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Phase properties of the micromaser field are studied for different initial states of the cavity field and the
atom. It is shown that a multipeak phase structure develops when the cavity field is initially in a coherent state
and the atoms enter the cavity in their excited state, which eventually leads to the randomization of the phase.
If initially the field is thermal and the atoms entering the cavity are polarized, the steady state with a consid-
erably well defined phase is reached, which asymptotically can be one of the cotangent states or some mixed
state depending on the atom-cavity interaction time. An interesting effect of switching between the two- and
three-peak phase structure caused by each subsequent atom passing the cavity has been found.

PACS number~s!: 42.50.Dv, 42.52.1x

I. INTRODUCTION

One of the marvelous experimental and theoretical sys-
tems for the study of truly quantum aspects of the interaction
between radiation and matter is the one-atom maser, or mi-
cromaser@1–16#. A micromaser consists of a microwave
cavity and a stream of excited atoms which drive the field
inside the cavity. The beam is sufficiently sparse so that at
most one atom at a time is present inside the cavity. The
photon statistics of a micromaser shows interesting quantum
effects including sub-Poissonian photon statistics@1,3,4# and
collapse and revival of Rabi oscillations@5#. Even a number
state can be generated using a cavity with a high enough
quality factor and with no thermal photons@6#. Both condi-
tions can be fulfilled when the superconducting cavity is op-
erated at very low temperatures. In this case even more in-
teresting features may show up, such as trapping states of the
cavity @3,7#. Moreover, the micromaser allows us to prepare
and measure the off-diagonal elements of the field density
matrix @8#. The spectrum@9# and the phase diffusion coeffi-
cient @10–12# of the micromaser field, which involve the
off-diagonal elements of the field density matrix, have been
calculated, and a method of inferring them from the proper-
ties of the emerging atomic beam has been proposed. The
possibility of generating a coherent state of the micromaser
field has also been predicted@13#. One of the very intriguing
features of the micromaser is the possibility of obtaining
pure states of the field, so-called tangent and cotangent states
@14#, if the initial conditions are properly chosen. Phase
properties and squeezing of the cotangent states have been
studied by Meystreet al. @15#.

In this paper, we consider the problem of quantum phase
fluctuations of the field generated in the lossless micromaser
cavity. In our discussion we use the Pegg-Barnett Hermitian
phase formalism@17#. The phase probability distribution for

different initial atomic and field states is calculated and its
evolution illustrated graphically. We have found that the
phase distribution function exhibits a number of interesting
features. In particular, if the micromaser starts from the co-
herent field and is pumped by excited atoms the phase dis-
tribution function developsN11 separate peaks asN atoms
have passed through the cavity, suggesting the appearance of
the superposition states. In fact, the sequence of more and
more peaks that appear in the phase distribution for an in-
creasing number of injected atoms leads to the randomiza-
tion of the phase, i.e., to making the phase distribution more
and more uniform.

On the other hand, if the maser cavity starts with thermal
field and is driven by polarized atoms, the field in the cavity
that initially had no preferred phase acquires some phase
from the atoms, and a phase peak develops during the evo-
lution. We show that the phase properties of the cavity field
evolve to a steady state as the number of injected atoms
increases, but character of this state depends strongly on the
atomic interaction time. The existence of the trapping states
has an impact on the phase properties of the micromaser field
and, despite the fact that thermal field is defined on the
whole Fock space, there are intervals of interaction times for
which field asymptotically evolves to a pure state, which is
an appropriate cotangent state, but there are also intervals of
interaction time for which the resulting state is a mixed state.

An interesting effect appears when the cavity field is ini-
tially in a coherent state and the cavity is pumped by the
polarized atoms. In this case two different phase structures,
one with two phase peaks and another one with three peaks,
develop. Each subsequent atom traversing the cavity
switches the cavity field between the two structures. If the
number of atoms that passes the cavity is odd, the two phase
peaks are observed, and for an even number of atoms three
peaks appear. The shape of the two phase distributions does
not depend on the number of atoms that passes the cavity but
on the parity of this number.

The paper is organized as follows. In Sec. II, we derive
the exact recursion relation for the field reduced density ma-
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trix. In Sec. III, we shortly review the Pegg-Barnett phase
formalism which we use in the further parts of the paper. In
Sec. IV, we study the phase properties of the micromaser
field for different initial atomic and field states. Finally, Sec.
V contains a conclusion.

II. QUANTUM EVOLUTION OF THE FIELD STATE

The Hamiltonian describing the interaction of a single
two-level atom with a quantized cavity field is given, in the
dipole and rotating-wave approximations and in the interac-
tion picture, by@5#

H5\g~aua&^bu1a†ub&^au!. ~1!

Here the operatoru i &^ j u ( iÞ j ) describes the transition from
level j to level i , a anda† are the photon annihilation and
creation operators of the cavity mode, andg is the atom-
cavity mode coupling constant, which we assume to be real.
The transition between the atomic upper levela and the
lower level b is assumed to be resonant with the cavity
mode. This simplified model is usually referred to as the
Jaynes-Cummings model.

The dynamics associated with the Jaynes-Cummings
model are exactly soluble@5#. By using the relation
u i &^ j uuk&^ l u5u i &^ l udk j we can easily show that

~H/\!2k5g2k@~aa†!kua&^au1~a†a!kub&^bu#,
~2!

~H/\!2k115g2k11@~aa†!kaua&^bu1~a†a!ka†ub&^au#,

where k (k>0) is an integer number. Hence, the time-
evolution operatorU(t) of the atom-field system can be ex-
pressed in the form@5,18#

U~ t ![exp~2 iHt /\!

5cos~gtAa†a11!ua&^au1cosgtAa†a!ub&^bu

2 i
sin~gtAa†a11!

Aa†a11
aua&^bu

2 i
sin~gtAa†a!

Aa†a
a†ub&^au. ~3!

The matrix elements of this operator are

^a;nuU~ t !ua;n8&5cos~Vnt !dnn8,

^b;nuU~ t !ub;n8&5cos~Vn21t !dnn8,

^a;nuU~ t !ub;n8&52 i sin~Vnt !dnn821 ,

^b;nuU~ t !ua;n8&52 i sin~Vn21t !dnn811 . ~4!

where we have used the notationVn5gAn11.
Let the atoms be initially prepared in a coherent superpo-

sition of their states,

rA5raaua&^au1rbbub&^bu1rabua&^bu1rbaub&^au

5 (
i , j5a,b

r i j u i &^ j u, ~5!

where

r i i>0, raa1rbb51, rab5rba* ,

urabu5urbau<Araarbb, ~6!

and be injected into a lossless microwave cavity at such a
low rate that at most one atom at a time is present inside the
cavity. We assume that the time of the interaction of each
atom with the cavity field is much shorter than the lifetime of
all the atomic levels. Then the atomic spontaneous decay
processes to other levels or other modes can be ignored while
an atom is inside the cavity, which means that the joint evo-
lution of the cavity field and atoms is unitary. For simplicity,
we suppose that the injected atoms have the same velocity
and, therefore, interact with the cavity field for the same
time. We denote this interaction time byt.

Moreover, since there is a free evolution of the field den-
sity matrix in the time between the subsequent atoms enter
the cavity, i.e. the matrix elementsr(n,n8) acquire an extra
phase factor exp„i (n2n8)vdt…, wherev is the cavity reso-
nance frequency anddt is the time between the arrivals of
subsequent atoms, we assume here that the timedt is chosen
in such a way thatvt is equal to a multiple of 2p. In this
case the extra phase factor due to the free evolution is unity
and can be discarded. Otherwise we should take it into ac-
count in the overall density matrix evolution. If the atoms
were arriving at random times they would meet the cavity
field with random phases, and the cavity field phase which is
associated with the nondiagonal elements of the field density
matrix would necessarily become random~only diagonal el-
ements would survive!. This assumption is a very serious
restriction to the model considered here. It means that atoms
should be injected into the cavity in a well controllable way,
which, of course, will not be easy to achieve in a real experi-
mental situation.

Assuming that this is possible, the field density matrixr
evolves according to

rN115TrA@U~t!rA^ rNU
†~t!#. ~7!

HererN is the density matrix of the field afterN atoms have
passed through the cavity and TrA stands for trace over the
atomic variables. In writing Eq.~7! we have assumed that the
state of the atom is not measured as it exits the cavity. The
number of injected atomsN is considered as a scaled evolu-
tion time of the system.

By using Eq.~7! together with the expressions~4! and~5!,
we can easily get for the field density-matrix elements the
recursion relation
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rN11~n,n8!5raa@cos~Vnt!cos~Vn8t!rN~n,n8!1sin~Vn21t!sin~Vn821t!rN~n21,n821!#

1rbb@cos~Vn21t!cos~Vn821t!rN~n,n8!1sin~Vnt!sin~Vn8t!rN~n11,n811!#

1 irab@cos~Vnt!sin~Vn8t!rN~n,n811!2sin~Vn21t!cos~Vn821t!rN~n21,n8!#

2 irba@sin~Vnt!cos~Vn8t!rN~n11,n8!2cos~Vn21t!sin~Vn821t!rN~n,n821!#. ~8!

Given the initial state of the cavity fieldr(0)[rN505r0 ,
the recursion relation~8! allows us to obtain the field density
matrix rN(n,n8) for anyN.

It is clear from Eq.~8! that the coupling between the
diagonal matrix elementsrN11(n,n) and the off-diagonal
elementsrN(n,n61)5rN* (n61,n) occurs only when the
atomic coherencerab5rba* is present. If the micromaser
starts from the vacuum or from a thermal field, and is
pumped by unpolarized atoms~i.e., rab5rba50), then the
off-diagonal elements of the field density matrix always re-
main equal to zero, and consequently, the field phase is al-
ways random. However, atoms prepared in a coherent super-
position of their states via microwave field before entering
the micromaser cavity create nonvanishing off-diagonal ele-
ments; that is, they create a preferred field phase@8#.

In Sec. IV we study the phase properties of the field state
defined by Eq.~8!, for different initial atomic and field states.

III. REVIEW OF THE PEGG-BARNETT HERMITIAN
PHASE FORMALISM

To describe quantum phase properties of the field, gener-
ated in the ideal microwave cavity, we apply the Hermitian
phase formalism introduced by Pegg and Barnett@17#. This
formalism is based on introducing a finite (s11)-
dimensional spaceC spanned by the number statesu0&,
u1&, . . . , us&, for a given mode of the field. The Hermitian
phase operator operates on this finite space and, after all
necessary expectation values have been calculated inC, the
value of s is allowed to tend to infinity. A complete ortho-
normal basis of (s11) states is defined onC as

uum&[
1

As11
(
n50

s

exp~ inum!un&, ~9!

where

um[u01
2pm

s11
, m50,1, . . . ,s. ~10!

The value ofu0 is arbitrary and defines a particular basis set
of (s11) mutually orthogonal phase states. The Hermitian
phase operator is defined as

f̂u[ (
m50

s

umuum&^umu, ~11!

where the subscriptu indicates the dependence on the choice
of u0 . The phase states~9! are eigenstates of the phase op-
erator~11! with the eigenvaluesum restricted to lie within a
phase window betweenu0 andu012p.

The expectation value of thekth power of the phase op-
erator~11! in a state described by the density operatorr is
given by

^f̂u
k&5Tr$rf̂u

k%5 (
m50

s

um
k ^umuruum&, ~12!

where ^umuruum& gives a probability of being found in the
phase stateuum&. The density of phase states is (s11)/2p,
so in the continuum limit ass tends to infinity, we can write
Eq. ~12! as

^f̂u
k&5E

u0

u012p

ukP~u!du, ~13!

where the continuum phase distributionP(u) is introduced
by

P~u!5 lim
s→`

s11

2p
^umuruum&

5
1

2p (
n,n850

`

r~n,n8!exp@2 i ~n2n8!u#, ~14!

with um being replaced by the continuous phase variableu.
Herer(n,n8) are the matrix elements of the density operator
in the number state basis. Once the phase distribution func-
tion P(u) is known, all the quantum-mechanical phase ex-
pectation values can be calculated with this function in a
classical-like manner by integrating overu. The choice of
u0 defines a particular window of phase values.

Of particular interest in description of the phase properties
of the field is the phase variance that can be calculated ac-
cording to the formula

~Df̂!25E u2P~u!du2F E uP~u!du G2. ~15!

The phase probability distribution illustrates the phase struc-
ture of the field mode while the variance provides a good
understanding of the evolution of the field phase fluctuations.

Since the number and phase are conjugate quantities, they
obey the uncertainty relation@17#

DnDf>
1

2
u^@ n̂,f̂#&u. ~16!

The number-phase commutator appearing on the right-hand
side of Eq.~16! can be easily evaluated, for any physical
state, from the relation@17#

^@ n̂,f̂#&5 i @122pP~u0!#. ~17!

564 53TSERESODNOM GANTSOG AND RYSZARD TANAS



So, both sides of the uncertainty relation~16! can be calcu-
lated independently for a given state of the field, and the
uncertainty relation itself can be tested for finding, for ex-
ample, the minimum uncertainty states. We use the field
characteristics defined above to study quantum phase prop-
erties of a lossless micromaser.

IV. PHASE PROPERTIES OF THE MICROMASER FIELD
FOR DIFFERENT INITIAL ATOMIC AND FIELD

STATES

In this section we study phase properties of the microma-
ser field using the Pegg-Barnett phase formalism. Since the
phase behavior of the micromaser field strongly depends on
the state of the field initially existing in the cavity as well as
on whether the atoms are injected into the cavity in their
excited state or in a superposition of their excited and ground
states, we consider separately the case of incoherent and co-
herent pumping.

A. The case of no injected atomic coherence

Here we consider the case whenrab5rba50, that is, no
atomic coherence is injected into the cavity. We assume that
atoms are injected into the cavity in their excited state, i.e.,
raa51 andrbb50. In this case, the evolution of the field
density matrix is governed by the equation

rN~n,n8!5cos~gtAn11!cos~gtAn811!rN21~n,n8!

1sin~gtAn!sin~gtAn8!rN21~n21,n821!.

~18!

According to Eqs.~14! and~18! the phase probability distri-
bution of the micromaser field afterN atoms have traversed
the cavity is given by

PN~u!5
1

2p (
n,n850

`

rN~n,n8!exp@2 i ~n2n8!u#

5
1

2p (
n,n850

`

rN21~n,n8!cos@gt~An11

2An811!#exp@2 i ~n2n8!u#. ~19!

For N51, Eq. ~19! reproduces the corresponding result ob-
tained for the Jaynes-Cummings model@19#. From Eqs.~18!
and ~19!, it is obvious that matrix elements of the density
operatorrN(n,n8) and, consequently, the phase probability
distributionPN(u) are very strongly dependent on the value
of gt. This parameter can be varied experimentally by
changing the velocity of the atomic beam.

One property of the micromaser field is obvious from the
form of Eqs.~8! and ~19!. If the cavity field is initially in a
photon number state or in a thermal state, then the nondiago-
nal elements of the field density operator are always equal to
zero, and we have flat phase distributionPN(u)51/(2p),
that is, the phase of the field is completely random. So, if the
field had no preferred phase initially and the cavity is
pumped incoherently, i.e., by the atoms being in their excited
state, the phase will always remain random. This is obvious,

since there is no initial coherence in the field and the driving
atoms do not also carry any phase information.

The situation is quite different, however, if the field in the
micromaser cavity has been prepared, before injecting the
excited atoms, in a state which exhibits a phase peak, i.e., its
phase is not random. Such a state can be, for example, a
coherent state which can be prepared in the micromaser cav-
ity under special conditions@13# or one of the cotangent
states@14#. Now, we suppose that the cavity field is initially
in the coherent stater05ua&^au with a5An̄, wheren̄ is the
mean number of photons in the coherent state. We numeri-
cally calculate the development of the phase probability dis-
tribution PN(u) from Eq. ~19! for n̄525, gt55, and for
various values ofN using the recursion relation~18!. The
results are illustrated in Fig. 1, where the functionPN(u) is
plotted as a function ofu afterN50, 1, 2, 3, 4, and 5 atoms
have passed through the cavity.

As seen from Fig. 1, the phase probability distribution of
the initial coherent field (N50) splits intoN11 separate
peaks with different heights. The splitting occurs, however,
differently depending on whether the number of injected at-
omsN is even or odd. For an evenN the peaks appear at the
phase anglesu50,61,62, . . . rad and thephase of initial
coherent state is partially preserved, while for an oddN it is

completely lost and the peaks appear atu56 1
2 , 6 3

2 ,

6 5
2 , . . . rad. The splitting of the distributionPN(u) sug-

FIG. 1. Phase distributionP(u) for initially coherent field with
the mean number of photonsn̄525, for gt55 and various values
of the number of injected atomsN.
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gests that the state of the micromaser field evolves during the
evolution into a superposition of distinguishable states with
definite mean phases. With increasingN, the number of
peaks in the distributionPN(u) increases, and as a result the
distribution becomes more and more uniform, which means
the randomization of the phase. The route to the random-
phase distribution, however, goes through a sequence of an
increasing numbers of peaks.

In the limit of large mean photon numbers (n̄@N) an
analytical treatment of the phase distribution function is
available. To show this, we first make a Taylor expansion of
An11 in Eq. ~19! around theAn̄11 to get

An115An̄111
n2n̄

2~ n̄11!1/2
2

~n2n̄!2

8~ n̄11!3/2
1•••.

~20!

Now we assume that forn̄@N the size of the region in which
the field density matrix is essentially different from zero is
not a large quantity compared toAn̄. This condition is cer-
tainly satisfied for short timesgt and a small number of
atomsN!n̄. Then, for the number states that contribute sig-
nificantly to the sum~19!, one expects (n2n̄)2 to be of order
of, or smaller than,n̄; hence forgt!2pAn̄, the third term
on the right-hand side of Eq.~20! and all higher-order terms
may be ignored to yield

gt~An112An811!.
gt

2An̄
~n2n8!. ~21!

Then the distribution~19! becomes

PN~u!.
1

2p (
n,n8

r0~n,n8!H cosF gt

2An̄
~n2n8!G J N

3exp@2 i ~n2n8!u#. ~22!

Finally, using cosx5(eix1e2ix)/2, we obtain from Eq.~22!
the expression

PN~u!.
1

2N (
l50

N S Nl D 1

2p (
n,n850

`

r0~n,n8!

3expF2 i ~n2n8!S u2
N22l

2An̄
gt D G

5(
l50

N

al
NP0~u2w l !, ~23!

where

P0~u2w l !5
1

2p (
n,n850

`

r0~n,n8!exp@2 i ~n2n8!~u2w l !#

~24!

is simply the phase probability distribution for a coherent
field uaexp (iwl)& with the amplitudea5An̄ and the phase
w l5(N22l )gt/(2An̄) ( l50,1,2,. . . ,N), and

al
N5

1

2N SNl D , (
l50

N

al
N51 ~25!

is a weight factor. The expression~23! has a very simple
structure: the phase distributionPN(u) is a superposition of
N11 phase distributions for coherent statesP0(u2w l) hav-
ing different weightsal

N and different mean phasesw l .
Further, for an evenN Eq. ~23! can be written in the

explicit form

PN~u!5aN/2
N P0~u!1 (

l50

N/221

al
N@P0~u2w l !1P0~u1w l !#.

~26!

Similarly, for an oddN we have

PN~u!5 (
l50

~N21!/2

al
N@P0~u2w l !1P0~u1w l !#. ~27!

Equations~23!–~27! make the behavior of the phase prob-
ability distribution quite transparent. TheN11 peaks appear
symmetrically with respect to the originu50. For an evenN
the highest peak is located atu50, and for an oddN there
are two peaks of equal height symmetrically placed with re-
spect to the origin. The height of thel th peak is 1/al

N times
smaller than that of the initial coherent-state peak (N50).
For our choice ofgt55 and n̄525, we have for the mean
phases the valuew l5N/22 l , which can be either an integer
~for an evenN! or half an integer~for an oddN!. These
analytical results are in good agreement with the exact nu-
merical calculations presented in Fig. 1.

Surprisingly, the same results have been obtained for a
cooperative Dicke model@20#. Such similarity stems from
the fact that the interaction of subsequently injected atoms
with the cavity field is, in a sense, also a cooperative process
@13,16#. In both the Dicke model and the micromaser model
under consideration the atoms interact with one another only
through the cavity field. The only difference between the two
models is the way atoms interact with the cavity field. In the
Dicke model all the atoms simultaneously interact with ex-
actly the same field while, in contrast, in the micromaser
case each atom interacts with the field that was prepared by
the previous atoms traversing the cavity, which is generally
different but carries the prints of the atoms that created it.

In Fig. 2 we plot the phase variance (Df)2 as a function
of the number of injected atomsN for n̄525 andgt51, 5,
10, and 15. Note that for our choice of the phase window the
second term in Eq.~15!, and consequently the mean phase, is
always equal to zero. Due to the central peak atu50 ~see
Fig. 1!, the phase variance for an evenN is always less than
that for an oddN. Therefore the phase variance shows the
odd-even oscillations~Fig. 2!. As we see from Fig. 2, the
oscillations appear to be more pronounced for
gt;gtR/25pAn̄. For gt5gtR/2, due to mutual overlap of
the peaks the phase distribution function has just two peaks,
which appear atu56p/2 for an oddN and atu50,6p for
an evenN. The phase variance for these two structures has
quite distinct values. As the number of injected atoms in-
creases the phase variance asymptotically approachesp2/3
— the value for the uniformly distributed phase.
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The only assumption we used in our derivation of Eq.
~22!, or equivalently Eqs.~23!–~27!, was the approximation
~21!, that is, the requirement that the initial field has a narrow
photon number distribution. Therefore, similar behavior can
also be expected for other states with a narrow photon num-
ber distribution. To illustrate this point we plot in Fig. 3 the
phase probability distribution for the 1-cotangent state bound

between the vacuum stateu0& and the trapping stateu20&.
This state can be prepared in a lossless micromaser cavity
pumped by a stream of strongly polarized two-level atoms
@14#. In our calculation for Fig. 3 we have chosengt54. As
it is seen from Fig. 3, a multipeak phase structure also de-
velops when the cavity field is in the 1-cotangent state and
the atoms enter the cavity in their excited state. Similarly to
the case of the coherent state, atoms injected in the excited
state into the micromaser cavity containing the field with
some phase structure cause degradation of this phase struc-
ture up to the complete randomization of the phase.

B. The case of injected atomic coherence

Now, we proceed to investigate the effect of the atomic
coherence on the phase properties of the micromaser field. In
this case, as we mentioned before, the atomic phase can be
transferred to the cavity field, and we can expect a buildup of
the phase structure even for the field that had no such struc-
ture initially. Let us assume that the atoms are injected into
the cavity in a coherent superposition of the upper and lower
states withrab5rba* 5urabueiw, wherew is the atomic initial
phase andurabu5Araa(12raa). It is convenient to intro-
duce the following definition for the density matrix:

rN~n,n8!5~2 ieiw!n2n8r̃N~n,n8!. ~28!

Substituting this expression into Eq.~8!, we can easily verify
that r̃N(n,n8) is a real and symmetric matrix@provided the
initial matrix r̃0(n,n8) is real# and does not depend on the
atomic phasew. The phase probability distribution can now
be written as

P~u!5
1

2p (
n,n850

`

r̃N~n,n8!exp@2 i ~n2n8!u#, ~29!

where we have chosen for the reference phase the value
u05w23p/2. To choose the phase window to be symmetric
with respect to the origin, we have chosen for the atomic
phase the valuew5p/2.

Using Eqs.~29!, ~15!, and~8!we have numerically calcu-
lated the phase variance for the cavity field assuming that
initially it was in the thermal state. The results are presented
in Fig. 4. It is seen that as the number of photons increases
the phase variance approaches a steady-state value which
depends on the value ofgt, i.e., on the atom-field interaction
time. We have assumed that atoms are strongly polarized
with raa5urabu50.5. For small values ofgt (gt,1) it is
evident from Fig. 4 that the micromaser field develops pre-
ferred phase and its phase variance drops to relatively small
values as the number of atoms increases. In this case the
atomic phase has been effectively transferred to the field. For
greater values ofgt the phase variance becomes larger and
the field phase is not very well defined. For still highergt
~e.g., aroundgt54) oscillations appear in the phase vari-
ance at the initial stage of the process, and it goes down to
smaller values for a large number of atoms. The qualitatively
different behavior of the phase variance for small and large
values ofgt is quite obvious from the figure. For better
understanding of the field evolution, we plot in Fig. 5 the
mean number of photons and in Fig. 6 the normalized stan-

FIG. 2. Phase variance (Df)2 as a function of the number of
injected atomsN, for initially coherent field with the mean number
of photonsn̄525, and for various values ofgt.

FIG. 3. Phase distributionP(u) for initially 1-cotangent state
bound between the vacuumu0& and the trapping stateu20&, for
gt54 and various values of the number of injected atomsN.
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dard deviation of the number of photons for the same values
of the parameters as in Fig. 4. Again we can see the qualita-
tive difference in behavior for the various intervals oft. For
smallgt the mean number of photons takes on considerable
values and the photon statistics are sub-Poissonian. Forgt
above unity the mean number of photons becomes small and
its fluctuations bigger, and the statistics become super-
Poissonian. For still higher value~aroundgt54) the mean
number of photons increases and the statistics become sub-
Poissonian again.

To gain deeper insight into the physics behind these pic-
tures we have calculated the states purity parameter defined
asz512Tr(r2), which is plotted in Fig. 7. This parameter
tends to zero if the field state tends to a pure state. From Fig.
7 we immediately see that for small values ofgt the purity
parameter goes to zero as the number of atoms increases.
This means that the field asymptotically goes to a pure state.
We can identify these states as 1-cotangent states considered
in @15# although the initial field was the thermal field which

has no obvious truncation number. This can be explained by
the fact that the thermal field photon distribution has its peak
for the vacuum and decays as the number of photons in-
creases, which means that for a sufficiently large number of
photons the probability of finding a photon is so low that it
can be treated practically as zero. For givengt the upward
trapping stateuM & can be evaluated byM115(p/gt)2 and,
if this number is sufficiently large as to have a small prob-
ability of finding a photon in this state, this state can be
treated as effectively truncating the photon distribution and
the field state evolves to the corresponding 1-cotangent state.
Phase properties of such states have been studied in@15#.

If, however,gt is bigger so the truncation number esti-
mated in this way is so small that states above this number
are essentially populated, or if the estimated truncation num-
ber is smaller than unity, the state of the field no longer
evolves to one of the 1-cotangent states. For these intervals
of the interaction time the field state becomes a mixed state,
and its phase properties are substantially different. In this
range of the interaction times the transfer of atomic phase to
the field is not very effective and the field phase remains
almost random with a rather flat phase distribution and a
large phase variance. To make the qualitative difference of

FIG. 4. Phase variance (Df)2 against the number of injected
atomsN for various values of the scaled interaction time:gt50.1
~dashed line!, gt50.5 ~dot-dashed line!, gt52 ~dot-dot-dashed
line!, gt53 ~dotted line!, andgt54 ~solid line!. The cavity field is
initially in the thermal state with the mean number of photons
n̄b50.1 and is pumped by polarized atoms withraa5rab51/2.

FIG. 5. Mean number of photonŝn& against the number of
injected atomsN. The initial conditions, the parameters, and the
meaning of the lines are the same as in Fig. 4.

FIG. 6. Normalized standard deviations against the number of
injected atomsN. The initial conditions, the parameters, and the
meaning of the lines are the same as in Fig. 4.

FIG. 7. Purity parameterz against the number of injected atoms
N. The initial conditions, the parameters, and the meaning of the
lines are the same as in Fig. 4.
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the micromaser field properties for various regions of the
gt values more clear, we plot in Fig. 8 the three-dimensional
pictures of the quantities discussed above, which show in a
more spectacular way the differences in the micromaser field
properties.

However, it is also seen from Fig. 8~d! that there are val-
ues ofgt.1 for which the purity parameter drops almost to
zero. This would suggest that even for bigger values ofgt
the micromaser field can evolve close to a pure state, but this
happens for a very narrow range ofgt values, and it is not
easy to identify such states.

Knowing the phase variance and the photon number vari-
ance we can plot the number-phase uncertainty product
which is presented in Fig. 9. The lower curve shows the
lower bound to the uncertainty product given by the value of
one-half of the modulus of the mean value of the number-
phase commutator. It is seen from Fig. 9 that for small values
of gt actual uncertainty asymptotically approaches its lower
bound. For those values ofgt for which the field evolves to
a mixed state there is a gap between the actual uncertainty
product and its lower bound.

In our discussion so far of the case when the atoms are
injected to the micromaser cavity in a superposition of their
states we have assumed that the cavity field is initially the
thermal field with the mean number of photons equal to 0.1.
We were looking at the possibility to build up some phase
structure of the micromaser field that initially had no such
structure. Now, let us assume that we have initially prepared
the micromaser field in a state with a preferred phase, for
example in a coherent state, and we ask what happens with
such field when we drive the cavity with polarized atoms? In
Fig. 10 we illustrate such situation: the initial field is in a
coherent state with the mean number of photons equal to 25,
and the atoms are injected in the superposition state with

rab5Araa(12raa). We plot the phase distributionP(u)
versusraa for the number of atoms that passed through the
cavity equal toN52, 3, 50, 51. The result is very interest-
ing, because apart from the cases when atoms are in one of
their stationary states (raa50,1), the phase distribution ex-
hibits two phase peaks for all odd numbers of atoms and
three phase peaks for even numbers of atoms. Moreover, the
shape of the distribution practically does not depend on the
number of atoms injected to the cavity but depends on
whether this number was odd or even. So each subsequent
atom switches the phase distribution from a two-peak into a
three-peak structure, and vice versa. We get the odd-even
oscillation of the phase distribution, which is similar to the

FIG. 8. Plots of~a! mean number of photons,
~b! phase variance,~c! normalized standard de-
viation, and~d! purity parameter as functions of
N andgt. The initial conditions and the param-
eters are the same as in Fig. 4.

FIG. 9. Number-phase uncertainties as functions ofN for vari-
ous values ofgt: ~a! gt50.1, ~b! gt50.5, ~c! gt53, and ~d!
gt54. Upper and lower curves are the left- and right-hand sides of
Eq. ~16!, respectively. The initial conditions and the other param-
eters are the same as in Fig. 4.
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oscillation obtained when the cavity is pumped by excited
atoms, but now the shape of the phase distribution remains
the same contrary to the randomization of the phase observed
before. The two- and three-peak structure of the phase dis-
tribution suggests that the micromaser field can be in a su-
perposition of two or three states with well separated phase
peaks. In Fig. 11 we plot the purity parameter for the case
when initially the cavity field was in a coherent state with the
mean number of photonsn̄525 and atoms were strongly
polarizedraa5rab50.5. The purity parameter shows some
interesting features: after some oscillations asgt increases, it

becomes flat with sufficiently small values, which mean that
for large values ofgt the cavity field evolves close to a pure
state. There are no indications of the odd-even oscillations
observed for the phase distribution. This suggests that these
oscillations are associated with the phase only. To take a
closer look at the effect we plot in Fig. 12 the matrix ele-
mentsr(n,m) of the field density matrix for~a! N52 and
~b! N53. From Fig. 12 it is clear that for the odd number of
atomsN some of the matrix elements become negative lead-
ing to a different state than that for an even number of atoms.
This effect of switching between the two field states by every
single atom passing the cavity appears to us to be very inter-
esting, and the phase distribution studied in this paper proves
to be a good means of discrimination between such states.

V. CONCLUSION

We have discussed the quantum phase properties of the
field generated in the ideal micromaser cavity. The Pegg-
Barnett phase formalism has been applied to find the phase
probability distribution as well as the variance of the phase
operator for the micromaser field. The recursion relation for
the field density matrix is derived and used to get the evolu-
tion of the micromaser field. The phase probability distribu-
tion for the micromaser field shows some interesting fea-
tures.

If the cavity field starts from a coherent state and atoms
enter the cavity in their excited state, the phase distribution
afterN atoms passes through the cavity becomes an (N11)-
peak structure. For the large mean number of photons of the
initial coherent state it is possible to obtain analytical expres-
sions describing this structure and showing that the phase
distribution is a weighted sum of theN11 phase distribu-
tions for coherent states. When the number of atoms that
passes through the cavity increases, the phase distribution
becomes more and more flat, that is, the phase becomes more
and more random, but the route to the completely random
phase goes through an increasing number of peaks in the
phase distribution.

On the other extreme, we have studied the phase proper-

FIG. 10. Plots of the phase distributionP(u) as functions of
raa , for an initially coherent state withn̄525 and forgt55 and
variousN: ~a! N52, ~b! N53, ~c! N550, and~d! N551.

FIG. 11. Plot of the purity parameter as a function ofN and
gt for an initially coherent state with n̄525 and for
raa5rab50.5.
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ties of the cavity field for the cavity which initially was in
the thermal state and is driven by highly polarized atoms. In
this case the atomic phase is transferred to the field, and the
cavity field can evolve to a state with a considerably well
defined phase. We have shown that the phase transfer de-
pends crucially on the atom-field interaction time. The state
of the field can, as the number of interacting atoms increases,

approach asymptotically a pure state which is identified as a
1-cotangent state if the interaction time is properly chosen.
For a different choice of the interaction time the state of the
field can be a mixed state with large phase as well as number
fluctuations. We have numerically calculated and graphically
presented results describing phase properties of the microma-
ser field for various initial conditions.

When the micromaser field is initially prepared in a co-
herent state and the cavity is pumped with polarized atoms
interacting with the field for a particular time, the phase dis-
tribution of the cavity field that initially showed one phase
peak starts to switch between two- and three-peak phase
structures by every single atom that passes the cavity. The
new phase structures do not depend on the number of atoms,
but on whether an odd or even number of atoms have passed
the cavity. This is a very interesting behavior of the micro-
maser field.

Our results were obtained under very strong assumptions:
~i! a very highQ cavity that allows us to neglect the cavity
damping, and~ii ! well controllable atomic injections allow-
ing for controlling both the velocity of the atoms as well as
the time between the subsequent injections. This means that
the model considered here is rather idealistic and it can be
difficult to realize in practice. Nevertheless, we believe that
the results reveal some interesting features of the microma-
ser.

In a more realistic model the cavity damping should be
taken into account and it would necessarily lead to the broad-
ening of the phase distribution due to the phase diffusion
@9–12# associated with the nonzero cavity damping. The
phase randomization discussed here has a quite different
character and it is associated with the quantum properties of
the field~granularity of the field! rather than with any damp-
ing processes. Even if the evolution is unitary, the field state
can become a superposition of coherent states with the phase
distribution exhibiting many peaks and thus being much
broader than the distribution for a single coherent state. In
this paper we have discussed the evolution of the micromaser
phase properties of this dynamical character only, and it
would be interesting to include the dissipation in the model.
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