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Abstrac t. We discuss a model of a cavity ® lled with a passive nonlinear
`Kerr’ medium and periodically kicked by a series of ultra-short laser pulses.
The nonlinear medium is described by the (2q - 1)th nonlinearity c (2q- 1) . We
® nd analytical formulas describing the ® eld states inside the cavity. We show
that such a system can produce, depending on the order of the nonlinearity,
superpositions of several Fock states with the small photon numbers
(0,1; 0,1, 2; etc). In particular, the one-photon state can be approached during
the evolution of the system with c (3) nonlinearity provided the cavity losses are
negligible. The purity of states generated in this process, however, can be
seriously degraded by the cavity damping. We perform numerical calculations
to validate our analytical results.

1. In trod uc tion

Quantum state engineering of the electromagnetic ® eld has been a subject of
increasing interest during the past few years. Among a large variety of ® eld states
the n-photon, or Fock, states are of special importance. They are states that are
probably most frequently used in theoretical calculations and, at the same time, are
di� cult to produce experimentally. A number of papers that have dealt with the
problem of generation of such states have already been published. Here, we shall
mention only some of them. Stoler and Yurke [1] have studied a possibility of
generation of antibunched light. Hong and Mandel [2] have shown that a one-
photon Fock state can be produced in the parametric down converter. Another
method of producng Fock states, based on the quantum non-demolition (QND)
measurement, has been analysed by Brune et al. [3, 4]. They have proposed the
QND experiment in which detection of the atomic phase by the Ramsey method
plays the role of a QND probe gving information on the cavity ® eld energy. They
have shown that after a sequence of atomic measurements the cavity ® eld collapses
into a Fock state with an unpredictable number of photons. Moreover, Ueda et al.
[5], who have dealt with the same problem, have also shown that QND measure-
ment can lead to the state reduction towards n-photon states. A micromaser system
in which two-level atoms are injected into a cavity, the model discussed in detail by
Filipowicz et al. [6], gives another possibility of generating highly excited Fock
states. Micromaser systems as potential sources of Fock states have been proposed
by Krause et al. [7]. Liebman and Milburn [8] have discussed a system containing
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a micromaser with feedback. They have shown that such a system can lead to the
n-photon states. The method of generation of various quantum states based on the
interaction of N two-level atoms injected into a single-mode resonator and
interacting with the cavity electromagnetic ® eld has been presented by Vogel et
al. [9]. Their method is so designed as to produce, at least in principle, arbitrary
® eld states in a single-mode cavity. As Kozierowski and Chumakov [10] have
shown, the Fock states can also be generated in the spontaneous emission of the
partially inverted Dicke model. Kilin and Horoshko [11] have proposed a scheme
based on nonlinear optics that can lead to the generation of n-photon states. A very
similar model to the model discussed in this paper has been studied by KuklinÂ ski
[12], who proposed a system containing a high-Q cavity partially ® lled by a
medium with c (3) nonlinear susceptibility and irradiated by a series of coherent
pulses. For this system he performed numerical calculations showing that when
the size of the cavity is adiabatically varied (i.e. the cavity detuning is varied)
Anderson localization takes place, and one can generate a nearly perfect n-photon
state in a chosen mode of the electromagnetic ® eld in the cavity. A crucial element
of his calculation was the adiabatic change of the cavity volume. He has shown that
due to the adiabatic change of the cavity detuning a localized state is generated
around the vacuum state and this state is next adiabatically moved to an arbitrarily
excited state depending on the parameters used.

In this paper we discuss basically the same system containing a cavity ® lled
with a passive nonlinear `Kerr’ medium and periodically kicked by a series of
ultra-short laser pulses. We assume, as in [12], that the cavity contains just one
mode of the electromagnetic ® eld and, contrary to [12], that its size does not
change during the evolution. Although we shall consider only two casesÐ c (3) and
c (5) nonlinearitiesÐ our model describes media that are characterized by the
(2q - 1) th susceptibility c ( 2q- 1) , in general. Alternatively, such a system can be
considered as a model of appropriate nonlinear oscillator. The model with c (3)

nonlinearity has been discussed in our earlier paper [13], where we have focused
our attention to the problem of generation of one-photon state. In that paper we
used a purely numerical approach with the approximate representation for the
unitary evolution operator to ® nd the states of the ® eld in the cavity. We have
found that for su� ciently weak external pulses the system can evolve to the one-
photon state. We would like to emphasize at this point that the mechanism leading
to the one-photon state is di� erent from that discussed by KuklinÂ ski [12]as should
become clear from the present paper. This paper is a continuation and an extension
of our earlier paper [13]. We shall deal with the system containing the cavity ® lled
with the medium characterized by c (2q- 1) nonlinearity. The cavity is irradiated by
a series of ultra-short external ® eld pulses. Moreover, we shall assume that the
pulses are weak and the cavity ® eld is initially in the vacuum state |0 l . We shall
investigate the dynamics of the system using not only numerical methods but we
shall also derive analytical formulas for the probabilities characterizing the ® eld
state. Owing to the fact that the external excitation is weak we can apply
perturbative methods that enable us to get fully analytical results. Since the
system under consideration is irradiated by a periodic series of pulses we shall
apply the method of Floquet states [14± 17]. The Floquet states are used as a
standard tool to solve problems with the periodically time dependent Hamil-
tonians, like the problem discussed here. They have clear advantages in some
numerical calculations, especially in cases where the eigenstates of the free
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Hamiltonian must be calculated numerically. In such cases the numerically
calculated eigenvalues can be used in further analytical, perturbative calculations
that include the time dependent interaction Hamiltonian as a perturbation. In fact,
in our case the eigenstates and the eigenvalues of the f̀ree’ Hamiltonian are known
(they are n-photon states), so using the Floquet states in this case is not a necessity,
although it does not hurt. For this particular case the solution can be obtained
without having recourse to the Floquet states (we sketch such a solution in the
Appendix). Irrespective of the way of solving the problem, the main physics
behind our solutions is the degeneracy of the `free’ Hamiltonian, which for weak
perturbations restricts the evolution of the ® eld in the cavity to the ® rst few Fock
states. So, c (3) medium, for example, corresponds to the problem of a two-level
atom driven by an electric ® eld with Rabi oscillations, area theorem, p -pulses, etc.
[22]. The mechanism leading to superpositions of the Fock states, and to the one-
photon state in particular, is quite simple and di� erent from that discussed by
KuklinÂ ski [12].

Generally, we consider the system governed by the Hamiltonian

Ĥ( t) =
c ( 2q- 1)

q
â² qâq + ²( â² + â) f ( t) , (1)

where the ® rst term is the f̀ree’ Hamiltonian and the second term is the
perturbation. The f̀ree’ Hamiltonian can be rewritten as

Ĥ( t) =
c (2q- 1)

q
n̂( n̂ - 1) . . . ( n̂ - q + 1) , (2)

which clearly shows that the Fock states are eigenstates of this Hamiltonian, and
that the ® rst q Fock states have their eigenvalues equal to zero, so there is a q-fold
degeneracy of the system. For instance, for q = 2 we obtain two degenerate states
corresponding to |0 l and |1 l , for q = 3 three degenerate states |0l , |1l and |2l , and
so forth. This degeneracy is lifted by the perturbation. The standard perturbation
procedure for degenerate states [18] indicates that, as far as the perturbation is
small (² ! c (2q- 1) ), the evolution of the system in the lowest order of the
perturbation theory will involve only the states from the degenerate subset. This
means that for a weak driving external (classical) ® eld the ® eld inside the cavity
® lled with the nonlinear medium can become a superposition of the ® rst q Fock
states with highly non-classical properties.

For more general cases of the systems, described by a not so simple Hamil-
tonian with no obvious eigenstates which can only be found by numerical methods,
a combination of the Floquet states technique and perturbation theory can be an
e� ective method, leading to the solution. For this reason we shall apply the method
based on the Floquet states which was proposed by Sambe [14] and adapted by
Dyrting et al. [17]. For periodic, time-dependent perturbations this method allows
one to replace the problem of solving the time-dependent SchroÈ dinger equation by
the eigenvalue problem in an extended Hilbert space. The basics of this approach
are presented in the next section.

To validate our analytical solutions, we shall apply the numerical method
discussed in [13] to solve the problem. We will show that for weak external pulses
our analyical solutions agree perfectly with the numerical results.
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We shall also discuss shortly the role of damping in the system. As we shall
show, the e� ectiveness of the Fock state preparation can be considerably dimin-
ished by the cavity losses. To take into account losses in the system we shall apply
the method of Milburn and Holmes [19] based on the master equation. Despite the
destructive role of losses in the process of producing non-classical ® eld states, it
seems to us important and interesting to draw the attention of the reader to the fact
that a cavity with a nonlinear Kerr medium and a ® eld initially in the vacuum state,
kicked periodically by a train of classical pulses, can be, to a high accuracy, a source
of Fock states.

2. Th e Floque t state s

The Floquet theorem states that when the Hamiltonian Ĥ( t) of a system is time
dependent but periodic then the solution of the SchroÈ dinger equation takes the
form

|U ( t) l = exp - i
Et
h( ) |u ( t) l , (3)

where |u ( t) l = |u ( t + T ) l is a periodic function with the period T re¯ ecting the
periodicity of the Hamiltonian, and E is called the quasi-energy. The Floquet state
has a useful property that the evolution by one period leaves it in the original state
multiplied by a phase factor. This means that only the form of the Floquet states at
t = 0 is needed to ® nd the evolution of the system in ® xed steps of a period.

If the state describing the system at time t = 0 is equal to |U (0) l , the state of
time t = T is given by

|U ( T ) l = Û|U (0) l , (4)

where Û is the unitary evolution operator generated by the Hamiltonian Ĥ( t) . The
Floquet states at t = 0 are eigenstates of the evolution operator over one period Û,
and they are given by

Û|E l = exp - i
ET
h( ) |E l . (5)

The operator Û is sometimes called the Floquet operator, and the Floquet states
|E l are de® ned in a Hilbert space H 1. Since the Floquet states, which are
eigenstates of the Floquet operator can be, in many cases, found e� ectively
using numerical procedures, this method is often used to solve problems with
periodic Hamiltonians.

The SchroÈ dinger equation

ih
d
dt |U ( t) l = Ĥ( t) |U ( t) l , (6)

after inserting (3) can be written in the form

Ĥ( t) - ih
d
dt[ ]|u ( t) l = E|u ( t) l , (7)

which has the form of an eigenvalue equation with a quasi-Hamiltonian

K̂ = ĥ + Ĥ( t) (8)

where the momentum-like operator ĥ = - ih(d /dt) satis® es the commutation
relation [ĥ, t̂ ] = - ih with the position-like operator t̂ = t having been introduced.
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The operator ĥ acts in a Hilbert space H2 spanned on the states |l l being its
eigenstates

ĥ|l l = lh X |l l , (9)

where l = 0, 6 1, 6 2, . . . , 6 ¥ . The characteristic frequency X [20, 21] appearing in
(9) is related to the period T and is de® ned by

X =
2p

T
(10)

In consequence, the quasi-Hamiltonian K̂ is de® ned in the extended Hilbert space
H = H1 Ä H 2 and satis® es the eigenvalue equation

K̂|x l = x |x l . (11)

The Floquet states |E l that we are interested in, which are de® ned in the
Hilbert space H1, are obtained from the eigenstates |x l of the quasi-Hamiltonian K̂
by the projection

|E l = k t = 0|x l , (12)

where the state |tl is given by

|tl = å
+ ¥

l= - ¥
exp (- i X lt) |l l . (13)

If the evolution of the system is governed by a Hamiltonian of the form

Ĥ( t) = Ĥ0 + ²Ĥ1( t) , (14)

where Ĥ1( t) is a time-dependent, periodic perturbation with period T , the
procedure described above allows the application of ordinary perturbation theory
to ® nd the solution. This approach was proposed by Sambe [14] and used by
Dyrting et al. [17] (see also [15, 16]). The numerical methods based on the Floquet
states have advantages over some other methods, e.g. the matrix continued fraction
technique, because of the simplicity of setting up the calculation on a computer.
We shall apply the Floquet states technique and the perturbation theory to ® nd the
solution to our problem.

3. Th e v
( 3) non lin ear m e d iu m

Although we are interested in a rather general model with (2q - 1) th non-
linearity c (2q- 1) , we start our considerations from the simplest case of the c (3)

nonlinearity. Thus, the system we are interested in now is governed by the
following Hamiltonian

Ĥ( t) = ĤNL + Ĥ1( t) , (15)

where

ĤNL =
h c (3)

2
( â ² ) 2â2 (16)

describes the nonlinear interaction of the cavity ® eld with itself which is mediated
by the nonlinear medium (self-phase modulation), whereas

Ĥ1 ( t) = h²( â ² + â) f ( t) (17)

Fock states generation in a kicked cavity 2109



is a time-dependent Hamiltonian corresponding to the driving of the cavity by the
external classical ® eld with a periodic function f ( t) . The external ® eld is assumed
to be periodic, in the form of a series of ultra-short pulses that can be conveniently
modelled by the Dirac delta functions. This means that the periodic function f ( t)
takes the form

f ( t) = å
¥

n= 0

d ( t - nT ) . (18)

We assume here that the time T between the kicks is much longer than 2p / x ,
where x is the ® eld frequency. Moreover, we assume that the interaction (17) is
weak, i.e. ² ! c (3) , and it can thus be treated perturbatively. If the initial state of
the system is |U (0) l the state after an arbitrary number k of driving pulses is
given by

|U ( t = kT ) l = Ûk|U (t = 0) l , (19)

where the evolution operator Û is generated by the Hamiltonian (15) which
evolves states in time from t = 0 to t = T . Owing to the periodicity of our system,
we can apply the method based on the Floquet technique [14, 17] to ® nd the
evolution of the system. We start with the f̀ree’ evolution ® rst, i.e. the parameter ²

is assumed to be equal to zero. For this case the quasi-Hamiltonian has the form

K̂0 = ĥ + ĤNL . (20)

Since the following eigenvalue equations are satis® ed

ĤNL |n l =
h c (3)

2
n(n - 1) |n l ,

ĥ|m l = h X m|m l , (21)

the eigenstates |n,m l = |nl Ä |m l of the operator K̂0 are labelled by the quantum
numbers: n = (0,1,2, . . .) and m = (0, 6 1, 6 2, . . .) . Obviously, the eigenenergies of
the quasi-Hamiltonan K̂0 are determined by these two numbers and are equal to

En,m = h
c (3)

2
n(n - 1) + m X( ) . (22)

It is clear from equation (22) that the states |0,m l and |1,m l are degenerate and
their energies are equal to E0,m = E1,m = mh X . In our further calculations we will
only consider characteristic frequencies X which guarantee that any other states
degenerate with |0,m l and |1,m l are |nÂ ,mÂ l , where nÂ > 3. Since the interaction
Ĥ1 is linear in the cavity ® eld operators, to diagonalize K̂ it is su� cient to perform
perturbation calculations on the states |0,m l and |1,m l to the ® rst order in ²

omitting other degenerate states.
When we include the interaction with the external ® eld (² /= 0) the quasi-

Hamiltonian becomes
K̂ = K̂0 + ²K̂1, (23)

where
K̂1 = h( â² + â) f ( t̂) (24)

Since the function f ( t) is periodic it has a Fourier representation

f ( t) =
1
T å cl exp ( i X lt) , cl = ò

T

0
f ( t) exp (- i X lt) dt, (25)
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and the operator K̂1 can be expressed in the following form

K̂1 =
h
T

(a ² + â) å
+ ¥

l=- ¥
cl exp ( i X lt̂) . (26)

For the driving ® eld in the form of the periodic train of delta pulses given by (18)
the coe� cients cl are equal to

cl = ò
T

0
d ( t - ¿) exp (- il X t)dt =

ï
ï
ï
ï ¿ ® 0

= exp (- i X l¿) |¿ ® 0, (27)

The small interval of time ¿ has been introduced to ensure that a single kick is
located inside the period T . Of course, the series of pulses discussed in this paper
has the simple form of the Dirac delta functions. The Floquet technique allows us
to discuss systems with arbitrary pulse shape, the only limitation is the periodic
character of the series. However, one should keep in mind that for some speci® c
pulse envelopes special integration methods should be applied to ® nd the appro-
priate Fourier transforms appearing in equation (25).

Due to the degeneracy, the evolution of the system, to the lowest order in ², will
be restricted to the states |0,m l and |1,m l . Now, we are in a position to apply the
standard perturbation theory for systems involving degenerate states [18]. First,
we expand the Floquet state |x l de® ned in the extended Hilbert space H =
H1 Ä H2 and the eigenvalue x into a power series in ² and insert them into equation
(11). Next, after comparing the coe� cients at the same powers of ², we get a set of
equations for ® nding the eigenstates and eigenvalues in a given order of perturba-
tion. For zeroth order the state |x ( 0) l is given by

|x ( 0) l = a|0,m l + b|1,m l . (28)

To ® nd the ® rst order contributions we have to solve the following eigenvalue
equation

h
T

0 1
1 0( ) a

b( ) = x (1) a
b( ) , (29)

which has the solution
a
b( ) =

1
21 /2

1
6 1( ) . (30)

The quantity ² x (1) is the ® rst order correction to the energy, and we have
x (1) = 6 h /T . The resulting states labelled by |x (0)

6 l correspond to the Floquet
states |E( 0)

6 l . According to (12) and (13), the latter are given by

|E(0)
6 l = k t = 0|x (0)

6 l =
1

21 /2
( |0 l 6 |1 l ) . (31)

After continuing the perturbation procedure we get the ® rst order solutions for the
states in the extended Hilbert space and, in consequence, the ® rst order Floquet
states and their energies. These states are of the form

|E( 1)
6 l = (1 6 ²A) |E(0)

6 l 6 ²B|2 l + O ( ²
2) , (32)
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where

A =
1
2 p å

+ ¥

l /= 0
l=- ¥

cl

l ,

B =
1
2 p å

+ ¥

l=- ¥

cl

l +
c ( 3)

X

(33)

and the energies E
(1)
6 are

E
(1)
6 = 6

²h
T

+ O ( ²
2) . (34)

Since we are interested in the generation of Fock states from the system with the
cavity ® eld being initially in the vacuum state, we can express |0 l in terms of the
® rst order solutions for the Floquet state (32).

|0 l =
1

21 /2
|E( 1)

+ l
1 + ²A

+
|E(1)

- l
1 - ²A( ) + O ( ²

2) . (35)

Then, applying to both sides of (35) the operator Ûk and using (5) with the
eigenvalues (34) of the Floquet states, after straightforward algebra, we obtain the
probability amplitudes for the Fock states, which for the times t just after the kth
pulse are given by

a0(k) = k 0|Ûk|0 l = cos (k²) + O ( ²
2) ,

a1(k) = k 1|Ûk|0 l = - i sin (k²) + O ( ²
2) ,

a2(k) = k 2|Ûk|0 l =
- i²B
21 /2 sin (k²) + O ( ²

2) ,

(36)

where B is calculated according to (33) and is equal to

B =
exp (- i c (3) T /2)

sin ( c ( 3) T /2)
. (37)

The occupation probabilities are thus given by

P0(k) = cos2 (k²) + O ( ²
2) ,

P1(k) = sin2 (k²) + O ( ²
2) ,

P2(k) =
2²

2

sin2 ( c (3) T /2)
sin2 (k²) + O ( ²

3 ) .

(38)

It is seen that the system starts to evolve from the vacuum state |0 l , and after
subsequent kicks the probability P0(k) decreases, whereas the probability corre-
sponding to the one-photon state P1(k) increases. In consequence, after k = p /2²

pulses the system evolves to the pure one-photon state. The in¯ uence of the higher
n-photon states on the system is proportional to ²

2 and for weak external
excitations can be neglected. For instance, the probability for the two-photon
state P2(k) has the amplitude equal to ²

2 /(2 sin2 ( c (3) T /2) ) . This approach enables
us to get the closed form analytical results describing the evolution of the system.
The situation discussed here resembles that for the two-level atom in an external
® eld [22]. The degeneracy of the Hamiltonian ĤNL restricts the evolution in the
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lowest (zeroth) order of the perturbation theory to the ® rst two Fock states. The
degeneracy is lifted by the perturbation in the ® rst order giving corrections to the
energy proportional to ² (see also the Appendix).

To verify our analytical results we perform numerical calculations and compare
their results with those based on formulas (38). This will be done on the basis of
the unitary evolution operator Û, according to equation (19), similarly as in [13].
Owing to the fact that the ultra-short pulses are modelled by the Dirac delta
functions the time-evolution of the system can be divided into two di� erent stages.
The ® rst stage is a f̀ree’ evolution determined by the Hamiltonian ĤNL during the
time T between two subsequent pulses. This evolution is described by the
following unitary operator

Û0 = exp - i
c (3) T

2
( â ² ) 2â2[ ]. (39)

The second stage of the time-evolution of the system is caused by its interaction
with an in® nitely short pulse. This part of the evolution is described by the
Hamiltonian Ĥ1, given by equation (17). Thus, the evolution operator correspond-
ing to the interaction during a single pulse can be written as

Û1 = exp [- i²( â ² + â) ]. (40)

The overall evolution of the state of the system can thus be described as a
subsequent action of the operators Û0 and Û1 on the initial state. Assuming that
for time t = 0 the system was in a vacuum state we express the state |U k l just after
the kth kick as

|U k l = (Û1Û0) k|0 l . (41)

With this procedure we are able to obtain the state after an arbitrary kth pulse.
In ® gure 1 we plot the probabilities P0(k) and P1(k) corresponding to the

vacuum |0l and one-photon |1l states, respectively. For the plots we use units such
that c (3) = 1. The probabilities are plotted as functions of the number of pulses k.
The lines illustrate the evolution of the system (vacuum and one-photon states)
according to the analytical formulas (38), whereas the marks correspond to the
results obtained from the numerical calculations based on equation (41). We see
that the system starts its evolution from the vacuum state |0l . Then the probability
for the one-photon state increases, and after the number of pulses k = p /2², the
system ends up in an almost perfect one-photon Fock state. Of course, this is only
true with an accuracy up to terms ~ ²

2. For small ² we observe very good
agreement between the results of numerical calculations and those obtained
from the analytical formulas.

Figure 2 corresponds to the same situation as in ® gure 1 but we have plotted
the probability P2 for the two-photon state |2 l . We see that it oscillates as a sine
squared function again. However, the amplitude of these oscillations is much
smaller than that for the probabilities P0 and P1 shown in ® gure 1. This amplitude
is proportional to ²

2 ~ 0.002, and it is negligible in the scale of ® gure 1. Similarly,
as for ® gure 1, the results of our numerical calculations are also marked, and they
agree almost perfectly with those obtained from the analytical formula.

However, as the external and the cavity ® eld coupling increases the situation
changes considerably. This situation is illustrated in ® gure 3, where we have
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Figure 1. T ime evolution of the probabilities for the vacuum |0 l (solid line) and one-
photon |1l states. The time T = p , and the kick strength ² = p /50. The cross marks
correspond to the numerical results.

Figure 2. The same as for ® gure 1, but for the probability P2 corresponding to the two-
photon state |2 l . The cross marks correspond to the numerical results.



plotted results for ² = p /10. We see that the probability P2 corresponding to the
two-photon state starts to in¯ uence the dynamics of the system. Obviously, this
in¯ uence becomes more and more pronounced as ² increases. For this case the
validity of our analytical perturbative approach breaks down and only the
numerical approach can be applied. Figure 4 shows the situation when the value
of ² = p /2 is greater than the value of c (3) = 1. For this case the dynamics of the
system are quite obscured by the in¯ uence of more and more states.

4. Highe r non lin earitie s

In this section we shall shortly discuss the case of higher nonlinearities. Let us
assume that the medium is characterized by the nonlinearity c (5) , which is the next
nonlinearity a� ecting the propagaton of the ® eld at frequency x in the nonlinear
medium. Similarly as for the case discussed in the previous section, we shall apply
the Floquet states and ® nd analytical perturbative solutions for the probabilities
corresponding to the ® rst Fock states. Thus, we start from the following f̀ree’
quasi-Hamiltonian

K̂0 = ĥ - h c (5)

3
( â ² ) 3â3, (42)

where ĥ is the same momentum-like operator as that introduced in the previous
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® eld coupling (² = p /10).



section. The quasi-energies generated by this quasi-Hamiltonian are

En,m = h
c (5)

3
n(n - 1) (n - 2) + m X( ) . (43)

This time the energies are triply degenerate, so we can expect that the dynamics of
the system will now involve the lowest three Fock states. The dynamics of the
system are now determined by the quasi-Hamiltonian K̂ = K̂0 + K̂1, where K̂1 is
de® ned in (26). Similarly, as in the previous section we can write the state
corresponding to the zeroth order solution

|x ( 0) l = a|0,m l + b|1,m l + c|2,m l , (44)

Applying the same perturbative procedure as for the case of the c ( 3) medium we
solve the eigenvalue problem and get a set of three solutions for the eigenenergies .
As a result, we can write the three zeroth order solutions to the Floquet states.
They are of the following form:

|E(0)
0 l =

1
31 /2

(21 /2|0 l - |2l ) ,

|E(0)
6 l =

1
61 /2

( |0 l 6 31 /2|1l + |2 l ) .
(45)

In the next step we write the ® rst order solutions for the Floquet states. They can
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Figure 4. The probabilities for subsequent n-photon states found numerically. The
parameters are the same as for ® gure 3, but for ² = p /2.



be expressed as:

|E( 1)
0 l =

1
31 /2

(21 /2|0l - |2 l ) - ²B|3 l + O ( ²
2) ,

|E( 1)
6 l =

1
61 /2

( |0 l 6 31 /2|1 l + 21 /2|2 l ) + ²B|3 l + O ( ²
3) ,

(46)

where the coe� cient B is identical to that de® ned in equation (33) with the
replacement c (3) ® c (5) . In the same way as before we derive analytical formulas
for the probability amplitudes corresponding to the n-photon states |n l ,
(n = 0,1,2,3). They are de® ned as:

a0 (k) = k 0|Ûk|0 l = 1
3 [2 + cos (31 /2k²) ]+ O ( ²

2) ,

a1 (k) = k 1|Ûk|0 l =
- i
31 /2 sin (31 /2k²) + O ( ²

2) ,

a2 (k) = k 2|Ûk|0 l =
21 /2

3 [cos (31 /2k²) - 1] + O ( ²
2 ) ,

a3 (k) = k 3|Ûk|0 l =
21 /2

31 /2
²B[cos (31 /2k²) - 1]+ O ( ²

2) ,

(47)

and the probabilities are

P0(k) = 1
9 (2 + cos (31 /2k²) ) 2 + O ( ²

2) ,
P1(k) = 1

3 sin2 (31 /2k²) + O ( ²
2) ,

P2(k) = 2
9 (cos (31 /2k²) - 1) 2 + O ( ²

2) ,

p3(k) =
2²

2

3 sin2 ( T c (5) /2)
(cos (31 /2k²) - 1) 2 + O ( ²

3) .

(48)

We see for a su� ciently weak external ® eld excitation the dynamics of the system
involve the subspace of the lowest three n-photon states with n = 0,1,2. The
probabilities for the higher states are proportional to ²

z , where z increases as n
becomes higher and higher. As an example, ® gure 5 depicts the situation, when the
parameter ² = p /50 (we use units of c ( 5) = 1). Lines appearing in ® gure 5
correspond to our analytical results, whereas the marks are plotted from the data
obtained numerically. The numerical procedure is identical to that described in the
previous section and is based on equations (39) ± (41). We assume again that the
evolution of our system starts from the pure vacuum state. However, after a series
of subsequent pulses the probability for the vacuum state decreases, whereas the
states |1l and |2 l become signi® cant. In consequence, after ~ 30 pulses the state of
the system becomes a superposition of ~ 90%of the two-photon state and of ~ 10%
of the vacuum state. In this case the resulting state is a superposition of three Fock
states, and the evolution never leads to just one of them, but we can get the state
that is very close to |2 l . Similarly as for the case of c (3) , for the parameters chosen
here, the contribution of higher Fock states is negligible, and again we observe
very good agreement between our analytical and numerical results.
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5. Cav ity d am ping

In real physical situations we cannot avoid dissipation, which means that we
cannot take ² too small because the cavity ® eld could be completely damped out
during the f̀ree’ evolution between two pulses. Moreover, the dissipation in the
system leads to a mixture of the quantum states instead of their coherent super-
positions. Hence, the pure state description of the ® eld evolution presented above
cannot be applied. Therefore, to describe the in¯ uence of damping on the system
evolution one should use, for instance, the quantum jumps method [23] (and the
references quoted therein) or the density matrix approach [19, 24]. In this paper
we shall concentrate on the latter method, similarly as in [13]. As we have
discussed earlier, the time evolution of our system can be divided into two
stagesÐ the evolution during an in® nitely short pulse and the evolution between
two subsequent pulses. As the pulses are very short we can neglect the dissipation
during their action. Therefore, the time-evolution can be described by the unitary
operator Û1 de® ned in equation (40). We should, however, take into account losses
during the time evolution between two subsequent pulses, which means that we
should solve the appropriate master equation. Thus, for the case of the nonlinear-
ity c (3) this equation has the following form

d q

dt
= - i

c (3)

2 [(a² ) 2a2, q ]+
g
2

(2a q a ² - a² a q - q a ² a) . (49)

If q ( t) is the density matrix for the time just after the pulse at the moment of time t,
the matrix elements in the Fock number state basis for the time just before the next
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Figure 5. Analytical solutions for the probabilities of the vacuum (solid line), one-
photon (dotted line) and two-photon (dashed line) states. The parameter ² = p /50
(all parameters are measured in units of c (5) = 1). The circle marks correspond to
the probabilties found numerically.



laser pulse is given by [19, 24]:

k p|q ( t + T ) |ql = exp i
H

2
(p - q)[ ]f ( T ) (p+ q) /2(p!q!) - 1 /2 å

¥

n= p
k n|q (t) |n - (p - q) l

´ [n![n - (p - q) ]!]1 /2 (1 + id ) - (n- p)

(n - p) ! [1 - f ( T ) ](n- p) , (50)

where

d =
( p - q)

k
, (51)

f ( T ) = exp [- · H - i H ( p - q) ], (52)

· =
g

c (3) , (53)

and

H = c (3) T . (54)

The quantity g appearing here is a damping constant responsible for the cavity
losses, and T is the time between two subsequent pulses. Thus, solving the master
equation (49) we can determine the probabilities of ® nding the system in an
arbitrary n-photon state. The only limitations of this method are our computa-
tional abilities.

Figure 6 shows the probabilities of the vacuum and the one-photon state for
² = p /50 and T = p . We have chosen two values for the damping constant g : 0.1
( ® gure 6 (a)) and 0.01 (® gure 6 (b)). It is seen that for weak damping ( g = 0.01) over
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Figure 6. The probabilities for the vacuum |0 l (solid lines) and one-photon |1 l states
(dashed lines). The damping constant g = 0.01 ( ® gure 6 (a)) and g = 0.1 (® gure
6 (b)). The kick strength ² = p /50 and the time T = p .



75 per cent of the population is still found in state |1 l . As a consequence, it is
possible to get the ® eld in a cavity being very close to the one-photon state.
However, as the damping increases the situation changes considerably. For g = 0.1
the probability for the one-photon state starts its evolution from zero and tends to
its steady state value equal to ~ 0.15. We see that for this case our system is very far
from the pure one-photon state and almost all the population remains in the
vacuum state |0 l . Thus, the dissipation in the system drastically lowers the
e� ectiveness of producing the one-photon state. Nonetheless, we hope that for
su� ciently weak damping our system can evolve to a state which is very close to
the one-photon state.

6. Conc lu sion s

We have discussed the possibility of generation of the Fock states by systems
containing nonlinear media inside a kicked cavity. We have studied two casesÐ one
medium with the nonlinearity c (3) , and the other with the higher nonlinearity c (5) .
We have assumed that the cavity ® eld was initially in the vacuum state |0 l . In
addition, the interaction between the external and cavity ® elds has been assumed to
be weak for both models (those involving the nonlinearity c (3) as well as c (5) ).
Using the Floquet states and diagonalizing the quasi-Hamiltonian in the extended
Hilbert space perturbatively we have derived the analytical formulas for the
amplitudes and probabilities corresponding to the n-photon states for the two
cases. We have shown that for weak external excitations our system evolves within
a closed set of number states. Moreover, we have performed numerical calculations
to prove the validity of our analytical results. For the cases of weak external
excitation the two approaches lead to almost identical results. However, we would
like to stress that the main result of this paper is a new mechanism giving a
possibility of producing pure Fock states. We have shown that for a su� ciently
weak external excitation the systems discussed here can lead, with a high accuracy,
to the n-photon states. For the c (3) medium we have obtained an almost 100%one-
photon state, whereas for the case of c (5) up to 90%of the two-photon state has
been generated. Unfortunately, as we have also shown here, the cavity losses can
substantially reduce or even destroy the nice picture of generation of pure Fock
states in the model discussed. To obtain the pure Fock states we must assume that
damping is su� ciently weak, i.e. g ! c . It would require a high Q cavity to store
the ® eld. We realize that this is a very strong requirement for the experimental
realization of our models. Nevertheless, various experiments, for instance those
where the very subtle e� ect of `vacuum Rabi splitting’ has been measured [25, 26],
give us some hope for practical application of our theoretical considerations.
Finally, we would like to emphasize once more the fact that the model considered
here with a cavity ® lled with a passive nonlinear medium and pumped by a
classical ® eld allows, at least theoretically, the production of such a quantum ® eld
state as the one-photon state.

Ackn ow le dgm en t

This work was supported by the KBN Research Grant 2 P03B 73 13.

2120 W. L eonÂ ski et al.



Appe n d ix

In this Appendix we brie¯ y sketch another method of solving the problem
discussed in this paper. The Hamiltonian (16) is degenerate and the eigenvalues
for the Fock states |0 l and |1 l are equal to zero. The perturbation (17) has non-zero
elements between the two degenerate states, the degeneracy will thus be lifted in
the ® rst order of the perturbation theory. For weak perturbations it is reasonable to
assume that the evolution of the system will be, in the lowest order of the
perturbation theory, restricted to the subset of degenerate states, ie. to the ® rst
two Fock states. Making such a two-state approximation, it is possible to reduce
the problem of the ® eld in the cavity to an equivalent problem of a two-level atom
in a ® eld with the envelope f ( t) .

In the two-state approximation the resulting ® eld state will be a superposition
of the two degenerate states

|U ( t) l = a0( t) |0 l + a1 ( t) |1 l . (A 1)

Inserting the state |U ( t) l into the SchroÈ dinger equation (6), we can easily ® nd the
following set of di� erential equations for the state amplitudes a0( t) and a1 ( t)

d
dt

a0( t) = - i²f ( t)a1( t) ,
d
dt

a1( t) = - i²f ( t)a0( t) .
(A 2)

Adding and subtracting the two equations, we get

d
dt [a0 ( t) + a1( t) ] = - i²f ( t) [a0( t) + a1( t) ],
d
dt [a0 ( t) - a1( t) ] = i²f ( t) [a0( t) - a1( t) ],

(A 3)

and the solutions are

a0( t) + a1( t) = [a0 ( t) + a1( t) ]exp [- i H ( t) ],
a0( t) - a1( t) = [a0 ( t) - a1( t) ]exp [+ i H ( t) ],

(A 4)

where we have introduced the pulse area

H ( t) = ² ò
t

0
f ( tÂ ) dtÂ . (A 5)

If the system is initially in the vacuum state, a0(0) = 1 and a1(0) = 0, we obtain the
solutions

a0( t) = cos H ( t),
a1( t) = - i sin H ( t) .

(A 6)

Solutions (A 6) are equivalent to our solutions (36), but this time they are valid for
any envelope f ( t) of the pulse, and the periodicity of the excitation is not required.
This is exactly the situation for the two-level atom excited by an external ® eld [22].

Similar calculations can be performed for the c (5) nonlinearity. In this case the
`free’ Hamiltonian is three-fold degenerate, so the evolution will involve the ® rst
three Fock states, and the state can be written as

|U l = a0( t) |0l + a1 ( t) |1 l + a2( t) t|2 l . (A 7)
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The procedure, analogous to the previous case, leads to the set of equations

d
dt

a0 = - i²f ( t)a1( t) ,
d
dt

a1 = - i²f ( t) [a0( t) + 21 /2a2 ( t) ],
d
dt

a2 = - i²f ( t)21 /2a1( t) .

(A 8)

After simple algebraic manipulations we get

d
dt

X1( t) = - i31 /2
²f ( t)X1( t) ,

d
dt

X2( t) = i31 /2
²f ( t)X2( t) ,

d
dt

X3( t) = 0,

(A 9)

where

X1( t) =
1

31 /2 [a0( t) + 21 /2a2 ( t) ]+ a1 ( t) ,

X2( t) =
1

31 /2 [a0( t) + 21 /2a2 ( t) ]- a1 ( t) ,

X3( t) = 21 /2a0( t) - a2 ( t) .

(A 10)

The solutions are

X1( t) = X1 (0) exp [- i31 /2 H ( t) ],
X2( t) = X2 (0) exp [+ i31 /2 H ( t) ],
X3( t) = X3 (0) .

(A 11)

Fimally, assuming that initially the ® eld is in the vacuum state, a0(0) = 1 and
a1(0) = a2(0) = 0, we arrive at the solutions for the amplitudes of the ® rst three
Fock states

a0( t) =
1
3 [2 + cos [31 /2 H ( t) ]]

a1( t) = - i
3

sin [31 /2 H ( t) ]

a2( t) =
21 /2

3 [cos [31 /2 H ( t) ]- 1].

(A 12)

Again, solutions (A 12) are equivalent to the solutions (47) obtained earlier, but
this time without any restriction as to the pulse shape. The method presented in
this Appendix sheds more light on the physics leading to superpositions of the
Fock states discussed in this paper.
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