

4πε2
0c

3R3
α(A; k)χ(B; k)(kR cos kR + k2R2 sin kR) cos kR. (25)

For perpendicular propagation, substituting (23) and (12) into (18) produces

∆E⊥
L/R =

n~k

8πε2
0cR

3V
α(A; k)χ(B; k)εijlR̂l[±i(δij − k̂ik̂j) + εijkk̂k]

(26)
(kR cos kR + k2R2 sin kR) = 0,

which vanishes sinceεijkεijlk̂kR̂l = 0. It is interesting to note that∆E
||

L/R = ∆E
||

lin, and that

∆E⊥
L/R = ∆E⊥

lin = 0.
Asymptotically limiting forms for the identical non-vanishing energy shifts Eqs (20) and (25) at short

and long pair separation distances are obtained straightforwardly. In the former distance regime,kR<<
1, and McLaurin series expansions of the trigonometric factor result in the near-zone limiting form

∆E
||
lin(NZ) = ∆E

||

L/R(NZ) = Ik
4πε2

0
c3R2

α(A; k)χ(B; k), (27)

which exhibits inverse square dependence onR. At the opposite extreme,kR>> 1, and the far-zone
limit is

∆E
||

lin(FZ) = ∆E
||

L/R(FZ) =
Ik2

4πε2
0c

3R
α(A; k)χ(B; k) sin kR cos kR, (28)

which displays a modulated inverse dependence onR.
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4. Freely tumbling molecular pair

Often the molecular pair is freely tumbling, which means that all orientations of~R relative to~k are
allowed. An exact expression for the energy shift may be obtained in this case on assuming that all
directions are equally likely, corresponding to an unweighted average. Returning to formula (14), and
inserting expression (15) for circularly polarized light, produces

∆E =

(
~k

2ε0V

)
Imαik(A; k)χjl(B; k)

(29)
[(n + 1)e

(L/R)
k (~k)b̄

(L/R)
l (~k)e−i~k·~R + nē

(L/R)
k (~k)b

(L/R)
l (~k)ei~k·~R]Uij(k, ~R).

Substituting identity Eq. (23) and rotational averaging then gives

∆E =
1

2

(
~k

2ε0V

)
Imα(A; k)χ(B; k)[{±i(δij − k̂ik̂j) + εijsk̂s}(n + 1)e−i~k·~R

(30)
+{∓i(δij − k̂ik̂j) − εijsk̂s}nei~k·~R]Uij(k, ~R).

On making use of the antisymmetric property of theUij(k, ~R) tensor, the symmetric terms appearing in
Eq. (30) may then be discarded. The tumbling average is computed via

< k̂ke
±i~k·~R >=

1

4π
∫ dΩk̂ke

±i~k·~R = ∓i

(
cos kR

kR
− sin kR

k2R2

)
R̂k, (31)

so that the energy shift Eq. (30) becomes

∆E =
~k

16πε2
0cR

3V
(2n + 1)α(A; k)χ(B; k)εijkεijsR̂kR̂s

(
cos kR

kR
− sin kR

k2R2

)

(32)
(kR cos kR + k2R2 sin kR),

after substituting forUij(k, ~R) and simplifying. Noting thatεijkεijsR̂kR̂s = 2, and defining the incident
beam intensity asI = (2n + 1)~c2k/V , results in

∆E =
I

16πε2
0c

3R3
α(A; k)χ(B; k)

(
kR sin 2kR + 2cos 2kR − sin 2kR

kR

)
, (33)

which holds for isotropicA andB, and for all directions of the incoming field relative to~R, and is
repulsive. Near- and far-zone limiting forms readily follow from expression (33). In the first case,kR
<< 1 and

∆E(NZ) = − Ik2

24πε2
0c

3R
α(A; k)χ(B; k), (34)

exhibiting attractive, and inverseR behaviour. The far-zone asymptote is

∆E(FZ) =
Ik

16πε2
0c

3R2
α(A; k)χ(B; k) sin 2kR, (35)

which has modulated inverse square dependence.
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5. Laser-induced energy shift: Two magnetic susceptible molecules

It is a straightforward extension of the method presented in Section 2 to compute the laser-induced
shift in intermolecular interaction energy between two magnetic dipole polarizable molecules. With an
identical expression to Eq. (8) for the magnetic dipole moment induced in bodyA by the magnetic field,
the energy shift is

∆E = mind
i (A)mind

j (B)ReVij(k, ~R) = χik(A; k)χjl(B; k)bk(~k, ~RA)bl(~k, ~RB)ReVij(k, ~R), (36)

with the retarded resonant coupling tensor given by Eq. (3), and familiar from the matrix element for the
resonant transfer of energy between two electric or two magnetic dipoles. Taking the expectation value
of the right-hand side of Eq. (36) over the ground electronic state of both molecules, and a non-vanishing
number state of the field, with the latter given by

< n(~k, λ)|bk(~RA)bl(~RB)|n(~k, λ) >=

(
~k

2ε0cV

)

(37)
[(n + 1)b

(λ)
k (~k)b̄

(λ)
l (~k)e−i~k·~R + nb̄

(λ)
k (~k)b

(λ)
l (~k)ei~k·~R],

on using the magnetic field Eq. (10), the energy shift becomes

∆E =

(
n~k

ε0cV

)
χ(A; k)χ(B; k)b

(λ)
i (~k)b̄

(λ)
j (~k)ReVij(k, ~R) cos(~k · ~R), (38)

on approximatingn+ 1 byn, and after performing a rotational average on moleculesA andB. Expression
(38) is seen to be identical in form to result Eq. (1), the dynamic contribution to the field-induced
interaction between two electric dipole polarizable molecules on substituting for the irradiance of the
laser field and replacing1cm

0r
i (A) by µ0r

i (A), 1
cm

0s
j (B) by µ0s

j (B), and the magnetic polarization vectors
by their electric counterparts. Since

e
(L/R)
i (~k)ē

(L/R)
j (~k) = b

(L/R)
i (~k)b̄

(L/R)
j (~k) =

1

2
[(δij − k̂ik̂j) ∓ iεijkk̂k], (39)

identical results are obtained on analyzing the polarization characteristics, in addition to the freely
tumbling averaged pair interaction energy, with the latter given by formula (6) subject to the substitutions
mentioned above, as well as for the corresponding asymptotic limits.

6. Summary

In this paper it has been shown how the induced multipole moment method may be employed to
calculate in a facile way higher multipole moment contributions to the radiation-induced intermolecular
interaction energy shift, in particular those interactions involving one or two magnetically susceptible
molecules. The physical viewpoint of the approach is based on electric and magnetic multipole moments
being induced in a polarizable body by an applied electromagnetic field. The moments induced at each
centre are coupled via the appropriate retarded resonant multipole-multipole coupling tensor. Explicit
results have been obtained for the field-induced interaction energy between an electric dipole polarizable
molecule and a magnetic dipole polarizable molecule, and between two magnetically susceptible bodies.
Not only are the expressions obtained valid for freely tumbling isotropic molecules, but also for the
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incoming beam in a fixed relative orientation to the molecular separation distance vector. A complete
polarization analysis was also carried out for linearly and circularly polarized light propagating in parallel
or perpendicular directions to~R.

It should be remarked that the interaction between an electric dipole polarizable molecule and a
magnetic dipole susceptible one is the leading higher-order correction term that is non-vanishing for
isotropic systems when going beyond the electric dipole approximation [19]; it is also non-discriminatory.
Since the magnetic dipole moment is about 103 times smaller in magnitude than the electric dipole
moment, the magnetic dipole-magnetic dipole field induced energy shift will be very small for most
species, and can be neglected in a first treatment. There is, however, another interaction that is of a
similar order to theα(A)− χ(B) interaction energy, which survives orientational averaging [16]. It is a
discriminatory energy shift induced by an applied field occurring between two optically active molecules,
each characterized by isotropic electric-magnetic dipole polarizabilityG(ξ), ξ = A, B, with

G(ξ; k) =
∑

r

2

3

|~µ0r(ξ) · ~mr0(ξ)|~ck

E2
r0 − (~ck)2

, (40)

and is given by [16]

∆E(disc) =
I

8πε2
0c

3R3
G(A; k)G(B; k)

[
4
sin 2kR

kR
+ 6

cos 2kR

k2R2
− 3

sin 2kR

k3R3

]
. (41)

Replacing one enantiomer by its mirror image form changes the sign of∆E in Eq. (41) since the
response tensorG(ξ; k) is a pseudoscalar function of~µ0r(ξ) and ~m0r(ξ). Like limit Eq. (34), the near-
zone asymptote of Eq. (41) exhibits inverse dependence onR, while in the far-zone, a weaker modulated
R−4 behaviour is predicted. Interaction energy (41) dominates in the case of interacting chiral molecules.
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Abstract. We report an experimental and simulation study of binary mixtures of o- and m-nitrotoluene with decane and
hexadecane. Mixtures of o-nitrotoluene with alkanes form a classical critical mixtures, but m-nitrotoluene / n – alkane mixtures
show an apparent critical point, which lies in a metastable, experimentally inaccessible state, below the melting point, affecting
physical and chemical properties of this systems in the stable liquid phase. The presence of the apparent critical point in this
mixture has been experimentally observed by Nonlinear Dielectric Effect (NDE) measurements as an anomalous increase in
the NDE values typical of critical concentrations. The phase diagram of this mixture shows evidence that the system freezes
in the homogenous phase and its melting point is higher than its critical temperature [1–3]. For such a system, we performed
Monte Carlo simulations aimed at analysing the kind of phase transitions observed, and the conditions of their occurrence in a
nonpolar/dipolar mixture. We perform studies for classical critical systems of o-nitrotoluene with decane and hexadecane The
enthalpy, configurational energy and radial distribution function have been estimated by the MC simulation method in the NPT
system. Immiscibility conditions according to Schoen and Hoheisel [4] approach are also discussed.

Keywords: Metastable mixtures, MC simulations, near critical point, nonlinear dielectric effect

1. Introduction

The presence of the apparent critical point has now been established for a large group of liquid
mixtures having a positive mixing enthalpy [1,2,5–10]. The melting point of these mixtures is higher
than their critical point. Their critical point falls in the range of metastable states, and direct experimental
determination of the critical point in such systems is usually impossible because of the problem with
reaching the desired overcooled state. The presence of such a point affects the physico-chemical
properties of the system in the stable liquid phase and is the reason for anomalous behaviour of many
physical quantities sensitive to the inhomogeneity of the medium. Critical fluctuations appearing in such
a system at temperatures well above the critical are frozenin statu nascendiforming separate molecular
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structures in the solid phase. In classical critical mixtures [11] in which the phase separation is observed,
the density correlation range is described by the exponential law:

ξ = ξ0

(
T − TC

TC

)−ν

(1)

where the mean range of molecular interactions correlation for the liquids of small molecules isξ0 ∼
0.2 nm. The critical range in which large density fluctuations lead to formation of two phases from the
single homogeneous phase is characterised by a correlation range of 102 nm, which tends to infinity at
the critical point. At temperatures much higher than Tc, the value ofξ decreases according to Eq. (1).
In mixtures exhibiting apparent critical point behavior, the increase in the correlation range ceases on
freezing, and the value ofξ remains finite.

The methods allowing monitoring of the increase in the correlation range in critical systems are able
to detect inhomogeneities in the structure of the mixture at temperatures well above Tc, and are good
detectors of pre-critical phenomena. One of such method is that based on the phenomenon of Nonlinear
Dielectric Effect (NDE), defined as a change in the electric permittivity induced by a strong electric field
E:

∆ε

E2
=

εE − ε0

E2
(2)

whereεE is the permittivity in the field E, andε0 that in its absence. The sign and magnitude of NDE of
a liquid depends on the kind of inter- and intramolecular interactions and their energies. The NDE method
has been applied in the investigation of interdipolar interactions, intermolecular rotation, formation of
hydrogen bonds and molecular associations [12–17]. Since NDE is sensitive to inhomogeneities of the
medium, it has been applied to study mixtures with limited miscibility and a critical point [17–25]. The
earliest investigation carried out by Piekara [18,19], proved that in the vicinity of the critical point the
NDE takes high positive values, increasing as the temperature approaches Tc. Later, using the droplet
model of phase transitions [26,27], Goulon & Greffe [28,29] have shown that the fluctuation in NDE is
described by the critical exponentΦ, according to:

(
∆ε

E2

)

fl

=

(
∆ε

E2

)
−

(
∆ε

E2

)

b

= A

(
T − TC

TC

)−φ

(3)

where: (∆ε/E2) – is the measured effect of NDE, and (∆ε/E2)b is the background effect, for the mixture
in absence of critical fluctuations, A is the amplitude, TC – the critical temperature and the critical
exponentΦ is defined by the relation:

Φ = γ − 2β = (2 − η) ν − 2β (4)

whereγ andβ are the usual critical exponents for the isothermal compressibility and density difference
between the two phases respectively, andη andν are the critical exponents of the total correlation function
g(r) and the correlation lengthξ. An increase in NDE in the vicinity of critical concentrations has been
observed even at temperatures 20-50K above Tc [17,22,23]. The anomalous increase in NDE near the
phase transition point has been attributed to the increasing intensity of molecular fluctuations in the region
of critical concentrations when the temperature approaches its critical value. NDE investigations have
proved that mixtures of o-nitrotoluene and n-alkanes are classical critical mixtures, whereas mixtures
of m-nitrotoluene and n-alkanes and o- and m-nitrotoluene with cycloalkanes are characterised by an
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NDE typical of critical mixtures, but solidify in the homogeneous phase [1,5–7,30]. An attempt has
been made at interpreting the phenomena taking place in the two types of mixtures by assuming the
same mechanism in both cases. The attempt was justified by the fact that for both types of mixtures,
the temperature dependence of NDE related to critical fluctuations is described by a power law with
the same values of the critical exponents [2,6]. On the other hand, analysis of the phase diagrams
(T,x)p showing the melting points as functions of concentrations x of the m-nitrotoluene – alkane
mixtures under atmospheric pressure, proved that in the concentration range in which NDE anomalies
were observed, there exists two kinds of molecular clusters: one richer and the other poorer in the polar
component [7]. These clusters, unstable in the liquid phase, remain distinct in the solid phase. Interpreted
as molecular clusters characteristic of a precritical state, they point to the possibility of freezing of the
critical fluctuations of the system. The hypothetical critical temperatures of these mixtures estimated
from analysis of the second virial coefficients [10], fell in the range of temperatures below their melting
points, corresponding to a metastable, experimentally inaccessible state. The results of these studies have
proved that mixtures of m-nitrotoluene with alkanes, as well as o- and m-nitrotoluene with cycloalkanes
and 1,3-dimethoxybenzene with alkanes, in their metastable state below their melting point show an
apparent critical point affecting physical and chemical properties of these systems in the stable liquid
phase. In this paper we report the results of Monte Carlo simulations performed for a simple model
of mixtures of o- and m-nitrotoluene with n – decane and n – hexadecane, aimed at analysing the
kinds of phase transitions observed, and the conditions of their occurrence in Lennard-Jones mixtures.
The enthalpy, configurational energy and radial distribution functions have been estimated using the
MC simulation method in the NPT ensemble. Immiscibility conditions according to the Schoen and
Hoheisel [4] approach are also discussed.

2. Simulation method

A model of the mixtures of m- and o-nitrotoluene with decane and hexadecane [10] were studied by
Monte Carlo simulations in the (N,P,T) ensemble (where the number of particles, N, is fixed, and both
pressure, P, and temperature T, are constant). The molecules were contained in a cubic box with periodic
boundary conditions in all 3 dimensions. The systems studied are a mixtures of dipolar and non-dipolar
molecules. For such systems we can apply the potential:

u (rij) = 4εα

[(
σα

rα

)12

−
(

σα

rα

)6
]
− αµ2

r6
α

(5)

This model has been successfully applied to a mixture nitrobenzene – cyclododecane, showing similar
properties [31]. This potential takes into regard the dipolar moment of the dipolar molecule (µ) and
polarizability (α). In the mixtures studied there are three possible types of interactions: nonpolar
molecule – nonpolar molecule (u11), dipolar molecule – dipolar molecule (u22) and nonpolar molecule –
dipolar molecule (u12). For the first type interactions u11: µ = 0, and Eq. (5) takes the form of the L- J
potential.

For the interactions u22 and u12 Eq. (5) can also be expressed in the form of the Lennard-Jones
potential [10]:

u (rij) = 4 εα

[(
σα

rij

)12

−
(

σα

rij

)6
]

(6)
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Table 1
ε12/k andσ12 values for studied mixtures

mixture m-nitrotoluene – m-nitrotoluene – o-nitrotoluene –o-nitrotoluene –
decane hexadecane decane hexadecane

ε12k 591,19[K] 580,82[K] 649,58[K]
σ12 6,383[A] 6,973[A] 6,387[A] 6,976[A]

These two transformations require a conversion of the parametersε andσ. For u22 (α = 22) the values
of ε andσ were taken after [10], while for u12 (α = 12) we have:

σ12 = ξ−
1

6

(
σ11 + σ22

2

)
(7)

ε12 = ξ2√ε11ε22 (8)

where:

ξ = 1 +
α1µ

2
2

4σ3
11

√
ε22

ε11
(9)

The values ofε22/k and σ22 for o- and m-nitrotoluene are: 625,41[K]; 5,660[A] and 639,33[K];
5,660[A] respectively and for ndecane and nhexadecane:ε11/k andσ11 are 513,07[K]; 7,140[A] and
645,32[K]; 7,140[A],ε12/k andσ12 values for studied mixtures are presented in Table 1 [10].

The values ofσ12 andε12 in mixtures relative to the values calculated from the Lorentz – Berthelot
relations:

σ12LB =
σ11 + σ22

2
(10)

ε12LB =
√

ε11ε22 (11)

are: σ12 = 0.997*σ12LB, ε12 = 1.032*ε11LB (m-nitrotoluene – decane),σ12 = 0.998*σ12LB, ε12 =
1.029*ε11LB (m-nitrotoluene – n-hexadecane)σ12 = 0.998*σ12LB, ε12 = 1.025*ε11LB (o-nitrotoluene –
n-decane),σ12 = 0.998*σ12LB, ε12 = 1.022*ε11LB (o-nitrotoluene – n-hexadecane).

It is evident that the parameterξ modifies the Lorentz–Berthelot relation mainly for the parameterεeff ,
theσeff parameter is practically the same as the LJσ parameter. The dipolar moment of nitrotoluene
enhances the u12type interactions. The dipolar moment of m-nitrotoluene (13.6*10−30 Cm) is larger than
dipolar moment of o-nitrotoluene (12.3*10−30 Cm), maling theεeff

12 parameter stronger for m-nitrotoluene
mixtures than for o-nitrotoluene.

All simulations were performed forN = 500 molecules for concentrations in the range for x2 = 0.20
to x2 = 0.80. For each value of concentration the study was performed for 16 temperatures from T*=
0.3 to T* = 0.6 (where T*= kT/ε22), corresponding to 192 K–384 K for m-nitrotoluene- mixtures
and 188 K–375 K for o-nitrotoluene- mixtures. The pressure was assumed to bep* = 2,081*10−3

for m-nitrotoluene- mixtures andp* = 2,127*10−3 for o-nitrotoluene- mixtures (wherep* = pσ3
22/ε22)

which corresponds to 1 Atm. We performed 105 Monte Carlo Steps to equilibrate the system, followed
by 105 steps to sample the data. However, at the selected temperature and Lennard-Jones interaction
parameters we performed 107 steps to verify the quality of equilibration and sampling.
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For each concentration, the temperature dependencies of the volume, enthalpy and configurational
energy of the system were analysed. Moreover the angular functions [32] were recorded as expressed
by:

Ql =

√√√√ 4π

2l + 1

l∑

m=−l

∣∣∣∣
−

Qlm

∣∣∣∣
2

(12)

where:

−

Q
lm

=
1

Nb

∑
Ylm (θ (r) , φ (r)) (13)

In the above formula Nb is the number of nearest neighbours and Ylm is the spherical harmonic.
The nearest neighbours were assumed to be the molecules at a distance shorter than 1.3σ. The angular
functions were calculated forl = 4 andl = 6 (the functions Q4 and Q6). Analysis of these functions
allows identification of the crystalline structure [32]. The shape of the radial distribution functions (g11,
g12, g22) were recorded for each T values, and the g parameter was found:

g =
g11max + g22 max

2g12 max
(14)

The parameters g11max, g22max and g12max correspond to the first maxima of g11, g22 and g12,

respectively. According to the Schoen and Hoheisel postulates [4] the value of the parameter g indicates
if the system tends to phase separate. If no clusters are formed in the system theng = 1, but when cluster
formation startsg > 1. Moreover, the value of g is proportional to the size of the clusters formed.

3. Simulation results

The model of the systems m- and o-nitrotoluene withn n- decane and n-hexadecane was studied by
MPT-MC simulations for the temperature range T*= 0.3 to T* = 0.6 and different values of x2.

Figure 1 presents the calculated values of reduced volume (V* inσ3
22) for m-nitrotoluene – n-decane (a)

and o-nitrotoluene – n-decane (c) and reduced enthalpy (H* in kt/ε22) for m-nitrotoluene – n-decane [33],
(b) and o-nitrotoluene – n-decane (d), for their pre-critical and critical concentrations x2 (for more details
see Figs 5 and 7). For both mixtures in the vicinity of T*≈0.39 a jumpwise change in the functions H*(T*)
(Fig. 1b and 1d) and V*(T*) (Fig. 1a and 1c) was observed, indicating a first order phase transition [34].
For temperatures T*> 0.39 the mixtures are in the liquid phase. T*S = 0.39 is the freezing point of
the mixtures. Interestingly, the angular functions Q4 and Q6 Eq. (12) calculated for T*< 0.39 do not
indicate the presence of any of the structures: fcc, hcp, bcc, sc in the solid phase. The same result is
obtained for each concentration x2 for these mixtures. The freezing temperatures in reduced units are the
same for m- and o-nitrotoluene mixtures but m-nitrotoluene and o-nitrotoluene have differentε22 values,
it being larger for m-nitrotoluene (Table 1). The relation between reduced temperature and absolute
temperature is T*= kT/ε22 and T* = 0.39 (solidification of m- or o-nitrotoluene – n-decane mixtures)
corresponds to T= 249K for m-nitrotoluene – n-decane and to T= 244K for o-nitrotoluene – n-decane.

In Fig. 2. are presented the calculated values of reduced volume and enthalpy for m- and o-nitrotoluene
with hexadecane. The results are similar to those for m- and o-nitrotoluene – decane mixtures (Fig. 1)
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Fig. 1. Temperature dependence of reduced volume (V*) and reduced enthalpy ( H*) for the systems: a) and b) m-nitrotoluene –
decane, and c) and d) o-nitrotoluene – decane for their pre-critical and critical concentrations x2. (for m-nitrotoluene – decane
x2 = 0.49, for o-nitrotoluene – decane x2 = 0.38 – for more details see Figs 5 and 7).

but in this case the freezing temperature T*S ≈0.41, which corresponds to TS = 263 K for the m-
nitrotoluene – n-hexadecane and TS = 256 K to o-nitrotoluene – n-hexadecane systems. The freezing
temperatures of these systems are higher than for the mixtures of these dipolar liquids with n-decane
(Fig. 1). These results clearly show that the freezing temperature of the systems studied depends on
the ε parameteters;ε11 for n-decane is lower than for n-hexadecane and freezing temperatures of the
mixtures of dipolar liquids with n-decane are lower than with n-hexadecane. Also, regarding freezing
temperature of the mixtures of o-and m-nitrotoluene with the same alkane, we observe that for higher
ε22 value (m-nitrotoluene) the freezing temperature of the mixture is higher than for mixtures with lower
value ofε22 (o-nitrotoluene).

Figure 3 presents the temperature dependence of the g parameter Eq. (14) for the pre-critical concen-
trations for m-nitrotoluene – n-decane and m-nitrotoluene – n-hexadecane. The g parameter can give
information on the growth of clusters in the system studied. For both mixtures, with decreasing temper-
ature the g value increases but the increase ceases at the freezing point (T*= 0.39 for m-nitrotoluene –
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Fig. 2. Temperature dependence of of reduced volume (V*) and reduced enthalpy ( H*) for the systems: a) and b)
m-nitrotoluene – n-hexadecane,) and c) and d) o-nitrotoluene – n- hexadecane for their pre-critical and critical concentra-
tions x2. (for m-nitrotoluene – n-hexadecane x2 = 0.66, for o-nitrotoluene – n-hexadecane x2 = 0.70 – for more details see
Figs 5 and 7).

n-decane and at T*= 0.41 for m-nitrotoluene – n-hexadecane). This observation suggests that the
growth of clusters in the system has been stopped by the freezing but with incomplete phase separation.
Therefore, the hypothetical critical point of this mixture is lower than the freezing point.

Figure 4 presents the temperature dependence of the g parameter for the critical concentrations for
o-nitrotoluene – n-decane (Fig. 4a) and o-nitrotoluene – n-hexadecane (Fig. 4b) mixtures. At the same
temperature T* we observe the solidification of the systems, but the g values before solidification are
much larger than for the mixtures of m-nitrotoluene with the same alkane. This shows that pre-critical
clusters for the o-nitrotoluene mixtures are much larger than for m-nitrotoluene and the o-nitrotoluene
systems are very close to their critical temperature. From experiment it is known that o-nitrotoluene-
mixtures show a classical critical point at a temperature higher than their melting point, but those
results clearly explain the stronger tendency for cluster formation for o-nitrotoluene mixtures than for
m-nitrotoluene with alkanes.
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Fig. 3. Temperature dependence of g parameter for a) m-nitrotoluene – n-decane for x2 = 0.49 and b) m-nitrotoluene –
n-hexadecane for x2 = 0.66. With decreasing temperature g increases until the freezing point of the mixture is reached.

Fig. 4. Temperature dependence of g parameter for a) o-nitrotoluene – n-decane for x2 = 0.38 and b) o-nitrotoluene –
n-hexadecane for x2 = 0.70.

In Fig. 5 we present the concentration dependence of the g parameters at a temperature just below Ts,

for the systems m-nitrotoluene with n-decane and n-hexadecane. Near the concentrations: x2 = 0.49
(m-nitrotoluene – n-decane) and x2 = 0.66 (m-nitrotoluene – n-hexadecane) the g(x2) functions show a
clear peak, showing that for this concentrations the clusters grow to their largest size. Therefore these
values of x2 must be pre-critical concentrations of these mixtures. Such results of molecular simulations
describe the experimentally observed behaviour of the mixture of m-nitrotoluene with n-decane and
n-hexadecane relatively well.

Figure 6 presents the NDE (x2) functions for these systems at various temperatures [1]. The concen-
tration dependence of NDE for different temperatures has revealed the greatest NDE increase at about
x2 = 0.54 and x2 = 0.68 for mixtures of m-nitrotoluene with n-decane and n-hexadecane respectively.
The anomalous increase in NDE with decreasing temperature for this systems of these concentrations
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Fig. 5. Parameter g as a function of concentration x2 for T < TS for 1: m-nitrotoluene – n-decane, 2: m-nitrotoluene –
n-hexadecane. A distinct peak appears at x2 = 0.49 and x2 = 0.66 respectively.

Fig. 6. The NDE vs. x2 for a) m-nitrotoluene – decane and b) m-nitrotoluene – hexadecane at various temperatures.

is related to the increase in the range of correlation of the density fluctuations typical of pre-critical
systems.

In Fig. 7 we present the concentration dependences of the g parameter at a temperature below Ts,
for the systems o-nitrotoluene with n-decane and n-hexadecane. Near the concentrations: x2 = 0.38
(o-nitrotoluene – n-decane) and x2 = 0.70 (o-nitrotoluene – n-hexadecane) the g(x2) function has a
peaks, showing that for this concentrations the clusters grow to the largest size. For these systems these
are critical concentrations, as is experimentally confirmed by the results of NDE.

Figure 8 presents typical NDE vs. concentration results for critical o-nitrotoluene with n-decane [1]
and n-hexadecane [35] systems at various temperatures. An anomalous increase of NDE near the critical
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Fig. 7. Parameter g as a function of concentration x2 for T < TS for 1: o-nitrotoluene – n-decane, 2: o-nitrotoluene –
n-hexadecane. A distinct peak appears at x2 = 0.38 and x2 = 0.70 respectively.

Fig. 8. The NDE vs. x2 for a) o-nitrotoluene – n-decane and b) o-nitrotoluene – n-hexadecane systems at various temperatures [2].

concentration is observed. The critical concentrations shown in Fig. 8 are very close to the concentrations
of the maxima of the g(x2) functions (Fig. 7).

Figure 9 presents experimental values of critical (for the mixtures of o-nitrotoluene with n-alkanes)
and pre-critical (for the mixtures of m-nitrotoluene with n-alkanes) concentrations xC , vs. number of
carbon atoms n in alkanes [10]. The value of critical concentration increases with the number of C atoms
and so with increasing molecular volume of n-alkanes. The same values of xc and precritical values
of x’

c for the same alkane are related with the similar molecular volume of o- and m-nitrotoluene [10].
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Fig. 9. Experimental and simulation results of critical concentration xC vs. number of carbon atoms n in n-alkane. For large
alkanes the critical concentration is larger than for small alkanes.

The values obtained from the simulations are very close to the experimental results. For longer alkanes
the critical concentrations are larger relative to the shorter alkanes, and is related to the increase ofσ11

parameter of alkanes.

4. Conclusions

The aim of the study was to show that for some critical mixtures of m- nitrotoluene with alkanes, a
elevated melting point leads to an apparent critical point in the metastable phase of the system, below
its melting point. NDE studies for these mixtures have indicated that the systems show a far pre-critical
effect without phase separation, because the effect is inhibited by the system’s freezing. The results of
the simulations presented show that the use of an effective potential of Lennard – Jones form, taking
into account dipolar forces, allows us to describe the thermodynamics of the systems studied relatively
well, and to observe the apparent critical point. A comparison of the behavior of m-nitrotoluene –
n-alkane systems with classical critical systems (o-nitrotoluene with n-alkanes) shows the influence of
theε22 parameter on the freezing temperature of these mixtures and clearly show the tendency to phase
separate in both types of mixture. Similar studies are planned for a group of a mixture showing a similar
pre-critical effect.
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Abstract. The results ofab initioand density functional theory DFT calculations of dipole moments and electronic contributions
to static dipole (hyper)polarizabilities of benzaldehyde and thiobenzaldehyde molecules in gas phase are presented. These
properties were evaluated at the SCF, MP2, MP4 and DFT (B3LYP) levels of theory with a selection of basis sets that include
polarization and diffuse functions on the C, O, S and H atoms: 6-31+G(d,p) (A), 6-311++G(3d,3p) (B), 6-31+G(d*,p) (C) and
the Sadlej (D) basis sets, using HF/A, MP2/A and B3LYP/A optimized geometries under the Cs symmetry restriction. The C
basis set has been optimized in terms of the maxima second hyperpolarizability at HF level. Both MP2 and MP4 methods,
performed at full electron configuration, have shown to perform well in the calculation of such properties.

Considering the basis sets effects, the impact of the electron correlation in the (hyper)polarizabilities of these molecules is
analyzed systematically in terms of the differences between MP2 and MP4 perturbation theory and those from DFT(B3LYP)
methods.

The effects of substitution of the C= S fragment by the C= O group in the benzaldehyde molecule, giving the formation of
thiobenzaldehyde, lead to enhanced results of nonlinear optical properties in terms of their first (β) and second hyperpolarizability
(γ), that shown to be higher than those forpara-Nitroaniline molecules. In fact, thiobenzaldehyde exhibit significant values of
nonlinear optical properties which make this chromophore a prospective building block for nonlinear optical materials.

Keywords: Hyperpolarizabilities, HF, MP2, MP4, DFT, benzaldehyde, thiobenzaldehyde

1. Introduction

The search for new materials with enhanced nonlinear optical (NLO) properties is currently an active
area of experimental and theoretical research due to their potential technologic applications in the
photonic field [1–4]. In this context, organic NLO materials have shown great promise in the area of
photonics and molecular electronic due to their useful physical and optical properties. These compounds
can be easily synthesized and their properties can be evaluated by different NLO techniques in gas phase,
solution, condense phase or processed into optical-quality thin films [5,6]. Additionally, these properties
can be theoretically determined by modelling the electronic, optical, and NLO properties using either
ab initio or semiempiric techniques [7,8]. This strategy eliminates the high costs associated with the
synthetic and characterization process approach. Furthermore, it offers the possibility of testing the
potential usefulness of a material.
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Fig. 1. Atomic labels, geometric parameters and axis orientation of benzaldehyde, thio-benzaldehyde and benzophenone
molecules with Cs symmetry.

The C= O group is a chromophore that can be found in many organic and organometallic compounds
and it determines an electronic driving force for conjugation within a molecule when is bonded to a
resonant structure such as benzene and benzene derivatives [9]. This feature makes C= O group a polar
moiety that can induce important polarizable effects in the electronic structure of a conjugated molecule.
The representative aromatic compounds that contain the C= O group in the form of tri-substituted
carbon atom are the benzaldehyde and dibenzophenone compounds, which are shown in Fig. 1.

In the present work, we have studied theoretically at different levels of theory and basis sets for
the first time the electronic contribution to the dipole momentµ, static dipole polarizability (α) and
(hyper) polarizabilities (first hyperpolarizabilityβ and second hyperpolarizabilityγ) of benzaldehyde
and thiobenzaldehyde molecules in gas phase, which are prototype aromatic compounds, to understand
the effect of the S atom in the aldehyde moiety chemically bonded to a phenyl ring. Results for
dibenzophenone will be published in a separate paper.

2. Theory and computational method

In the model of polarization of Buckingham, the interaction between the electronic density of a
molecular system and an static external electric field induces a dipole momentµ, that is expressed as a
Taylor series in terms of the electric fieldℑ as [10]:

µi(ℑ) = µi(0) + αijℑj +
1
2
βijkℑjℑk +

1
6
γijklℑjℑkℑl+ (1)

whereµi (0) is the static dipole moment component of the isolated molecule and theαij , βijk andγijkl

coefficients are the components of the tensors of the static dipole polarizability, first hyperpolarizability
and second hyperpolarizability, respectively. In Eq. (1), thei, j, k, l indexes correspond to the Cartesian
x, y, z axis and the Einstein summation convention is satisfied. Similar to the Eq. (1), an expression for
theE(ℑ) energy of the molecular system is defined in terms of the electric fieldℑ

E(ℑ) = E(0) − µiℑi −
1
2
αijℑiℑj −

1
6
βijkℑiℑjℑk − 1

24
γijklℑiℑjℑkℑl+ (2)

whereE (0) is the total energy of the free molecular system. Formally, theαij , βijk andγijkl properties
can be obtained by successive differentiation of the Eq. (1) with respect to the electric fieldℑ. For low
intensity electric fieldsℑ, the main response is the dipole polarizabilityαij that governs the linear optical
phenomena, whereas for intenseℑ fields appear the nonlinear optical phenomena that are determined
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by βijkandγijkl hyperpolarizabilities, which are referred as nonlinear optical NLO properties. These
properties are called static for electric fields at zero frequency (ω = 0) and dynamic for oscillating fields
ℑ(ω) (ω 6=0). The invariant properties associated toαij , βijk andγijkl tensors, employed in this work,
are the average dipole polarizabilityᾱ and the anisotropy of the polarizability∆α, and theβ̄t andγ̄ mean
values. These properties are obtained from the independent components of the (hyper) polarizability
tensors and can be written as

ᾱ =
1
3

3∑

i=1

αii (3)

∆α =

√[
(αxx − αyy)2 + (αxx − αzz)2 + (αyy − αzz)2 + 6(α2

xy + α2
yz + α2

xz)
]

2
(4)

β̄t =

√√√√
3∑

i=1
β2

i (5)

and

γ̄ =
1
5

γiijj∑

i,j=x,y,z

(6)

whereβi = (βiii + βijj + βikk), µi (i = x, y, z) is the i-th component of dipole momentµ with
(i, j, k, l) = (x, y, z). In the present work, we have evaluated the independent components of the static
dipole (hyper)polarizabilities of the title molecules within the finite field approach [11] by using the
Gaussian 98 [12] software coupled to Fortran 77 FFIELD [13] program at different levels of theory.
FFIELD employ the finite field equations of Kurtz et al. that consider perturbations until double finite
electric fields [14] in terms of the Eq. (2) and electric field intensities of 0.005 au. The numeric stabilities
of the results obtained with this methodology have been reported elsewhere.

In the present study, the static (hyper)polarizabilities of the benzaldehyde and thiobenzaldehyde
molecules were calculated usingab initio HF, MP2 [15] and MP4 [16] methods and thedensity functional
theoryB3LYP [17] hybrid approach, in conjunction with the standard 6-31+G(d,p) (A) [18], the extended
6-311++G(3d,3p) (B) [19], the optimized 6-31+G(d*,p) (C) [20] and the specialized Sadlej (D) [21] basis
sets, where C basis set has been optimized in terms of the maxima second hyperpolarizability at HF
level. It is important to note that the A, B, C and D basis sets are augmented with d polarizations
and sp diffuse functions for C and O atoms and, additionally, p polarization functions for H atoms,
as well. These extensions are considered as significant features for the good performance of basis
sets in NLO calculations. We expect that these basis sets, in conjunction with the MP2, MP4 and
DFT methods, are a good starting point to give accurate estimated values for the studied properties
of benzaldehyde and thiobenzaldehyde molecules in vacuum. It is worth to mention that recently it
has been reported that the MP4/B, MP4/D and B3LYP/B methodologies give good performance for
molecular (hyper)polarizabilities of para-Nitroaniline in gas phase [22], which results are comparable to
more sophisticated and accurate methods, such as CCSD/aug-cc-pVTZ applications [23].

All the calculations have been carried out by using fully Cs optimized geometries of the benzaldehyde
and thiobenzaldehyde molecules at HF, MP2 and B3LYP methods with the standard A= 6-31+G(d, p)
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Table 1
Optimized geometric parameters of benzaldehyde and thiobenzaldehyde with the HF, MP2 and
B3LYP methods and the standard 6-31+G(d,p) basis set (A). Bond lengths Rij en Angstroms
and bond angles<ijk in degrees◦

X = O; Benzaldehyde X = S; Thiobenzaldehyde
HF/A MP2/A B3LYP/A HF/A MP2/A B3LYP/A

Rij/Angstroms
C1-C2 1.3937 1.4016 1.4050 1.3979 1.4049 1.4103
C2-C3 1.3824 1.3924 1.3922 1.3810 1.3912 1.3903
C3-C4 1.3916 1.4003 1.4017 1.3916 1.4003 1.4021
C4-C5 1.3858 1.3968 1.3978 1.3858 1.3964 1.3978
C5-C6 1.3878 1.3955 1.3959 1.3860 1.3948 1.3940
C6-C1 1.3889 1.4000 (1.397)a 1.4025 1.3953 1.4050 1.4101
C1-C7 1.4338 1.4783 (1.479)a 1.4807 1.4668 1.4654 1.4610
C7-X8 1.1918 1.2290 (1.212)a 1.2187 1.6165 1.6263 1.6401
C2-H10 1.0743 1.0821 1.0855 1.0736 1.0822 1.0854
C3-H11 1.0752 1.0821 1.0860 1.0751 1.0823 1.0860
C4-H12 1.0757 1.0822 1.0863 1.0756 1.0823 1.0862
C5-H13 1.0751 1.0820 1.0858 1.0750 1.0822 1.0858
C6-H14 1.0769 1.0840 (1.095)a 1.0877 1.0762 1.0839 1.0871
C7-H9 1.0951 1.1043 1.1116 1.0805 1.0905 1.0943
<ijk/◦

C1-C2-C3 119.9 119.5 119.9 120.2 120.1 120.3
C2-C3-C4 119.0 120.2 120.1 120.2 120.4 120.3
C3-C4-C5 120.4 120.2 120.3 120.2 119.8 120.1
C4-C5-C6 119.6 119.8 119.7 119.6 120.0 119.8
C5-C6-C1 120.2 119.9 120.21 120.7 120.5 120.8
C1-X7-O8 124.6 124.5 125.0 128.6 127.5 128.3
C2-C1-C7 120.5 120.5 120.8 122.6 122.3 122.6
C1-C7-H9 115.1 115.2 114.8 113.5 113.9 113.6
X8-C7-H9 120.3 120.3 120.3 117.9 118.6 118.1
C1-C2-H10 119.1 119.0 118.7 119.3 119.1 118.7
C2-C3-H11 120.1 120.1 120.0 119.9 119.7 119.9
C3-C4-H12 119.8 119.9 119.8 119.9 120.1 119.9
C4-C5-H13 120.2 120.1 120.2 120.3 120.1 120.2
C5-C6-H14 119.9 120.4 120.2 119.7 120.1 119.0

a) Average experimental results from electron diffraction.Ref. [24].

basis set, considering planar equilibrium structures as reported for the gas-phase electron diffraction and
MP2(FC)/6-31G* investigation of the aromatic aldehyde [24].

The reference of the coordinate system assumes that the molecules lie in theyzplane with thez axis
being the perpendicular one.

3. Results and discussions

3.1. Geometry optimizations

Benzaldehyde is an important organic molecule,which framework is present in a large variety of deriva-
tives of different natural and synthetic compounds, with multiple organic, inorganic, and organometallic
applications. Thiobenzaldehyde molecule is constructed by substitution of the O atom by S one in the
C = X moiety. The relevant optimized geometric parameters, obtained in the present study for these
molecules, considered as Cs symmetry as shown in Fig. 1, calculated by using HF, MP2 and B3LYP
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Table 2
Total energy ET /au, HOMO and LUMO energies/au, dipole momentsµ/Debyes and dipole polarizabilityα/au of benzaldehyde
and thiobenzaldehyde with the HF, MP2 and B3LYP methods and the 6-31+G(d,p) (A), 6-311++G(3d,3p) (B), 6-31+G(d*,p)
(C) and Sadlej (D) basis sets

HF/A MP2/A MP4/A B3LYP/A B3LYP/B B3LYP/C B3LYP/D
X = O; Benzaldehyde

-ET 343.45449 344.59379 345.59797
EHOMO −0.3534 −0.3531
ELUMO 0.0640 0.0573
µx 0.000 0.000 0.000 0.000 0.000 0.000 0.000
µy −0.594 −0.605 −0.924 −0.700 −0.692 −0.702 −0.690
µz 1.297 1.163 0.912 1.238 1.219 1.293 1.216
µ 1.427 1.311 1.298 1.422 1.402 1.471 1.398 (1.377)a (1.263)b (1.10)c

αxx 49,87 49.10 48.75 49.87 53.85 45.92 54.62
αxy −13.88 −12.52 −12.41 −13.38 −13.32 −13.44
αyy 110.68 105.86 105.05 110.69 114.62 104.50 116.57
αyz 5.17 5.04 4.89 5.17 4.88 4.12
αzz 93.03 89.76 89.22 91.77 94.06 101.75 96.80
αzx −7.65 −7.42 −7.35 −7.65 −7.34 −7.49
αave 84.53 81.57 81.01 84.11 87.51 84.06 89.33 (86.25)a (87.73)c

∆α 86.36 80.98 80.31 86.01 85.22 90.97 86.78
X = S; Thiobenzaldehyde

-ET 666.08786 667.18561 668.55328
EHOMO −0.3336 −0.3320
ELUMO 0.0229 0.0021
µx 0.000 0.000 0.000 0.000 0.000 0.000 0.000
µy 0.043 0.022 0.007 0.103 0.099 0.082 0.099
µz −1.478 −1.088 −1.078 −1.409 −1.358 −1.472 −1.372
µ 1.479 1.089 1.078 1.413 1.362 1.474 1.375
αxx 56.20 55.31 55.30 56.21 62.62 56.55 63.57
αxy 4.28 2.67 2.59 4.28 4.05 4.02
αyy 109.9 106.72 106.17 109.90 113.10 103.93 113.77
αyz 23.17 20.46 19.26 23.17 22.12 21.83
αzz 160.73 149.71 147.76 160.73 166.27 165.83 166.76
αzx 9.41 6.56 6.39 9.41 9.30 9.25
αave 100.92 103.49 103.08 108.95 114.00 108.77 114.70
∆α 142.32 127.34 124.01 124.31 140.26 134.23 139.45

a) B3LYP/6-311+G(3df,2p). NIST databases;
b) Experimental Gas phase. Ref. [26];
c) Experimental Liquid phase (Neat). Ref. [5].

methods with the standard 6-31+G(d,p) basis sets are displayed in Table 1. Additional experimental
geometric parameters from electron diffraction [24] are also included in Table 1 for comparison. There is
excellent agreement between the present geometry results for benzaldehyde and those from experimental
determinations. Energy values of the optimized structures and the corresponding HOMO and LUMO
energies of both studied molecules are reported in Table 2. Additional calculated properties, displayed
in Table 2 and subsequent Tables are analyzed in the next sections.

3.2. Dipole momentsµ

The dipole momentµ of benzaldehydehas been accurately determined by using Stark effect techniques
measured at conditions of supersonic expansion [25],with uncertainty of 0.1% level, where the orientation
of the components (from negative to positive) were assumed on the basis of MP2/6-31G(d,p) and
DFT(B3LYP)/6-31G(d,p) calculations. The measuredµ value is of 1.235 au, which is comparable to
previously reported gas-phase total dipole moment of 1.263 Debyes [26]. Additionally, experimentalµ



578 H. Sosćun / Ab initio and DFT study of the static dipole(hyper)polarizabilities

value of 1.10 Debyes has been reported for liquid benzaldehyde [25]. In this work, in doing the NLO
property evaluations of benzaldehyde and thiobenzaldehyde calculations, theoretical determinations
of this property were automatically performed by using MP2, MP4 and B3LYP methods with the
selection of basis sets indicated in the section of Methods. The corresponding results obtained here
for µ of benzaldehyde range 1.298 Debyes – 1.471 Debyes, where the lower reported experimental
value corresponds to the gas phase one of 1.263 Debyes, which is in good correspondence with theµ
calculated at MP4 level (1.298 Debyes). Theµ DFT values tend to be higher than those from MP2 and
MP4 methods.

Theµ dipole moment of the thiobenzaldhyde calculated at different levels of theory and a variety of
basis sets, it is also reported in Table 2. For this compound there is not reference about experimental
determination or theoretical estimation of this property. Theµ results obtained here show greater
discrepancies between the methods and basis sets than those for benzaldehyde, being the lowers for
the MP2/A (1.098 Debyes) and MP4/A (1.078 Debyes) methods. The correspondingµ DFT values
are similar between both molecules, which oscillate from 1.362 Debyes (B3LYP/B) to 1.474 Debyes
(B3LYP/6-31+G(d*,p)). If theµ MP4 value is taken as reference, thiobenzaldehyde molecule is in gas
phase much less polar than benzaldehyde one.

3.3. Static dipole polarizabilitiesαij, αave, ∆α

The αij components, average polarizabilityαave and polarizability anisotropy∆α results obtained
in this work for benzaldehyde and thiobenzaldehyde with different models and basis sets are displayed
in Table 2. Theαij terms are reported for record purposes. The experimental dipole polarizability
αave of liquid benzaldehyde has been reported and the corresponding value of 87.73 au [5] is shown in
Table 2. Additionally, the NIST Computational chemistry databases report a series ofαave results for
this property calculated by using different theoretical models and basis sets. For instance, a value of
αave = 86.25 au, calculated at B3LYP/6-311G(3df,2p) level, reported there in is also shown in Table 2
for comparison purposes. The analysis of the present calculations, indicate that DFTαave results are
consistent with both, experimental and theoretical values reported from the literature. However, MP2
and MP4 dipole polarizability values for benzaldehyde displayed in Table 2 are almost 10% less than the
experimental one. Considering that we are only taking in account for these calculations the electronic
part of the dipole polarizability, and dynamic and vibrational effects are neglected, the correspondence
between DFT results and the experimental can be considered as casual. We expect, that MP4 method
reflects the real electronic contribution of this property for the macroscopic static dipole polarizability
of benzaldehyde molecule. How there are no reports in the literature about the∆α anisotropy for the
title molecules, the results presented in this work are of predictive nature. It is important to note that the
corresponding results for theα tensor at B3LYP/6-31+G(d*,p) level were calculated in the principal axis
system of the molecular polarizability where the crossing terms are zero.

Table 2 also contains the present results for the staticαijcomponents,αave and∆α for thiobenzalde-
hyde molecule in gas phase, where no reports about optical properties of this S aromatic compound
have been published so far in the literature. The important features of these calculations is that MP2,
MP4 and DFTαave results show that substitution of the S atom by the O one in the C= X bond of the
carbonyl function of the aldehyde group induce significant changes in the internal electronic rearrange-
ments of thiobenzaldehyde molecule, which are reflected and enhanced in the presence of a electric field.
Independently of the employed methodology, theαave dipole polarizability increases more than 20%
due to the presence of the S atom in relation to the compound with the oxygen one. The anisotropy in
thiobenzaldehyde is much larger than in benzaldehyde molecule.
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The observed electronic effects due to the presence of the S atom on the optical properties of conjugated
organic compounds are long recognized, where one of the theoretical pioneer works is due to the Eckard
and Sadlej groups [27]. For example, the observed variations in the dipole moments of cyclic ketones
and thio-ketones were rationalized in terms of the conjugation, intermolecular electron transfer, and
differences in the electronegativities of the oxygen and sulphur atoms. Whereas, the dipole polarizability
changes can be understood in terms of the extent of the p-electron conjugation, were the replacement
of oxygen by sulphur leads to a significant increase of the dipole polarizability which parallels the
differences between atomic polarizabilities of oxygen and sulphur [27]. In this study, Eckard and Sadlej
groups [27] have found that despite of the complicated multiconfiguration structure of the ground state
wave function of cyclic ketones and thioketones molecules, the single reference MP2 method is able to
perform in a similar way as a single reference CC, CASSCF and CASPT2 methods, where a congruence
between MP2 and higher theory level was found for electric property calculations. In this context, we are
confidents in the semi-quantitative reliability of the present (hyper)polarizability MP2 and MP4 results
of the studied molecules.

3.4. Static dipole First Hyperpolarizabilitiesβijj , βi andβt

We report for the first time a systematic and accurate theoretical investigation about the static first
hyperpolarizabitiesβ of benzaldehyde and thiobenzaldehyde molecules, were the effect of the change of
the S by O atom is explored at different levels of theory and basis sets for this property. The calculated
components of theβ tensor,βijj, βi andβt of these molecules are displayed in Table 3. Additionally,
it is reported for comparison purposes the experimentalβ value of benzaldehyde, measured using
solution-phase dc electric field induced second-harmonic generation (EFISH) [5].

It is worth to mention, that we have calculated the staticβt property forpara-Nitroaniline PNA
molecule in gas phase at the MP4/A level of theory for comparison, which results are also included in
Table 3. Theβt results for benzaldehyde shown in Table 3 goes from 235 au (B3lYP/6-31+G(d,p)) to 292
au (B3LYP/6-31+G(d*,p)) at DFT level, whereas for MP2 and MP4 levels of theory, the corresponding
results are 314.6 au and 371.2 au, respectively. In this case, the electron correlation at the perturbation
level increases the property in relation to DFT calculations. These values are much higher than the
experimental EFISH first dipole polarizabilityβt for this molecule in solution, which value is 96.2 au.
With respect to the theoreticalβt value of 1808.0 au for PNA (See Table 3), benzaldehyde shows a lower
first hyperpolarizability, which results are in correspondence with the shorter conjugation and lower push
pull mechanisms that occurs in this molecule with respect to those in PNA.

The results obtained here for the first hyperpolarizability of thiobenzaldehyde are displayed in Table 3.
The presence of the S in atom in thiobenzaldehyde instead of the O one in benzaldehyde, induces strong
electronic effects on the first hyperpolarizability, where there is a factor of 4.4 for the ratioβv = (MP4,
thiobenzaldehyde)/βv (MP4, benzaldehyde). Additionally, the MP2 and MP4 electron correlation effects
are, for the first hyperpolarizability of this molecule, larger than those from DFT ones in more than 50%.
At this point it is important to mention that thiobenzaldehyde, according to results of Table 3, shows a
first hyperpolarizability that is almost similar to that of PNA molecule, at the same level of calculations.

3.5. Static dipole second hyperpolarizabilitiesγiijj, γave

Table 4 display the present results of the components and the average second hyperpolarizabilityγ of
benzaldehyde and thiobenzaldehyde molecules calculated at the different levels of theory and basis sets.
For comparison are reported the experimentalγ values of benzaldehyde, determined in solution at both,
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Table 3
The first dipole hyperpolarizabilityβ/au of benzaldehyde and thiobenzaldehyde with the HF, MP2 and
B3LYP methods and the 6-31+G(d,p) (A), 6-311++G(3d,3p) (B), 6-31+G(d*,p) (C) and Sadlej (D) basis
sets

HF/A MP2/A MP4/A B3LYP/A B3LYP/B B3LYP/C B3LYP/D
X = O Benzaldehyde

βyxx 33.5 35.2 36.2 38.3 29.8 28.6 28.2
βyyy −129.8 −217.1 −353.1 −212.5 −196.6 −222.1 −184.6
βyzz −41.1 −114.4 −54.3 −87.6 −79.1 −97.5 −78.6
βzxx −36.7 −38.2 −24.88 −42.3 −38.8 −41.7 −54.9
βzyy 63.3 106.0 75.7 96.8 85.8 105.5 87.2
βzzz −52.6 −38.1 −52.2 −45.0 −50.7 −38.8 −34.1
βx 0.0 0.0 0.0 0.0 0.0 0.0 0.0
βy −137.4 −296.3 −371.2 −261.8 −246.0 −291.0 −235.0
βz −26.0 105.8 −1.38 9.5 −1.7 25.0 −1.7
βt 139.8 314.6 371.2 262.0 246.0 292.0 235.0

(92.6)a

X = S Thiobenzaldehyde
βxxx 0.0 0.0 0.0 0.0 0.0 0.0 0.0
βxyy 0.0 0.0 0.0 0.0 0.0 0.0 0.0
βxzz 0.0 0.0 0.0 0.0 0.0 0.0 0.0
βyxx 24.4 21.5 20.9 20.4 20.5 26.9 14.2
βyyy −579.6 −1427.4 −1465.4 −810.5 −753.3 −761.8 −743.6
βyzz −121.5 −118.7 −139.0 −128.6 −119.7 −153.7 −140.4
βzxx −1.7 −3.8 −3.6 −5.5 −9.1 −33.9 −39.0
βzyy 303.5 307.0 351.9 337.9 305.5 337.7 317.2
βzzz 23.0 44.2 42.6 30.7 15.2 2.0 0.0
βx 0.0 0.0 0.0 0.0 0.0 0.0 0.0
βy −676.7 −1524.6 −1582.5 −918.7 −882.0 −949.3 −922.9
βz 324.8 347.5 390.9 363.2 314.7 366.5 330.4
βt 750.6 1563.7 1630.1 (1808.0) PNA 987.9 936.5 1017.6 980.3

a) Experimental Liquid phase (Neat). Ref. [5].

third harmonic generation THG and electric field induced second harmonic DC-EFISH techniques [5].
At HF/A level, theγave value for the aromatic O aldehyde is relatively low, of about 13000 au. When
the electron correlation EC is taken in account at MP2/A level, theγave for this molecule increases in
about 38 % giving a value of 17901 au. The inclusion of higher level of EC to this property such as
MP4/A, a higher value is obtained of about 20290 au that corresponds to a 56 % with respect to HF and
13.3 % in relation to MP2 one. Additionally, the consideration of EC with the DFT (B3LYP) approach
is dependent of the selected basis sets, how can be seen from results of Table 4. In fact, the EC at
the B3LYP/A are higher than with MP2/A in relation to HF/Aγave values. The higher EC effects are
observed with the Sadlej basis sets that give the highest value ofγave for benzaldehyde (23290 au).
However, the B3LYP/6-31+G(d*,p) methodology is able to reproduce aγave value for this molecule
that is close to the MP4/A calculated property. In order to have a clear picture of these values, we have
performed specific calculations of second hyperpolarizability forpara-Nitroaniline PNA molecule in gas
phase at the MP4/A level and MP2/A optimized geometry, where the corresponding value is of 34810
au. These results represent indeed the low ability of third order polarization of benzaldehyde molecule,
which is much lower than in PNA one, and can be explained in terms of the structural differences in both
molecules, where benzaldehyde is characterized by one substituted acceptor group to the aromatic ring,
while PNA is dominated by a push-pull polarization mechanism, that induce enhanced second and third
order polarizabilities.

We consider that the best representative theoretical results from those of Table 4 for benzaldehyde
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Table 4
Second dipole hyperpolarizabilityγ/au of benzaldehyde and thiobenzaldehyde with the HF, MP2 and
B3LYP methods and 6-31+G(d,p) (A), 6-311++G(3d,3p) (B), 6-31+G(d*,p) (C) and Sadlej (D) basis
sets

HF/A MP2/A MP4/A B3LYP/A B3LYP/B B3LYP/C B3LYP/D
X = O Benzaldehyde

γxxxx 11360 12409 14594 12823 10331 12768 12830
γyyyy 15604 24569 38401 26410 25782 31888 29098
γzzzz 7850 12399 12749 14608 14665 19199 18170
γxxyy 4294 5247 6934 5479 5155 6922 6836
γxxzz 4494 5337 5736 5583 5178 7225 6271
γyyzz 6148 9480 5182 10023 9703 12151 11049
γave 12937 17901 20290 19202 18170 23290 21502

(10522)a (29384)b

X = S Thiobenzaldehyde
γxxxx 14833 21137 24840 25768 24032 31260 27566
γyyyy 56352 109993 130610 76120 70181 78200 77227
γzzzz 15161 16066 16647 17165 13603 15024 17154
γxxyy 13815 17146 19436 18507 17028 22645 20305
γxxzz 7809 9718 10464 10370 9730 10236 12600
γyyzz 5147 6452 6688 6781 6447 8801
γave 27977 42765 49055 38073 34845 44767 41072

(34810) PNA

a) Experimental Liquid phase (Neat, THG). Ref. [5].
b) Experimental Liquid phase (Neat, EFISHG). Ref. [5].

correspond toγave at MP4/A level, which value is of 20290 au. This result is in the same order
of magnitude of the THG (10522 au) and EFISHG (29384 au) experimentalγave measurements for
this molecule in solution, which are also shown in Table 4. In this sense, we have performed TD-
DFT(B3LYP)/6-31+G(d,p) calculations for benzaldehye at the frequency of 1064 nm for THG and
EFISHG processes, and the corresponding results for these optical processes are 36561.7 au and 28244.7
au, respectively. At this level of theory, the benzaldehyde experimental EFISHGγave value is very well
reproduced for our theoretical calculations, while the THG process is not. We are aware that further
research is necessary in this context of NLO optical prediction of conjugated molecules.

Results of Table 4 show that substitution of the C= O by C = S group, that give the formation
of thiobenzaldehyde molecule, induces strong changes in the response of the electronic distribution in
presence of intense electric fields. In fact, the third order hyperpolarizabilitiesγave of thiobenzaldehyde
are more than twice that corresponding value for the oxygenated compound. Furthermore, the sulphur
compound is able to give higher response than PNA molecule in similar conditions, where the MP4/A
results areγave (benzaldehyde)= 49055 au> γave (PNA) = 34810 au. The results of PNA were
specifically calculated in this work for comparison purposes. These results show the ability of the S
atom to construct positive conjugation in an aromatic system, without belong to a push-pull model such
as in PNA molecule, where the system Acceptor/Donor groups are linked by a conjugatedπ-bridge. The
results of these electronic properties indicate that organic conjugated systems based in thiobenzaldehyde
frames could be seriously considered as potential or attractive networks to construct materials for NLO
applications in different technologic areas.

4. Conclusions

In the present study we investigated the dipole momentsµ, dipole polarizabilitiesα, and firstβ
and secondγ hyperpolarizabilities of benzaldehyde and thiobenzaldehyde molecules in vacuum. The
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basis set saturation, includings and sp diffuse functions, multiple d and p polarization functions,
Sadlej specialized d optimized basis sets, and the electron correlation contribution at MP2, MP4 and
DFT=B3LYP approaches has been extensively investigated for the electronic contribution of the static
µ, α, β andγ properties. Despite, DFT methods in conjunction with extended and specialized basis
sets are able to give a reasonable representation for the static electric properties of aromatic compounds,
we have found that MP4 in conjunction with a standard 6-31+G(d,p) basis set is appropriate high-level
correlated methodology for accurate calculations of dipole moments, and dipole (hyper)polarizabilities
of benzaldehyde and thiobenzaldehyde. The calculated properties for benzaldehyde have been compared
with the experimental results obtained from THG and EFISHG techniques, where the concordances
and differences have been discussed. To rationalize the present results, we have performed specific
calculations forpara-nitroaniline molecule and their results are also discussed. The electron correlation
contribution to the (hyper)polarizabilities has been analyzed, and it has been found, however, that despite
of most of the electron correlation contribution is accounted for at the level of the MP2 approximation,
the MP4 effects need to be taken in account.

Despite of the polarizability differences between the studied molecules, their effects on the (hy-
per)polarizability calculations lead to an enhancement in such properties when the O is changed by S
in the C=X moiety of the aromatic aldehyde structures. Further research is being carried out in our
laboratory in order to characterize in a formal way the higher order electric properties of benzaldehyde
and thiobenzaldehyde molecules and its push-pull derivatives, taking in account high level electron
correlation, solvent effects and dynamic dependence of the optical processes.

We expect to extend these results to similar systems with two o more aromatic rings and increasing
the substitution of donor/acceptor groups in positions where the conjugation path can be effective for
enhancing the NLO properties.
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Abstract. The results of calculations of He-, Ne-, Ar-, Kr-, and Xe- broadening coefficients ofν1, ν2 andν3 ro-vibrational
lines of H2S molecule are presented and discussed. The calculations were performed in the framework of the Robert-Bonamy
method, in which the exact trajectory model was incorporated. Parameters of the interaction potentials, chosen in the form of
atom-atom potentials, were optimized to give the best agreement with the existing experimental data. With the exception of
the some data the agreement between the calculated and experimentally measured broadening coefficientsγ is satisfactory for
theν1 andν3 bands of H2S for all collisional partners. The measured strongJ−dependence of helium broadening in theν2

band did not appear in the calculation. Besides, it was found that an interaction potential for H2S- He system is ambiguously
determined. The optimal set of the parameters for H2S- He interaction potential was used in the calculation of the helium
broadening coefficients for theν1 band of H2S (J 6 15, 100 K6 T 6 1000K) and then for their analytical representation.

Keywords: Noble gas broadening, H2S, intermolecular potential, semi-classical impact method, analytical formula for half-
widths

1. Introduction

The rovibrational spectrum of the H2S molecule is the subject of intensive theoretical and experimental
investigations because this molecule is the important atmospheric pollutant produced by natural as well
as by industrial sources. For an atmospheric application it is necessary to know the self- and air-
broadening coefficients of H2S. The quantum number dependence of these coefficients was investigated
in Refs [1–3] for theν2, ν1, ν3 and 2ν2 bands.

The pressure-induced shift and broadening of H2S absorption lines in theν2 band due to collisions
between H2S molecules and quadrupole molecules, such as N2, O2, D2, H2 and CO were experimentally
studied in detail in Ref. [4]. The results of calculation of the corresponding broadening coefficients were
reported in different papers; see, for example [5,6].

Only little information is available about the noble gas broadening of H2S absorption lines. In Ref. [1]
the helium broadening coefficientsγ were measured for 8 lines of theν2 band at room temperature.
In Ref. [7] the He-, Ne-, Ar-, and Kr, and Xe- broadening coefficients were determined for 23 lines
from theν1, ν3 andν2 band of H2S; they are listed in Tables 1–2. From the transitions under study the
pronouncedJ dependence of the broadening coefficientsγ was observed. The largest change inγ from
values of about 0.1 to 0.013 cm−1/atm was obtained for collisions with argon and krypton. The shift and
broadening coefficients of two H2S lines in theν2 band due to collisions of H2S molecules and neon and
krypton were determined in Ref. [8].
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Table 1
Experimental [7] and calculated helium and neon broadening coefficients in fundamental bands of
H2S,T = 296 K

H2S-He H2S-Ne

ν, cm−1 Band JfKafKcf JiKaiKci exp Cal. γ(sur) exp Cal.
2693.2838 ν1 4 4 0 3 3 1 0.045 0.041 0.043 0.0305 0.041
2740.9751 ν1 5 3 3 4 0 4 0.049 0.043 0.044 0.0553 0.042
2713.8530 ν1 5 4 1 4 3 2 0.043 0.042 0.043 0.0382 0.043
2740.0321 ν1 6 4 2 5 3 3 0.040 0.041 0.043 0.0329 0.043
2717.9659 ν1 6 5 2 5 4 1 0.0378 0.039 0.042 0.0330 0.041
2740.9150 ν1 7 6 2 6 5 1 0.0309 0.037 0.040 0.0324 0.038
2716.0085 ν1 8 4 5 7 3 4 0.040 0.038 0.041 0.0342 0.037
2715.0784 ν1 8 3 5 7 4 4 0.0437 0.038 0.041 0.0400 0.036
2741.7631 ν1 8 6 3 7 5 2 0.035 0.037 0.040 0.0580 0.040
2762.5175 ν1 8 7 1 7 6 2 0.0356 0.036 0.038 0.0381 0.036
2714.2992 ν1 9 3 7 8 2 6 0.0359 0.037 0.039 0.0252 0.033
2714.2885 ν1 9 2 7 8 3 6 0.0371 0.037 0.040 0.0300 0.033
2761.4825 ν1 9 7 3 8 6 2 0.0400 0.033 0.038 0.0374 0.036
2739.3810 ν1 10 5 6 9 4 5 0.0520 0.036 0.039 0.0349 0.034
2761.4458 ν1 12 6 7 11 5 6 0.0383 0.034 0.036 0.0323 0.031
742.40910 ν1 15 0 15 14 1 14 0.0302 0.028 0.027 0.0195 0.022
2714.5480 ν3 4 3 1 3 1 2 0.0580 0.049 0.0390 0.038
2717.3082 ν3 6 5 1 5 5 0 0.0393 0.044 0.0267 0.032
2741.7315 ν3 8 4 4 7 4 3 0.0470 0.045 0.0370 0.032
2740.1501 ν3 8 7 2 7 7 1 0.0590 0.040 0.0220 0.026
2741.5120 ν3 8 7 1 7 7 0 0.0318 0.041 0.0240 0.027
1293.2192 ν2 5 4 1 4 3 2 0.0370 0.042 0.0317 0.036
1295.0949a ν2 12 1 12 11 0 11 0.0197 0.019
aγ (exp) is taken from [8].

Two pure rotational transitions 110 ← 101 and 220 ← 211 of H2S in the H2S-He system in the
temperature region between 4.3 and 1.8K and 1–600K were investigated in Refs [9,10]. A good
agreement between the calculated and measured collisional cross-sections over the temperature region
20–600K was achieved in Ref. [10]. Theab initio potential energy surface (PES) for the H2S- He
collision system was used in these calculations.

The aim of this work is to perform the calculations of the noble gas broadening of H2S absorption
lines for the extended in comparison with Refs [1,7,8] set of rotational quantum numbersJ , Ka and in
the case of H2S-He system for the extended temperature interval.

2. Method of calculation

The calculations were performed in the framework ofRBET method, based on the semi-classical
formalism of Robert and Bonamy (RB) [11], in which only the resonance functions obtained for the
exact trajectories (ET) [12] were incorporated. According to theRB formalism for the transitioni→ f
in the H2S molecule perturbed by the pressure of monoatomic gases, the broadening,γif , and shifting,
δif , coefficients may be calculated as

γif + iδif =
n

c

∞∫

0

vF (v)dv

∞∫

r0

Drcdrc[1− exp(−iS1 − Souter
2,i − Souter∗

2,f − Smiddle′′

2 )], (1)
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Table 2
Experimental [7] and calculated argon-, krypton,- and xenon- broadening coefficients in fundamental bands of
H2S,T = 296 K

H2S-Ar H2S-Kr H2S-Xe

ν, cm−1 Band JKaiKci JfKafKcf exp Cal. exp Cal. exp Cal
2693.2838 ν1 4 4 0 3 3 1 0.0604 0.055 0.0723 0.063 0.0553 0.066
2740.9751 ν1 5 3 3 4 0 4 0.0850 0.055 0.0960 0.056 0.0819 0.067
2713.8530 ν1 5 4 1 4 3 2 0.0590 0.056 0.0680 0.056 0.0670 0.069
2740.0321 ν1 6 4 2 5 3 3 0.0500 0.054 0.0690 0.050 0.0870 0.067
2717.9659 ν1 6 5 2 5 4 1 0.0472 0.052 0.0640 0.051 0.0610 0.065
2740.9150 ν1 7 6 2 6 5 1 0.0500 0.049 0.0610 0.063 0.0640 0.061
2716.0085 ν1 8 4 5 7 3 4 0.0510 0.051 0.0630 0.056 0.0620 0.062
2715.0784 ν1 8 3 5 7 4 4 0.0536 0.051 0.0720 0.056 0.0634 0.062
2741.7631 ν1 8 6 3 7 5 2 0.0700 0.049 0.0910 0.050 0.0920 0.062
2762.5175 ν1 8 7 1 7 6 2 0.0480 0.047 0.0632 0.051 0.0630 0.059
2714.2992 ν1 9 3 7 8 2 6 0.0440 0.049 0.0470 0.063 0.0530 0.060
2714.2885 ν1 9 2 7 8 3 6 0.0420 0.049 0.0570 0.056 0.0530 0.060
2761.4825 ν1 9 7 3 8 6 2 0.0571 0.046 0.0640 0.056 0.0750 0.060
2739.3810 ν1 10 5 6 9 4 5 0.0450 0.049 0.0680 0.050 0.0590 0.060
2761.4458 ν1 12 6 7 11 5 6 0.0520 0.047 0.0510 0.051 0.0560 0.059
2742.4091 ν1 15 0 15 14 1 14 0.0268 0.035 0.0370 0.063 0.0356 0.041
2714.5480 ν3 4 3 1 3 1 2 0.0690 0.061 0.0850 0.064 0.0710 0.074
2717.3082 ν3 6 5 1 5 5 0 0.0503 0.056 0.0667 0.059 0.0613 0.065
2741.7315 ν3 8 4 4 7 4 3 0.0560 0.056 0.0690 0.059 0.0650 0.064
2740.1501 ν3 8 7 2 7 7 1 0.0570 0.051 0.0410 0.055 0.0630 0.056
2741.5120 ν3 8 7 1 7 7 0 0.0460 0.052 0.0521 0.056 0.0540 0.059
1293.2192 ν2 5 4 1 4 3 2 0.0540 0.055 0.0820 0.061 0.0880 0.072
1295.0949a ν2 6 4 2 5 3 3 0.0567 0.060
aγ(exp) is taken from [8].

Here,n is the density of the buffer gas;c is the speed of light; v is the relative velocity of interacting
particles; andrc is the closest approach distance between them. The formulas for the interruption
functions of the first and second orders,S1(b) andS2(b), respectively, the parameterr0, the JacobianD
of the transition from the variable (b, v) (b is the impact parameter) to the variable (rc, v) are presented
in [11]. To calculate the functionsS1(b) andS2(b) it is necessary to specify the intermolecular interaction
potential. This potential was defined as the sum of pair-wise Lennard-Jones 6–12 interactions between
atoms of H2S molecule and noble gas atom

V = V aa
1,2 =

3∑

i=1

(
di2

r12
i2

− ei2

r6
i2

)
, (2)

The subscriptsi and 2 refer to thei−th atom of H2S molecule and noble gas atom, respectively,di2

andei2 are the atomic pair energy parameters. When expressed in terms of rotational matrixDl1
mm1

(Ω1),
the potential (2) is written as [13].

V aa
1,2 =

4∑

q=0

2∑

l1=0

l1∑

m1,m=−l1

[
|m1|

|m|
bl1
q

|m1|Dl1
12+q

r12+q
− |m1|

|m|
cl1
q

|m1|El1
6+q

r6+q

]
Dl1

mm1
(Ω1). (3)

Herer is the center of mass separation,D andE are the analytic functions of the parametersei2, di2,
rH , rS andβ, whererH andrS are the H-G and S-G distances, respectively, G is the center of the mass
of H2S molecule and 2β is the angle HGH. The expressions forD andEas well as numerical constants
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b andc are given in Refs [13,14]. The atom-atom potential (3) contains an isotropic part (l1 = 0) which
was approximated by the Lennard-Jones 6–12 potential

Visot = 4ε12

{
−σ6

12

r6
+

σ12
12

r12

}
, (4)

in which the subscript 1 refers to H2S molecule. This potential was used in the trajectory calculation ac-
cording to the scheme from Ref. [12]. Usually the Lennard-Jones parametersε12 andσ12 are constructed
by the “combination” rules [15]

ε12 =
√

ε1 · ε2,

σ12 =
1

2
(σ1 + σ2) (5)

The values ofε2 andσ2 for the discussed noble gas atoms are given Ref. [15]. According to Ref. [16]
for H2S gasε1/kB ≡ εH2S−H2S /kB = 309.6 K andσ2 ≡ σH2S−H2S = 3.509 Å. The atomic pair
energy parametersdH2 andeH2 may be calculated according to the rules (5) from the known values for
εH−H /kB = 11.2544K andσH−H = 2.68259Å [17]. No available data exist for theeS2 anddS2. These
parameters as well asε12 andσ12 were optimized in the calculations to give the best agreement between
the calculated and measured coefficientsγ for H2S lines perturbed by the noble gas atoms He, Ne, Ar,
Kr and Xe.

The rovibratioinal wave functions required in the calculations of the broadening coefficients were
obtained in the fitting of an effective Hamiltonian, written in terms of generating functions [6], to the
known experimental energy levels and frequencies of the transitions [18,19].

3. Helium broadening

For H2S-He system there is anab initio potential surface (PES) presented in Ref. [10]. In order to
obtain the set of the parameters for the potential (3) the least-squares fitting procedure was applied to fit
Eq. (3) to the potential values at 17 different angular configurations given in Table II of Ref. [10] (DESP
calculation). Those parameters which determine the angular dependence of the potential (3) were found
to be poorly determined. Besides, the configurations with the distancesr = 4.5; 5.0 bohr (1 bohr=
0.529177Å) were omitted because they give a bad result of the fitting. Thus only parameters of isotropic
potentialε12/kB = (9.7± 1.8)K andσ12 = (3.57± 0.32) Å were determined (the well depth of the
H2S-Heab initio potential [10] is about 22K). From these parameterse12 = eS2 +2eH2 = 1.1 · 10−11

erg· Å6 andd12 = dS2 +2dH2 = 2.3· 10−8 erg· Å12 were calculated. ParameterseH2 = 0.0 anddH2 =
0.8 · 10−9 erg ·Å12 were estimated from the combination rules (5). An obtained set of the parameters
ε12, σ12, eH2, dH2, eS2 = e12 -2eH2, anddS2 = d12 -2dH2 was used in the first step of the calculation
of helium broadening coefficientsγ for theν1 band of H2S. The comparison betweenN = 16 (Ji 6 15)
calculated (cal.1) and measuredγ is shown in Fig. 1 where the coefficientsγ are located according to
Table 1. The quality of calculations was characterized by the quantity

rms =

{
N∑

i=1

[γi(exp)−γi(cal)]2/N

}1/2

(6)
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Table 3
Optimal sets of the parameters for the interactions potential (3) which give
a minimum ofrms (6) for theν1 band of H2S

H2S-He H2S-Ne H2S-Ar H2S-Kr H2S-Xe
ε12kB , K 10.0 56. 104.8 192. 230. 260.
σ12, Å 3.57 3.07 3.17 3.5 3.60 3.85
e12 0.11 0.25 0.585 1.94 2.74 4.66
d12 0.243 0.217 0.595 3.55 5.9 15.0
eH−A 0.0 0.0 0.005 0.18 0.26 0.46
eS−A 0.11 0.25 0.58 1.58 2.22 3.54
dH−A 0.014 0.0075 0.021 0.24 0.5 1.2
dS−A 0.215 0.202 0.553 3.07 4.9 12.6

Parameterse andd are given in 10−10 egr· Å6 and 10−7erg· Å12, respec-
tively.

Fig. 1. Comparison of experimentally measured (solid circles) [7] and calculated (open circles and squares) helium broadening
coefficients for theν1 band of H2S. Cal.1 and cal.2 correspond to the initial (dS2 = 0.237) and the optimal (dS2 = 0.215) value
of the parametersdS2 (in 10−7 erg· Å12), respectively, for the potential, presented in the second column of Table 3.

For the discussed set of parametersrms = 4.0 · 10−4 cm−1/atm. In the second step of calculation
the parameterdS2 was adjusted to give the best agreement betweenγ(exp) andγ(cal). The comparison
betweenγ(exp) andγ(cal) is shown in Table 1 and in Fig. 1 (cal.2). The optimal set of the parameters,
which leads to the best agreement, is presented in the second column of Table 3. For this set of parameters
rms = 3.0 · 10−5cm−1/atm.

Note that the obtained Lennard-Jones parametersε12 andσ12 for Visot (4) differ significantly from
those, which are given by the Eqs (5). According to these equationsε12/kB = 56.0 K andσ12 = 3.07 Å.
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Fig. 2. Comparison of experimentally measured [1] (solid circles) and calculated (open circles and squares) helium broadening
coefficients for the same lines ofν2 band of H2S and H2O molecules.

Again starting with these parameters we obtained a new optimal set of parameters for the potential (3)
which gives approximately the samerms = 3.2· 10−5 cm−1/atm. This set of parameters is shown in the
third column of Table 2.

Thus, there are at least two optimal potential parameters (3), which give the samerms of the calculation
for the helium-broadening coefficients forν1 lines of H2S. Two optimal sets of parameters were tested
in the calculations of the cross sectionσ for the rotational transitions 110 ← 101 and 220 ← 211 at 100K.
For the first set we obtainedσ = 20.8 Å2 andσ = 20.4 Å2 for these two transitions, respectively, and for
the second setσ = 30.0 Å2 andσ = 30.4 Å2. The comparison with the experimentally measured cross
sections presented in Figs 12 and 13 of Ref. [10] shows that the first optimal set of potential parameters
gives better agreement with them than the second set.

The calculation of helium – broadening coefficients for theν3 band of H2S with the first optimal set
of potential parameters showed that their variation may significantly (with a factor of 1.8) decrease the
rms of the calculation. The broadening coefficientsγ presented in the 5-th column of Table 1, were
calculated withdH2 = 1.7 · 10−9 erg · Å12.

The optimal sets of potential parameters from the second and third columns of Table 3 were used in
the calculation of the broadening coefficients for theν2 band of H2S. The comparison with the existing
measuredγ [1] (Ji 6 7, Kai 6 4) is given in Fig. 2. The coefficientsγ are located according to Table 1
of Ref. [1]. The strongJ− dependence of calculatedγ was not obtained. To verify the results of
calculations we performed the calculations oh helium- broadening coefficients for the same transitions
[JiKaiKci ] → [JfKafKcf ] of the ν2 band but for H2O molecule. The potential parameters for the
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Fig. 3. Comparison of experimentally measured [22] and calculated (solid and open circles, respectively) helium broadening
coefficients for theν2 band of H2O molecules.

H2O-He system may be considered as good established [20] and they give a rather good agreement
between calculated and existing measuredγ for this band [20,21]. This may be seen from Fig. 3 where
the comparison between the calculated and measured [22]γ for theν2 band of H2O is presented. Hereγ
are located according to Table 2 of Ref. [22]. For the studied in [22] transitions 86 Ji 6 16, 06 Kai 6
6 and the ratioγmaximal/γminimal is about 2.0. This variation ofγ appeared also in the calculation. But
for the lines with 16 Ji 6 7, 06 Kai 6 4 such large variation ofγ is absent as it is shown in Fig. 2.

Thus in the framework of the used calculation method and interaction potential (3) the strongJ-
dependence in measured [1] helium broadening coefficients for theν2 band of H2S can not be explained.

4. Neon-, argon-, krypton,-and xenon – broadening

In the first stage of the calculation the Lennard-Jones parametersε12, σ12 of isotropic potential (4) for
the system H2S-A (A = Ne, Ar, Kr, and Xe) and parameterseHA anddHA were calculated according
to the “combination” rules (5). Thenε12, σ12 were used in the calculationse1A = eSA +2eHA and
d1A = dSA +2dHA. Then the parameterdSA was optimized to give the minimum ofrms (6) for the lines
of ν1 band. As a consequence the parameterdHA changed so that the calculatedd1A remained constant.
Obtained in this way the optimal values of the potential parameters are presented in the corresponding
column of Table 4 and calculated broadening coefficients and their comparison with the experimental
data are given in Tables 1 and 2. These sets of the parameters don’t give the minimumrms (6) for theν3

band of H2S in the systems H2S-Ne and H2S-Ar. These minimums were achieved fordSA = 0.563 and
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Fig. 4. Calculated cross-sectionsσ (in Ï2) as a function of temperature for the 110 ← 101 (open circles) and 220 ← 211 (open
squares) transitions ofν1 band of H2S.

2.99 (in 10−7 erg · Å12) in the case of Ne and Ar broadening, respectively. The results of calculationγ

for theν2 band were obtained with the parameters from Table 4.
Thus similar to helium broadening the best agreements betweenγ(exp) [7] andγ(cal) for different

vibrational bands were achieved with different optimal potential parameters.

5. Analytical representation of helium broadening coefficients of H2 S for the ν1 band

The optimal set of the potential parameters for H2S-He system from the second column of Table 3
was used for the calculation of helium broadening coefficients ofν1 H2S lines with Ji, Jf 6 15,
∆K = |Ka,I − Kaf | 6 3 for the temperature interval 100 K6 T 6 1200 K. For the analytical
representation of these calculated coefficientsγ the analytical expression [23]

γif ≡ γ(sur) = x1 +
x2(Ji, Jf )Ch[α2(Ji, Jf )(Ki −Kf )(Ki + Kf )]

Ch[α1(Ji, Jf )(Ki − xe1(Ji, Jf )]Ch[α1(Ji, Jf )(Kf − xe1(Ji, Jf )]
(7)

was applied. In this expression

xk(Ji, Jf ) = xk0 + xk1(Ji + Jf ) + . . .

xel(Ji, Jf ) = xel0 + xel1(Ji + Jf ) + . . . (8)

αl(Ji, Jf ) = αl0 + αl1(Ji + Jf ) + . . .,
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Table 4
Parameters ofγ(sur) (7)–(9) for helium-broadening coefficients ofν1 band of
H2S∗ (x3 = α1, x4 = xe1, x5 = α2)

x20 (0.5090± 0.0015)· 10−1 x50 (0.10089± 0.0078)· 10−1

x21 −(0.6413± 0.0070)· 10−3 x51 −(0.1400± 0.0299)· 10−3

x30 −0.1042± 0.0043 n20 −0.4520±0.0005
x31 (0.1452± 0.0166)· 10−2 n21 −0.9601± 0.0017
x40 −1.2365± 0.1313 n30 = n31 −0.4912± 0.0040
x41 0.2879± 0.0057 n40 = n41 −0.13355± 0.00239

n50 = n51 −0.3417± 0.0101
∗Parametersx20 andx21 are in cm−1/ atm; other parameters are dimensionless.

andxk0, . . . αl1 are adjustable parameters andk, l = 1,2. The temperature dependence ofγ was
described through the temperature dependence of the these parameters, for example,

xkl(T ) = xkl(T0) ·
(

T

T0

)nkl

(9)

HereT0 = 296K. Parametersxk0, . . . αl1 as well asnkl were obtained in the fitting of Eqs (7)–(9) to the
calculatedγ. They are presented in Table 4. The comparison between the calculatedγ(sur) andγ(exp)
is given in the seventh column of Table 1. As an example the calculated temperature dependence of the
cross sectionsσ for two transitions 110 ← 101 and 220 ← 211 is shown in Fig. 4. According to Figs 12
and 13 of Ref. [10] experimentally measuredσ ≈ 20 · Å2 at 100K for the pure rotational transition 110

← 101 and 220 ← 211. That is in good agreements with the calculatedσ.

6. Conclusion

In this paper the results of calculations of He-, Ne-, Ar,-Kr-, and Xe broadening coefficients in
fundamental bands of H2S are presented and discussed. It was found that for H2S-He, H2S-Ne, and
H2S-Ar systems the optimal potentials are different for different vibrational bands. Besides, we could
not describe the experimentally measured in Ref. [1] strongJ – dependence of helium broadening of
H2S lines in theν2 band. The source of the large discrepancies between measured and calculatedγ for
theν2 band of H2S may be connected with the strong vibrational dependence of the collisional potential
or with the used calculation scheme. Note that some different sets of potential parameters for H2S-He
system give approximately the same quality of fitting of measured coefficientsγ.

Presented in Table 3 optimal sets of potential parameters can not be considered as well established.
For their determination it is desirable to know the experimentally measured broadening (and shifting)
coefficientsγ andδ for the extended set of rotational quantum numbersJandKa.
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Abstract. The molecular theory of optically induced static magnetization is extended to systems acted on with a dc electric
field. The two effects, the invers Faraday effect and invers magnetochiral birefringence, are analysed for their dependence on
an electric field perpendicular or parallel to the propagation direction of the incident light beam. The mechanisms responsible
for the effects are described in terms of linear and nonlinear multipole polarizability tensors as well as molecular reorientation
functions defined by the generalized Langevin-Kielich functions. The effects at electric saturation are a source of information
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1. Introduction

It is very well know that an isotropic molecular medium without any external field does not exhibit
any birefringence exept circular birefringence if the system is composed of chiral molecules. The
multipolar theory of electromagnetic polarization states that the optical properties of a molecular system
undergo modification when an external electric or magnetic field is applied [1–4]. One of the effects
of a static magnetic fieldB0 acting on a medium in which a linearly polarized beam of monochromatic
light propagates in the direction ofB0 consists in the rotation of the plane of polarization discovered by
Faraday. Extensive lists of the papers on the Faraday effect in nonconducting liquid and gaseous media
may be found in the reviews by Buckingham and Stephens [5] and by Palik and Henvis [6].

Van der Ziel, Pershan and Malmstrom [7] have shown experimentally that circularly polarized light
induces in a medium a static magnetization. They have measured the effect in a few glasses and
liquids and have called this the inverse Faraday effect. The effect has been investigated theoretical-
ly [8–13] and measured in terbium gallium garnet [14], Tb-droped aluminium-boron-silicate glass [15]
and in plasmas [16–18]. Some interesting applications of the inverse Faraday effect have been also
proposed [19–22].

A static magnetic field applied along the propagation direction of circularly polarized light in a molec-
ular medium possessing natural optical activity induces a linear magnetorefractive effect [23–25]. The
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1472-7978/10/$27.50 2010 – IOS Press and the authors. All rights reserved
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molecular theory of this effect has been formulated for molecules with a nondegenerate or degenerate
electronic ground state [26]. It has been shown in [26,27] that the change in refractive index and in
absorption coefficient in the presence of a static magnetic field applied along the direction of light prop-
agation is not a circular differential effect, and that it can occur in optically active media for circularly,
linearly and unpolarized light, leading to magnetochiral birefringence and magnetochiral dichroism [28,
29]. The molecular theory of these effects has been extended to the case of additional external static elec-
tric [30] or optical [31] fields for media composed of diamagnetic as well as paramagnetic molecules [32].
The effects has been also discussed theoretically in [33,34]. Magnetochiral birefringence has been first
measured by Kleindienst and Wagnière [35] and then by Kalugin et al. [36] and Vallet et al. [37].

Wagnìere has shown [38] that a coherent beam of light of arbitrary polarization traveling in a medium
composed of randomly oriented chiral molecules induces a static magnetization parallel or antiparallel to
the direction of light propagation. The sign of the magnetization depends on the direction of propagation
of the light as well as on the particular enantiomer of the chiral molecules, and changes by either reversing
the propagation direction or replacing the chiral molecules by their enantiomers. This nonlinear optical
effect, in analogy to the inverse Faraday efect (IFE), is named inverse magnetochiral birefringence
(IMCHB). The role of molecular symmetry in IMCHB in nonabsorbing molecular systems has been
discussed in [11], whereas the effect for molecular systems near their optical resonances – in [39].

In the present paper we discuss the influence of molecular reorientational processes, forced by a dc elec-
tric field, on optically induced static magnetization: the invers Faraday effect and inverse magnetochiral
birefringence.

2. Fundamentals

We consider an arbitrary nondissipative system of volumeV containingN uncorrelated atoms or
molecules in homogeneous dc magnetic and electric fields,B0 andE0, on which a light wave with
electric vector

E(r, t) = E(ω,k) exp(−iωt) + E∗(ω,k) exp(iωt) (1)

is incident, whereE(ω,k) = E(ω) exp(ik · r).
The interaction between macroscopic nondissipative media and time-varying electromagnetic field can

be described by time-averaged potential function, the free energy density [40]. In our case the effective
free energy density has the following form:

∆F = −ρ
{1

2
< eαe

ij(−ω;ω) >E0,B0 E∗
i Ej+ < eαm

ij (−ω;ω) >E0,B0 E∗
i Bj

+
1

3
< eαq

i(jl)(−ω;ω) >E0,B0 E∗
i Elj

+
[1

2
< eαem

ijp(−ω;ω, 0) >E0,B0 E∗
i Ej+ < eαmm

ijp (−ω;ω, 0) >E0,B0 E∗
i Bj

+
1

3
< eαqm

i(jl)p(−ω;ω, 0) >E0,B0 E∗
i Elj

]
B0

p + c.c.
}
, (2)

whereEi ≡ Ei(ω, k), Elj ≡ ∇lEj, ρ = N/V , B is the magnetic vector of the light wave,
< · · · >E0,B0 stands for the statistical average in the presence of the external fieldsB0 andE0, and ( )
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denotes symmetry in respective pair of indices. Moreover, we have

(AαB)∗ = BαA (3)

for A,B = e, m, q.
In Eqs (2) and (3) the polarizabilitieseαe(−ω;ω), eαm(−ω;ω) and eαq(−ω;ω) are the electric-

dipole polarizabilities related to dipolar-electric, dipolar-magnetic and quadrupolar-electric transitions,
respectively; mαe(−ω;ω) is the magnetic-dipole andqαe(−ω;ω) – the electric-quadrupole polariz-
ability, both related to dipolar-electric transitions. The quantum mechanical form of these tensors can
be found in [1,41]. Moreover, in Eq. (2) there are tensorseαem(−ω;ω, 0), eαmm(−ω;ω, 0) and
eαqm(−ω;ω, 0) which are connected with variation of multipolar polarizabilities in the presence of the
field B0; their quantum mechanical forms can be derived applying stationary perturbation calculus [4,
26,42].

Applying the classical Boltzmann average withU = −µm ·B0, the potential energy of the molecule
in the fieldB0 with µm being its permanent magnetic dipole moment, we have:

∆F = −ρ
{1

2
< eαe

ij >E0 E∗
i Ej+ < eαm

ij >E0 E∗
iBj +

1

3
< eαq

i(jl) >E0 E∗
i Elj

}

− ρ
{1

2

[
< eαem

ijp >E0 +
1

kBT
< eαe

ijµ
m
p >E0

]
E∗

i Ej

+
[
< eαmm

ijp >E0 +
1

kBT
< eαm

ijµ
m
p >E0

]
E∗

i Bj

+
1

3

[
< eαqm

i(jl)p >E0 +
1

kBT
< eαq

i(jl)µ
m
p >E0

]
E∗

i Elj

}
B0

p + c.c.. (4)

For simplicity we omit in Eq. (4) frequencyω writing eαe
ij instead ofeαe

ij(−ω;ω), eαmm
ijp instead of

eαmm
ijp (−ω;ω, 0) and so on.

The polarizabilities in Eq. (4) can be expressed in the following form [26]:

eαe
ij = eβe

(ij) + i eγe
[ij],

eαm
ij = eβm

ij + i eγm
ij ,

eαq
i(jl) = eβq

i(jl) + i eγq
i(jl), (5)

eαem
ijp = eβem

(ij)p + i eγem
[ij]p,

eαmm
ijp = eβmm

ijp + i eγmm
ijp ,

eαqm
i(jl)p = eβqm

i(jl)p + i eγqm
i(jl)p, (6)

where the tensorseβe, eγm, eβq, eγem, eβmm andeγqm are symmetric with respect to time inversion
(i – tensors), whereaseγe, eβm, eγq, eβem, eγmm andeβqm are antisymmetric with respect to time
inversion (c – tensors) and components of all tensorsβ andγ are real in the absence of absorption; [ ]
denotes antisymmetry in the enclosed indices. Non-zero components of these tensors, for all molecular
symmetries, can be found in [43]

Since the static magnetizationM is given by [44]

Mp = −∂∆F/∂B0
p , (7)

taking into consideration the relations (5), (6) andElj = iEjkl, we have

Mp = M (1)
p +M (2)

p +M (3)
p , (8)
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where

M (1)
p =

1

2
ρ
[
< eγem

[ij]p >E0 +
1

kBT
< eγe

[ij]µ
m
p >E0

]
iE∗

i Ej + c.c.. (9)

M (2)
p = ρ

[
< eβmm

ijp >E0 +
1

kBT
< eβm

ij µ
m
p >E0

]
E∗

i Bj + c.c., (10)

M (3)
p = −1

3
ρ
[
< eγqm

i(jl)p >E0 +
1

kBT
< eγq

i(jl)µ
m
p >E0

]
E∗

i Ejkl + c.c.. (11)

If the incident light beam propagates in the direction of theZ-axis of the laboratory coordinate system
{XY Z} we have for the componentMz of the static magnetization

M (1)
z = ρ

[
< eγem

[xy]z >E0 +
1

kBT
< eγe

[xy]µ
m
z >E0

]
(E∗

xEy − ExE
∗
y), (12)

M (2)
z =

ρ

c

[
< eβmm

xyz − eβmm
yxz >E0 +

1

kBT
< (eβm

xy − eβm
yx)µm

z >E0

]
(|Ex|2 + |Ey|2), (13)

M (3)
z = −ρω

3c

[
< eγqm

x(xz)z + eγqm
y(yz)z >E0

+
1

kBT
< (eγq

x(xz) + eγq
y(yz))µ

m
z >E0

]
(|Ex|2 + |Ey|2). (14)

Introducing the intensity of left (-) and right (+) circularly polarized light

I± =
1

2
ε0cn|E±|2 (15)

with the electric field

E± =
√

2/2(Ex ∓ iEy), (16)

and the intensityI of unpolarized (or arbitrarily polarized light)

I =
1

2
ε0cn|E|2, (17)

wheren is the refractive index of the medium, c – velocity of light in vacuum, we have

M (1)
z =

2ρ

ε0 cn

[
< eγem

[xy]z >E0 +
1

kBT
< eγe

[xy]µ
m
z >E0

]
(I− − I+) (18)

M (2)
z =

2ρ

ε0 c2n

[
< eβmm

xyz − eβmm
yxz >E0 +

1

kBT
< (eβm

xy − eβm
yx)µm

z >E0

]
I, (19)

M (3)
z = − 2ρω

3ε0 c2n

[
< eγqm

x(xz)z + eγqm
y(yz)z >E0 +

1

kBT
< (eγq

x(xz) + eγq
y(yz))µ

m
z >E0

]
I. (20)
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Eq. (18) describes a static magnetization induced by circularly polarized light and this effect is named
the inverse Faraday effect [7]. The expressionsM

(2)
z andM (3)

z describe a static magnetization in-
duced by unpolarized (or arbitrarily polarized light) and this effect is named inverse magnetochiral
birefringence [10].

For molecules of very low symmetry for which the tensor of linear electric polarizability (ω = 0)
possesses three different componentseβe

11(0) 6= eβe
22(0) 6= eβe

33(0), the averaging procedure (18)- (20)
leads to result of a high degree of complication. Accordingly here, we shall consider molecules for
which the tensor componentseβe

αβ(0) fulfil the relation

eβe
11(0) = eβe

22(0) 6= eβe
33(0), (21)

where the subscripts 1, 2 and 3 refer to the molecular system of coordinates{1, 2, 3}.
The relation (21) occurs for molecules of 67 magnetic point group symmetries among of them molecules

of 16 point groups are dipolar with an intrinsic electric dipole momentµ directed along of 3-axis of the
molecular system of coordinates [43].

In our case, the distribution function applied to the averaging of the individual terms of Eqs (18)–(20)
has the form [3,45,46]:

f(θ,E0
i ) =

exp(p cos θ ± q cos2 θ)

4π2
π∫
0

exp(p cos θ ± q cos2 θ) sin θdθ

(22)

involving the dimensionless permanent electric dipole reorientation parameterp and polarizability ellip-
soid reorientation parameterq of the molecule

p =
µE0

i

kBT
, (23)

q =
|eδe(0)|
2kBT

(E0
i )2, (24)

with eδe(0) = eβe
33(0) − eβe

11(0) – the anisotropy of electric polarizabilityeβe(0); E0
i representsE0

y

or E0
z , a dc electric field applied perpendicular or parallel to the direction of the light propagation,

respectively. The signs “+” and “−” in Eq. (22) refer, respectively, to molecules with positive and
negative anisotropyeδe(0) and θ is the angle between the fieldE0 and 3–axis of the molecule in
the molecular coordinate system. The distribution function (22) being independent of the other two
Euler anglesϕ andψ (0 6 ϕ 6 2π, 0 6 ψ 6 2π, 0 6 θ 6 π ), when going over with the multipole
polarizability tensor components (18)–(20) to molecular coordinates, the averaging over these two angles
reduces to isotropic averaging [3,47]:

< cosn ϕ >=< cosn ψ >=< sinn ϕ >=< sinn ψ >=

{
(2t−1)!!

2tt! , for n = 2t,
0, for n = 2t+ 1.

(25)

For nondipolar molecules averaging in Eqs (18)–(20) is carried out with the distribution function (22) at
p = 0.
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3. Inverse Faraday effect

3.1. Absence of the fieldE0

In the absence of an external dc electric fieldE0, the statistical average< · · · >E0
in Eq. (18) becomes

the isotropic average< · · · > giving [11]

M (1)
z (0) =

ρ

3ε0 c n
εαβγ

[
eγem

[αβ]γ +
1

kBT
eγe

[αβ]µ
m
γ

]
(I− − I+), (26)

whereεαβγ is the Levi-Civita third-rank antisymmetric unit tensor and the componentseγem
[αβ]γ , eγe

[αβ]

andµm
γ are given in the molecular frame of coordinates{1, 2, 3}.

The above equation describes the static magnetization induced by circularly polarized light and is
equivalent to expressions which have been derived by Atkins and Miller [9] and Wagnière [10]. This
effect occurs in any molecular system.

For paramagnetic molecules which fulfil the relation (21) (23 magnetic point group symmetries) we
have [11]

M (1)
z (0) =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231 +

1

kBT
eγe

12 µ
m
3

]
(I− − I+), (27)

and for diamagnetic ones (44 magnetic point group symmetries)

M (1)
z (0) =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231

]
(I− − I+). (28)

3.2. DC electric fieldE0 perpendicular to the incident light beam(E0 ⊥ k)

Assume a molecular medium to be acted on additionally with a dc electric fieldE0
y applied along the

Y - axis of the laboratory system of coordinates.

3.2.1. Diamagnetic molecules
On carring out statistical averaging in Eq. (18) for diamagnetic dipolar molecules we obtain

M (1)⊥
z =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231 − ( eγem

123 − eγem
231)Φ1(p,±q)

]
(I− − I+), (29)

where the molecular reorientation function

Φ1(p,±q) =
1

2
{3L2(p,±q) − 1} (30)

is given by the generalized Langevin-Kielich functionL2(p,±q) with [45]

Ln(p,±q) =

π∫
0

cosn θ exp(p cos θ ± q cos2 θ) sin θdθ

4π2
π∫
0

exp(p cos θ ± q cos2 θ) sin θdθ

; (31)

the superscript⊥ in Eq. (29) stands for the configuration(E0 ⊥ k).
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In the case of weak molecular reorientation (p≪ 1, q ≪ 1), the functionΦ1(p,±q) can be expressed
as follows

Φ1(p,±q) =
p2

15
± 2q

15
+ · · · (32)

whence Eq. (29) have the form

M (1)⊥
z =

2ρ

45ε0 c n

{
15(eγem

123 + 2 eγem
231)

− ( eγem
123 − eγem

231)
[( µ

kBT

)2
+

eδe(0)

kBT

]
(E0

y)2
}
(I− − I+). (33)

If the fieldE0
y increases, the parametersp andq increas as well, and the functionΦ1(p,+q) increases

monotonously being always positive, contrary to the functionΦ1(p,−q) which has the positive maximum
and then tends to negative value [45,46]. In the case of very strong molecular reorientation (p → ∞,
q → ∞)

Φ1(∞,+∞) = 1, (34)

Φ1(∞,−∞) = −1

2
, (35)

and for diamagnetic dipolar molecules with positive anisotropyeδe(0) of relevance here

M (1)⊥
z (+∞) =

2ρ

ε0 c n
eγem

231 (I− − I+), (36)

whereas for molecules witheδe(0) < 0

M (1)⊥
z (−∞) =

ρ

ε0 c n
( eγem

123 + eγem
231 )(I− − I+). (37)

For diamagnetic nondipolar molecules Eq. (29) containsΦ1(±q) in place ofΦ1(p,±q) andµ = 0
in Eq. (33). The value of the functionΦ1(+q) increases monotonously (being always positive) with
increasing the parameterq on contrary to the value of the functionΦ1(−q) which decreases monotonously
(being always negative) with increasingq. If molecular ordering attains saturation (q → ∞) then

Φ1(+∞) = 1, (38)

Φ1(−∞) = −1

2
, (39)

and for diamagnetic nondipolar molecules with positive or negative anisotropyeδe(0) we have

M
(1)⊥
z (+∞) orM (1)⊥

z (−∞) given by Eqs (36) or (37), respectively.
The functionΦ1(p,±q) describes, as well, the reorientation process of Kerr’s effect in a strong electric
field [48], light scattering in solutions of biomacromolecules in an electric or magnetic field [46] and
occurrs in description of second-harmonic generation by isotropic media in a dc electric field [3,45]. The
functionsΦ1(±q) is also involved, for instance, in Rayleigh [49,50] and Raman [51] light scattering.
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3.2.2. Paramagnetic molecules
On calculating the mean values of Eq. (18) with distribution function (22) for paramagnetic dipolar

molecules we obtain

M (1)⊥
z =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231 +

1

kBT
eγe

12 µ
m
3

−
(

eγem
123 − eγem

231 +
1

kBT
eγe

12 µ
m
3

)
Φ1(p,±q)

]
(I− − I+). (40)

In the case of weak molecular reorientation the static magnetizationM
(1)
z is given by the following

expression

M (1)⊥
z =

2ρ

45ε0 c n

{
15(eγem

123 + 2 eγem
231 +

1

kBT
eγe

12 µ
m
3 )

− ( eγem
123 − eγem

231 +
1

kBT
eγe

12 µ
m
3 )

[( µ

kBT

)2
+

eδe(0)

kBT

]
(E0

y)2
}
(I− − I+). (41)

At molecular ordering saturation

M (1)⊥
z (+∞) =

2ρ

ε0 c n
eγem

231 (I− − I+), (42)

for molecules witheδe(0) > 0 and

M (1)⊥
z (−∞) =

ρ

ε0 c n
( eγem

123 + eγem
231 +

1

kBT
eγe

12 µ
m
3 )(I− − I+). (43)

for molecules witheδe(0) < 0.
For paramagnetic nondipolar molecules the static magnetization is described by Eq. (40) withΦ1(±q)

instead ofΦ1(p,±q) and, at weak molecular reorientation, we have Eq. (41) withµ = 0.
It is noteworthy that, at electric saturation of molecules with positive anisotropyeδe(0), there is no

pure paramagnetic contribution to the inverse Faraday effect considered above (see Eqs (36) and (42)).
Moreover, the effect is dependent on but one polarizablity tensor componenteγem

231. Thus, it can be
determined directly by the measurement of the inverse Faraday effect at electric suturation discussed
above.

3.3. DC electric fieldE0 parallel to the incident light beam(E0 ‖ k)

Assume now a molecular system to be acted on additionally with a dc electric fieldE0
z applied parallel

to the direction of the light propagation (Z-axis of the laboratory frame of coordinates). In this case the
distribution functionf(θ,E0

z ) used for calculating the mean values of Eq. (18) has the form (22) with
E0

i = E0
z .

3.3.1. Diamagnetic molecules
In this experimental configuration the inverse Faraday effect induced in madia composed of diamagnetic

dipolar molecules is described by the expression

M (1)‖
z =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231 + 2( eγem

123 − eγem
231)Φ1(p,±q)

]
(I− − I+), (44)
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with the molecular reorientation functionΦ1(p,±q) given by Eq. (30); the superscript‖ stands for the
configurationE0 ‖ k.

In the case of weak molecular reorientation due to the fieldE0
z

M (1)‖
z =

2ρ

45ε0 c n

{
15(eγem

123 + 2 eγem
231)

+ 2( eγem
123 − eγem

231)
[( µ

kBT

)2
+

eδe(0)

kBT

]
(E0

z )2
}
(I− − I+). (45)

If the electric fieldE0
z leads to molecular ordering saturation described, for molecules with positive

and negative anisotropyeδe(0), by the functionsΦ1(+∞,+∞) andΦ1(+∞,−∞) (Eqs (34) and (35)),
respectively, we have

M (1)‖
z (+∞) =

2ρ

ε0 c n
eγem

123 (I− − I+), (46)

for eδe(0) > 0, and

M (1)‖
z (−∞) =

2ρ

ε0 c n
eγem

231 (I− − I+), (47)

for eδe(0) < 0.
For diamagnetic nondipolar molecules we have Eq. (44) with the functionΦ1(±q) instead ofΦ1(p,±q)

and Eq. (45) withµ = 0. Moreover, Eqs (46) and (47) are fulfilled for nondipolar molecules as well.
Eqs (46) and (47) show that in the case of very strong molecular reorientation only one polarizability

tensor component mediates the effect:eγem
123 for molecules witheδe(0) > 0 andeγem

231 for ones with
eδe(0) < 0. Thus, these components can be determined directly from the measurement of the inverse
Faraday effect at electric saturation.

3.3.2. Paramagnetic molecules
Applying the above procedure for paramagnetic dipolar molecules we get

M (1)‖
z =

2ρ

3ε0 c n

[
eγem

123 + 2 eγem
231 +

1

kBT
eγe

12 µ
m
3 +

2( eγem
123 − eγem

231 +
1

kBT
eγe

12 µ
m
3 )Φ1(p,±q)

]
(I− − I+). (48)

If the dimensionless reorientation parametersp and q fulfil the relationsp ≪ 1 and q ≪ 1, the
magnetizationM (1)‖

z can be expressed in the form:

M (1)‖
z =

2ρ

45ε0 c n

{
15(eγem

123 + 2 eγem
231 +

1

kBT
eγe

12 µ
m
3 ) +

2( eγem
123 − eγem

231 +
1

kBT
eγe

12 µ
m
3 )

[( µ

kBT

)2
+

eδe(0)

kBT

]
(E0

z )2
}

(I− − I+). (49)

On the other hand, if the fieldE0
z is strong enough to forced molecular ordering saturation, then

M (1)‖
z (+∞) =

2ρ

ε0 c n

(
eγem

123 +
1

kBT
eγe

12 µ
m
3

)
(I− − I+), (50)
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for eδe(0) > 0, and

M (1)‖
z (−∞) =

2ρ

ε0 c n
eγem

231 (I− − I+), (51)

for eδe(0) < 0.
In the case of paramagnetic nondipolar molecules we have Eq. (48) withΦ1(±q) instead ofΦ1(p,±q),

Eq. (49) withµ = 0 and, at electric saturation, Eqs (50) and (51). It results from Eq. (51) that there is
no paramagnetic contribution to the effect for molecules with negative anisotropyeδe(0) at molecular
ordering saturation forced by the fieldE0

z. Eqs (47) and (51) show that the polarizability tensor component
eγem

231 of dia- and paramagnetic molecules (dipolar and nondipolar) with the negative anisotropyeδe(0)
can be determined by the measurement of the inverse Faraday effect at longitudinal electric saturation.
Moreover, in the system composed of molecules with the positive anisotropyeδe(0), the paramagnetic
contribution to the effect is 3 times larger at saturation than at the absence of the fieldE0

z .

4. Inverse magnetochiral birefringence

Inverse magnetochiral birefringence is the effect in which the static magnetization is induced in a
medium by unpolarized or arbitrarily polarized light. In a molecular system it is described by Eqs (19)
and (20). For futher consideration it is convenient to rewrite these equations in the forms

M (2)
z = DM (2)

z + PM (2)
z (52)

with

DM (2)
z =

2ρ

ε0 c2n
< eβmm

xyz − eβmm
yxz >E0 I (53)

PM (2)
z =

2ρ

ε0 c2nkBT
< (eβm

xy − eβm
yx)µm

z >E0 I, (54)

and

M (3)
z = DM (3)

z + PM (3)
z (55)

with

DM (3)
z = − 2ρω

3ε0 c2n
< eγqm

x(xz)z + eγqm
y(yz)z >E0 I, (56)

PM (3)
z = − 2ρω

3ε0 c2nkBT
< (eγq

x(xz) + eγq
y(yz))µ

m
z >E0 I, (57)

where the superscriptsD andP stand for diamagnetic and paramagnetic contributions.
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4.1. Absence of the external fieldE0

In this case the statistical average< · · · >E0 in Eqs (19) and (20) becomes isotropic space average
< · · · > leading to [11]

DM (2)
z (0) =

2ρ

3ε0 c2 n
εαβγ

eβmm
αβγ I, (58)

PM (2)
z (0) =

2ρ

3ε0 c2 nkBT
εαβγ

eβm
αβ µ

m
γ I, (59)

DM (3)
z (0) = − 4ρω

3ε0 c2n
Xαβγδ

eγqm
α(βγ)δ I, (60)

PM (3)
z (0) = − 4ρω

3ε0 c2nkBT
Xαβγδ

eγq
α(βγ)µ

m
z I, (61)

where

Xαβγδ =
1

30
(δαβδγδ − δαγδβδ − δαδδβγ) (62)

with δαβ being second-rank unit tensors (Kronecker deltas).
The static magnetization described by Eqs (58)–(62) is non-zero in molecular systems composed of

chiral molecules of 24 magnetic points group symmetries [11,43]. However, in the present paper we are
interested in molecules which fulfil the relation (21) and this restriction leaves us with the symmetries
3, 4, 6, ∞, 422, 32 and622 for paramagnetic molecules, and the symmetries4, 6, 422, 422, 32, 622 and
622 for diamagnetic ones [11]. For paramagnetic molecules possessing these symmetries we have

DM (2)
z (0) =

4ρ

3ε0 c2 n
(eβmm

123 + eβmm
231 + eβmm

312 ) I, (63)

PM (2)
z (0) =

4ρ

3ε0 c2 nkBT
eβm

12 µ
m
3 I, (64)

DM (3)
z (0) = − 2ρω

15ε0 c2n

[
eγqm

3333 + 2( eγqm
1111 + eγqm

1122 + eγqm
1133 + eγqm

3311)
]
I, (65)

PM (3)
z (0) = − 2ρω

15ε0 c2nkBT
( eγq

333 + 2 eγq
113 )µm

3 I. (66)

For diamagnetic molecules with the above symmetries we have only Eqs (63) and (65).



606 S. Wózniak / Optically induced static magnetization

4.2. DC electric fieldE0 perpendicular to the incident light beam(E0 ⊥ k)

4.2.1. Diamagnetic molecules
The infuence of pure reorientational processes on inverse magnetochiral birefringence in isotropic

media composed of diamagnetic molecules is described by Eqs (53) and (56). On averaging with the
distribution function (22) we get for diamagnetic dipolar molecules having the symmetries4, 6

DM (2)⊥
z =

2ρ

3ε0 c2 n

[
2(eβmm

123 + eβmm
231 + eβmm

312 )

+ (eβmm
231 + eβmm

312 − 2 eβmm
123 )Φ1(p,±q)

]
I, (67)

DM (3)⊥
z = − ρω

30ε0 c2n

[
4 eγqm

3333 + 8( eγqm
1111 + eγqm

1122 + eγqm
1133 + eγqm

3311) − 4 eγqm
3333 Φ2(p,±q)

+ 2( eγqm
1111 + eγqm

1122 − 4 eγqm
1133)Φ3(p,±q) + 5 eγqm

1331 Φ4(p,±q)

+ 12 eγqm
3311 Φ5(p,±q))

]
I, (68)

whereΦ1(p,±q) is given by Eq. (30) and

Φ2(p,±q) =
1

16
{45L4(p,±q) − 30L2(p,±q) + 1}, (69)

Φ3(p,±q) =
1

8
{30L2(p,±q) − 15L4(p,±q) − 7}, (70)

Φ4(p,±q) =
1

8
{15L4(p,±q) − 6L2(p,±q) − 1}, (71)

Φ5(p,±q) =
1

4
{5L4(p,±q) − 1} (72)

are determined by the generalized Langevin-Kielich functions (31).
For diamagnetic nondipolar molecules (symmetries422, 422, 32, 622, 622 ) the functionsΦn(p,±q)

in Eqs (67) and (68) have to be replaced by functionsΦn(±q).
If molecular ordering attains saturation (p → ∞, q → ∞) then

Φn(∞,+∞) = 1, Φn(+∞) = 1, (73)

Φ2(∞,−∞) = Φ2(−∞) =
1

16
, Φ3(∞,−∞) = Φ3(−∞) = −7

8
, (74)

Φ4(∞,−∞) = Φ4(−∞) = −1

8
, Φ5(∞,−∞) = Φ5(−∞) = −1

4
, (75)

and for dipolar and nondipolar molecules with positive anisotropyeδe(0)

DM (2)⊥
z (+∞) =

2ρ

ε0 c2 n
(eβmm

231 + eβmm
312 ) I, (76)
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whereasDM (3)
z for molecules with the symmetries4, 422,422 becomes

DM (3)⊥
z (+∞) = − ρω

6ε0 c2n
(2 eγqm

1111 + 2 eγqm
1122 + 4 eγqm

3311 + eγqm
1331) I, (77)

and for the symmetries6, 32, 622, 622

DM (3)⊥
z (+∞) = − ρω

3ε0 c2n
( eγqm

1111 + 2 eγqm
3311 − eγqm

1221)I. (78)

For molecules with negative anisotropyeδe(0)

DM (2)⊥
z (−∞) =

ρ

ε0 c2 n
(2 eβmm

123 + eβmm
231 + eβmm

312 ) I, (79)

DM (3)⊥
z (−∞) = − ρω

48ε0 c2n
(10 eγqm

1111 + 6 eγqm
3333 + 10 eγqm

1122

+ 24 eγqm
3311 + 8 eγqm

3322 − eγqm
1331)I. (80)

It is noteworthy that, at electric saturation, the effect under consideration is determined by a lesser number
tensor componentseβmm

αβγ andeγqm
α(βγ)δ than in the field-less case. The functionsΦ1(p,±q), Φ2(p,±q)

andΦ3(p,±q) jointly describe, as well, light scattering by solution of macromolecules in external electric
and magnetic fields [46] (the functionQ(p,±q) of [46] fulfils the relationQ(p,±q) = 2Φ2(p,±q) −
Φ3(p,±q)) and the functionΦ2(p,±q) is involved in description of the circular intensity difference
light scattering by optically active madia in dc electric field [52]. The functionsΦ1(±q), Φ2(±q)
andΦ3(±q) describe, for instance, laser optical saturation of molecular reorientation in Rayleigh [49,
50] and Raman [51] light scattering (the functionsR1(±q) andR4(±q) of [51] fulfil the relations
R1(±q) = 4Φ2(±q) − 3Φ3(p,±q) andR4(±q) = 2Φ2(±q) − Φ3(p,±q)).

4.2.2. Paramagnetic molecules
Inverse magnetochiral birefringence in isotropic media composed of paramagnetic molecules is de-

scribed by Eqs (52)–(57) which present diamagnetic (Eqs (53) and (56)) as well as paramagnetic (Eqs (54)
and (57)) contributions to the effect. For paramagnetic dipolar molecules (the symmetries3, 4, 6, ∞)
we have Eqs (67) and (68) whereas for nondipolar ones (the symmetries422, 32, 622) the functions
Φn(p,±q) in Eqs (67) and (68) have to be replaced by functionsΦn(±q). Moreover, for paramagnetic
dipolar and nondipolar molecules we have Eqs (76), (79) and (80), whereas Eq. (77) is now for the
symmetries4 and422, and Eq. (78) for the symmetries3, 6, ∞, 32 and622.

Carring out the statistical averaging in Eqs (54) and (57) for paramagnetic dipolar molecules (the
symmetries3, 4, 6, ∞) we have

PM (2)⊥
z =

4ρ

3ε0 c2 nkBT
eβm

12 µ
m
3

[
1 − Φ1(p,±q)

]
I, (81)

PM (3)⊥
z = − 2ρω

15ε0 c2nkBT
µm

3

{
eγq

333

[
1 − Φ2(p,±q)

]
+ 2 eγq

113

[
1 − Φ3(p,±q)

]}
I (82)

with the molecular reorientation functionsΦ1(p,±q), Φ2(p,±q) andΦ3(p,±q) given by Eqs (30), (69)
and (70). For a medium composed of paramagnetic molecules without an intrinsic electric dipole moment
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(molecules possessing the symmetries422, 32, 622) the functionsΦn(p,±q) of Eqs (81) and (82) have
to be replaced by the functionsΦn(±q).
In the case of very strong molecular reorientation (p → ∞, q → ∞), we have (35),(39), (73) and (74)
and for molecules with electric anisotropyeδe(0) > 0

PM (2)⊥
z (+∞) = PM (3)⊥

z (+∞) = 0, (83)

whereas for ones witheδe(0) < 0

PM (2)⊥
z (−∞) =

2ρ

ε0 c2 nkBT
eβm

12 µ
m
3 I, (84)

PM (3)⊥
z (−∞) = − ρω

8ε0 c2nkBT
( eγq

333 + 4 eγq
113)µ

m
3 I. (85)

The magnetizationPM (2)⊥
z (−∞) at electric saturation of molecules witheδe(0) < 0 is 1.5 times greater

than the magnetizationPM (2)
z (0) in the absence of the external fieldE0.

4.3. DC electric fieldE0 parallel to the incident light beam(E0 ‖ k)

Asume, as in the Subsection 3.3, an isotropic medium to be acted on additionally with a dc electric
fieldE0

z (E0 ‖ k).

4.3.1. Diamagnetic molecules
On calculating the mean values of Eqs (53) and (56) with distribution function (22) for optically active

diamagnetic dipolar molecules (the symmetries4, 6), we obtain

DM (2)‖
z =

4ρ

3ε0 c2 n

[
eβmm

123 + eβmm
231 + eβmm

312 + (2 eβmm
123 − eβmm

231 − eβmm
312 )Φ1(p,±q)

]
I, (86)

DM (3)‖
z = − 2ρω

15ε0 c2n

{
eγqm

3333 + 2( eγqm
1111 + eγqm

1122 + eγqm
1133 + eγqm

3311)

− 5 eγqm
1331 Φ1(p,±q) + (8 eγqm

1133 + 5 eγqm
1331 − 2 eγqm

1122 − 2 eγqm
1111)Φ5(p,±q)

− eγqm
3333 Φ6(p,±q) − 2 eγqm

3311 Φ7(p,±q))
}
I (87)

with

Φ6(p,±q) =
1

2
{15L4(p,±q) − 15L2(p,±q) + 2}, (88)

Φ7(p,±q) =
1

2
{15L2(p,±q) − 10L4(p,±q) − 3}, (89)

whereasΦ1(p,±q) andΦ5(p,±q) are given by Eqs (30) ang (72), respectively.
For nondipolar molecules (symmetries422, 422, 32, 622, 622 ) the effect is described by Eqs (86) and

(87) with the functionsΦn(±q) instead ofΦn(p,±q).
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The influence of reorientation processes in a dc electric field should be well apparent for parameters
p > 1 andq > 1. Since

Φ6(∞,+∞) = Φ6(+∞) = 1, Φ7(∞,+∞) = Φ7(+∞) = 1, (90)

Φ6(∞,−∞) = Φ6(−∞) = 1, Φ7(∞,−∞) = Φ7(−∞) = −3

2
, (91)

we obtain an interesting result for electric saturation, when for dipolar and nondipolar molecules with
positive anisotropyeδe(0) we get

DM (2)‖
z (+∞) =

4ρ

ε0 c2 n
eβmm

123 I, (92)

DM (3)‖
z (+∞) = − 4ρω

3ε0 c2n
eγqm

1133 I ; (93)

for molecules with negative anisotropyeδe(0)

DM (2)‖
z (−∞) =

2ρ

ε0 c2 n
( eβmm

231 + eβmm
312 ) I, (94)

whereasDM (3)‖
z (−∞) for molecules with the symmetries4, 422 and422 amounts to

DM (3)‖
z (−∞) = − ρω

6ε0 c2n
(2 eγqm

1111 + 2 eγqm
1122 + 4 eγqm

3311 + eγqm
1331)I, (95)

and for the symmetries6, 32, 622 and622 to

DM (3)‖
z (−∞) = − ρω

3ε0 c2n
( eγqm

1111 + 2 eγqm
3311 − eγqm

1221)I. (96)

The functionsΦ5(p,±q), Φ6(p,±q) andΦ7(p,±q) describe also reorientational processes in Rayleigh
light scattering in the presence of external dc fields [46] (the functionT (p,±q) of [46] fulfils the relation
4T (p,±q) = 2Φ7(p,±q) + Φ5(p,±q)), Φ6(p,±q) describes, as well, the circular intensity difference
light scattering by optically active madia in a dc electric field [52] and the functionsΦ5(±q), Φ6(±q)
andΦ7(±q) are involed in description of the influence of an intense laser beam on Rayleigh [49,50] and
Raman [51] light scattering.

4.3.2. Paramagnetic molecules
In substances containing of paramagnetic molecules the effect of inverse magnetochiral birefringence

contains, as in Section 4.2.2, diamagnetic as well as paramagnetic contributions. For paramagnetic
dipolar molecules (the symmetries 3, 4, 6,∞) we have Eqs (86) and (87) whereas for nondipolar ones
(the symmetries 422, 32, 622) the functionsΦn(p,±q) in Eqs (86) and (87) have to be replaced by
functionsΦn(±q). Moreover, for paramagnetic dipolar and nondipolar molecules we have Eqs (92),
(93) and (94), whereas Eq. (95) is now for the symmetries 4and 422, and Eq. (96) for the symmetries 3,
6, ∞, 32and 622.
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For the field configuration considered now, the pure paramagnetic contributions to the static magneti-
zation (Eqs (54) and (57)) have the following form:

PM (2)‖
z =

4ρ

3ε0 c2 nkBT
eβm

12 µ
m
3

[
1 + 2Φ1(p,±q)

]
I, (97)

PM (3)‖
z = − 2ρω

15ε0 c2nkBT
µm

3

{
eγq

333

[
1 − Φ6(p,±q)

]
+ 2 eγq

113

[
1 + 4Φ5(p,±q)

]}
I (98)

with the molecular reorientation functionsΦ1(p,±q), Φ5(p,±q) andΦ6(p,±q) given by Eqs (30), (72)
and (88). For paramagnetic molecules with no intrinsic electric dipole moment the functionsΦn(p,±q)
of Eqs (97) and (98) have to be replaced byΦn(±q).

The result are of especial interest in the case of longitudinal electric saturation. For dipolar and
nondipolar molecules witheδe(0) > 0 we then have

PM (2)‖
z (+∞) =

4ρ

ε0 c2 nkBT
eβm

12 µ
m
3 I, (99)

PM (3)‖
z (+∞) = − 4ρω

3ε0 c2nkBT
eγq

113 µ
m
3 I, (100)

whereas for ones witheδe(0) < 0

PM (2)‖
z (−∞) = PM (3)‖

z (−∞) = 0. (101)

Thus we note that, contrary to the configurationE0 ⊥ k, for which the paramagnetic magnetization
termsPM

(2)⊥
z (−∞) andPM

(3)⊥
z (−∞) are non-zero for molecules witheδe(0) < 0, the paramagnetic

terms at longitudinal electric (E0 ‖ k) saturation are non-zero for molecules witheδe(0) > 0. Moreover,

it is noteworthy that the magnetizationPM
(2)‖
z (+∞) is 3 times greater than the zero-field magnetization

PM
(2)
z (0), and thatPM (3)‖

z (+∞) is dependent on but one componenteγq
113 of the electric-quadrupole

polarizabilityeγq
α(βγ)(ω).

5. Discussion and conclusions

Our present considerations regarding the inverse Faraday effect and inverse magnetochiral birefrin-
gence are an extension of the theory of these effects over the molecular reorientation processes forced
by an external dc electric fieldE0 and are valid for molecules possessing axial symmetry (given by
Eq. (21)) for any degree of ordering, including electric saturation (i.e. complete alignment). In the case
of polar molecules with positive anisotropyeδe(0) the intrinsic electric dipole moments as well as induced
ones tend concordantly to orient themselves into the electric field direction, so that with growing field
intensityE0 the generalized Langevin-Kielich functionsLn(p,+q) tend to the limiting value 1, which
defines the state of complite electric saturation of molecular reorientation. In consequence the functions
Φn(p,+q) andΦn(+q) tend to 1 as well and we haveΦn(∞,+∞) = Φn(+∞) = 1. For molecules
with negative anisotropyeδe(0), the picture is entirely different. If the intrinsic electric dipole moment
µ lies along the symmetry axis, the electric polarizabilityeβe

33(0) parallel to the latter is less than the
polarizabillity eβe

11(0) perpendicular thereto. Consequently, whereas the torque of the intrinsic electric
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dipole tends to align the molecule parallel to the applied electric field direction, the torque due to the
induced electric dipole tends to orient it perpendicular to the fieldE0. With growing field intensityE0,
increasing the induced electric dipole parameterq, the molecule goes over from parallel to perpendic-
ular orientation with respect toE0. As a result of this reorientation, the generalized Langevin-Kielich
functionsLn(p,−q) decrease with growingE0 tending to zero asq grows [3]. In the limit, when the
fieldE0 is very strong causing total alignment of the molecules, the reorientation functionsΦn(∞,−∞)
andΦn(−∞) are given by Eqs (35), (39), (74), (75) and (91). In consequence the measurements of the
static magnetization in the inverse Faraday effect or inverse magnetochiral birefringence in the absence
of the external fieldE0 and at electric saturation are a sorce of information concerning the multipole
polarizability tensor components mediating the effects.

5.1. Invers Faraday effect

5.1.1. ConfigurationE0 ⊥ k
It follows from Sections 3.1 and 3.2 that two polarizability components,eγem

231 andeγem
123, involved in the

inverse Faraday effect can be determined from the measurement of the static magnetizationsM
(1)
z (0),

M
(1)⊥
z (+∞) andM (1)⊥

z (−∞), namely:

(a) for dia- and paramagnetic molecules witheδe(0) > 0

eγem
231 =

ε0 c n

2ρ(I− − I+)
M (1)⊥

z (+∞), (102)

(b) for diamagnetic molecules witheδe(0) > 0

eγem
123 =

ε0 c n

2ρ(I− − I+)

[
3M (1)

z (0) − 2M (1)⊥
z (+∞)

]
, (103)

(c) for diamagnetic molecules havingeδe(0) < 0

eγem
231 =

ε0 c n

2ρ(I− − I+)

[
3M (1)

z (0) − 2M (1)⊥
z (−∞)

]
, (104)

eγem
123 =

ε0 c n

2ρ(I− − I+)

[
4M (1)⊥

z (−∞) − 3M (1)
z (0)

]
. (105)

5.1.2. ConfigurationE0 ‖ k
In this experimental configuration two components,eγem

231 andeγem
123, can be obtained from the mea-

surement the static magnetizationsM (1)
z (0), M (1)‖

z (+∞) andM (1)‖
z (−∞), namely:

(a) for dia - and paramagnetic molecules witheδe(0) < 0

eγem
231 =

ε0 c n

2ρ(I− − I+)
M (1)‖

z (−∞), (106)

(b) for diamagnetic molecules witheδe(0) > 0

eγem
123 =

ε0 c n

2ρ(I− − I+)
M (1)‖

z (+∞), (107)

eγem
231 =

ε0 c n

4ρ(I− − I+)

[
3M (1)

z (0) −M (1)‖
z (+∞)

]
, (108)
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(c) for diamagnetic ones witheδe(0) < 0

eγem
123 =

ε0 c n

2ρ(I− − I+)

[
3M (1)

z (0) − 2M (1)‖
z (−∞)

]
. (109)

The polarizability tensor componenteγe
12 of paramagnetic molecules havingeδe(0) > 0 can be deter-

mined by the measurement of the magnetizationsM
(1)
z (0), M (1)⊥

z (+∞) andM (1)‖
z (+∞):

eγe
12 =

ε0 c nkBT

2ρµm
3 (I− − I+)

[
3M (1)

z (0) −M (1)‖
z (+∞) − 2M (1)⊥

z (+∞)
]
. (110)

Moreover, the following relations are fulfilled for diamagnetic as well as paramagnetic molecules:

3M (1)
z (0) = 2M (1)⊥

z (+∞) +M (1)‖
z (+∞) (111)

for molecules witheδe(0) > 0 and

3M (1)
z (0) = 2M (1)⊥

z (−∞) +M (1)‖
z (−∞) (112)

for ones witheδe(0) < 0.

5.2. Inverse magnetochiral birefringence

The static magnetization of inverse magnetochiral birefringence is mediated by the polarizability
tensors related with dipolar-magnetic transitions (eβm, eβmm ) and quadrupolar-electric transitions
(eγq, eγqm). If the probability of dipolar-magnetic transitions are much larger than the probability of
quadrupolar-electric ones, thenDM

(2)
z ≫DM

(3)
z . In this case the polarizability tensor componenteβmm

123

of diamagnetic molecules can be determined from the measurement of the magnetizations in the absence
of an external field and at electric saturation in the configurationE0 ⊥ k, when for molecules with
eδe(0) > 0 we have

eβmm
123 =

ε0 c
2 n

4ρI

[
3 DM (2)

z (0) − 2 DM (2)⊥
z (+∞)

]
, (113)

and for ones witheδe(0) < 0

eβmm
123 =

ε0 c
2 n

4ρI

[
4 DM (2)⊥

z (−∞) − 3 DM (2)
z (0)

]
, (114)

or from the measurement of the static magnetization at electric saturation in the configurationE0 ‖ k,
when for molecules havingeδe(0) > 0 we get

eβmm
123 =

ε0 c
2 n

4ρI
DM (2)‖

z (+∞), (115)

whereas for ones witheδe(0) < 0

eβmm
123 =

ε0 c
2 n

4ρI

[
3 DM (2)

z (0) − 2 DM (2)‖
z (−∞)

]
. (116)
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However, if DM
(3)
z ≫ DM

(2)
z , then the componenteγqm

1133 of diamagnetic molecules witheδe(0) > 0 can

be determined directly fromDM (3)‖
z (+∞):

eγqm
1133 = −3ε0 c

2 n

4ρωI
DM (3)‖

z (+∞). (117)

Moreover, the diamagnetic and paramagnetic terms of the static magnetization fulfil the following
relations:

3 DM (2)
z (0) = 2 DM (2)⊥

z (+∞) + DM (2)‖
z (+∞) = 2 DM (2)⊥

z (−∞) + DM (2)‖
z (−∞), (118)

3 PM (2)
z (0) = PM (2)‖

z (+∞) = 2 PM (2)⊥
z (−∞). (119)

It is noteworthy that, at electric saturation in the configurationE0 ⊥ k, the paramagnetic terms
PM

(2)⊥
z (+∞) andPM

(3)⊥
z (+∞) are equal to zero for molecules with positive anisotropyeδe(0) con-

trary to the configurationE0 ‖ k in which there is no paramagnetic contribution to inverse magnetochiral
birefringence for molecules possessing negative anisotropyeδe(0).

The possibilities of observing in experiment the influence of reorientational processes on optically
induced static magnetization in isotropic madia hinge on the feasibility of producing sufficiently intense
electric field as well as on the electric properties of the molecules. For molecules withp≪ 1 andq ≪ 1
the effect of molecular reorientation is negligible. This is the case for molecules with an intrinsic electric
dipole momentµ ∼ 10−29 Cm in a fieldE0 ∼ 106Vm−1 at room temperature, whenp ∼ 10−2.

The influence of molecular reorientation on the above effects should become apparent atp ∼ 1 or
q ∼ 1. This can be achieved for macromolecules having an intrinsic electric dipole momentµ ∼
10−28 ÷ 10−27Cm in an electric fieldE0 ∼ 106 ÷ 107Vm−1, whenp > 1 and electric saturation can
be attained [47,53–55], as e.g. in solutions of polybenzyl-L-glutamate (PBLG) in dioxane [53] and in
solutions of polystyrene in benzene and carbontetrachloride [55]. In this case the influence of molecular
reorientation on optically induced static magnetization is of the same order of magnitude as the field-less
effect.
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[12] S. Wózniak, M.W. Evans and G. Wagnière,Mol Phys75 (1992), 81.
[13] P.V. Volkov and M.A. Novikov,Crystallography Reports47 (2002), 824.
[14] M.Y.A. Raja, D. Allen and W. Sisk,Appl Phys Lett67 (1995), 2123.
[15] N.G. Kalugin and G. Wagnière,J. Opt.B: Quantum Semiclass Opt3 (2001), 189.
[16] J. Dechamps, M. Fitaire and M. Lagoutte,Phys Rev Lett25 (1970), 1330.
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