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Abstract. We discuss a simple model for creation of entanglement in a system composed of two two-level atoms interacting with
a common environment. The role of the environment in entangling and disentangling of the atoms is explored. We demonstrate
how the spontaneous decay of an initial excitation of the system can create a transient entanglement between the atoms. The
opposite situation is also discussed where a spontaneous disentanglement of initially entangled atoms may exhibit some unusual
features such as entanglement sudden birth, the phenomenonof entanglement sudden death and revival of entanglement. We
provide a discussion of these unusual phenomena in terms of the density matrix elements of the system and show the connection
of the phenomena with the threshold behaviour of the concurrence.

1. Introduction

Entanglement is a unique feature of quantum mechanics that can be created between different objects
such as individual photons, atoms, nuclear spins and even between biological living cells [1]. Theoretical
studies have demonstrated that entanglement can be used as aresource for transmission of quantum
information over long distances. However, a transfer of theinformation requires ingredients for the
control and transmission in the form of long-lived entangled states that are immune to environmental
noise and decoherence. The transfer of information has beenaccomplished between light, which appears
as a carrier of the information, and atoms whose stable ground states serve as a storage system [2–4].
The ability to store quantum information in long-lived atomic ground states opens possibilities for a long
time controlled processing of information and communication of the information on demand.

An important issue in the creation of entanglement between the qubits is the presence of unavoidable
decoherence which is a source of an irreversible loss of the coherence. It is often regarded as the
main obstacle in practical implementation of coherent effects and entanglement. A typical source
of decoherence is spontaneous emission resulting from the interaction of a system with an external
environment. For a composed system, each part of the system can interact with own independent
environments or all the parts can be coupled to a common environment. In both cases, an initial
entanglement encoded into the system degrades during the evolution. Nevertheless, the degradation
process can be much slower when the parts of the system are coupled to a common rather than separate
environments and, contrary to our intuition, might even entangle initially unentangled qubits. This effect,
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called the environment induced entanglement has been studied for discrete (atomic) [5–11], as well as for
continuous variable systems [12,13]. A crucial parameter in the case of the atoms coupled to the same
external environment is the collective damping [14–19], which results from an incoherent spontaneous
exchange of photons between the qubits.

The destructive effect of spontaneous emission on entanglement can take different time scales. The
decoherence time depends on the damping rate of the state in which the entanglement was initially
encoded and usually the decay process induced by spontaneous emission occurs exponentially in time.
However, some entangled states can have interesting unusual decoherence properties that an initial
entanglement can vanish abruptly in a finite time [20–23]. This drastic non-asymptotic feature of
entanglement has been termed as the “entanglement sudden death”, and is characteristic of the dynamics
of a special class of initial entangled states. The qubits may remain separable for the rest of the evolution
or entanglement may revive after a finite time [24–28].

Although the sudden death feature is concerned with the disentangled properties of spontaneous
emission there is an interesting “sudden” feature in the temporal creation of entanglement from initially
independent qubits [29,30]. The phenomenon termed as sudden birth of entanglement, as it is opposite to
the sudden death of entanglement arises dynamically duringthe spontaneous evolution of an initially sep-
arate qubits. The sudden birth of entanglement is now intensively studied as it would provide a resource
for a controlled creation of entanglement on demand in the presence of a dissipative environment [23].

In this paper we illustrate the effect of spontaneous emission and the interactions between atoms on
entanglement creation and its transient evolution. We introduce the concurrence, the necessary and
sufficient conditions for entanglement in a two-atom system. Then we turn into the dynamics of atoms
interacting with a common environment and examine a possibility for entanglement creation between
two atoms. We employ the dynamics of the atoms to illustrate some unusual temporary behaviours of
the disentanglement process, the sudden birth and sudden death of entanglement. Next, we demonstrate
under what kind of conditions the already destroyed entanglement could revive during the evolution.
Finally, we discuss the role of thermal reservoir on the evolution of an initial entanglement.

The collective properties of interacting atoms, which we consider here, is a fascinating research topic
in which Professor Stanisław Kielich was interested for many years. In a series of publications, he has
explored the role of the interactions in light scattering [31], especially intermolecular interactions play
crucial role in the cooperative light scattering discovered by Kielich and his French colleagues [32].
Another important topic investigated by Kielich since the beginning of his scientific career was the
problem of optical reorientation of molecules, which started before the first laser became operational [33].
More on the research done in Kielich’s group can be found in articles published in [34].

2. Two-atom system

We consider a system composed of two identical atoms locatedat fixed positions~ri, and separated by
a distancerij = |~rj − ~ri| large compared to the atomic diameter, so that overlap between the atoms can
be ignored. The atoms are modeled as two-level systems with ground states|gi〉 and excited states|ei〉,
separated by transition frequenciesω0 and connected by a transition dipole moment~µ. Both atoms are
assumed to be damped with the same ratesγ−the spontaneous emission rates arising from the coupling
of the atoms to a common reservoir.

The dynamics of the atoms interacting with a reservoir of electromagnetic field modes at some
temperatureT are determined by the master equation of the density operator of the system, which in the
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limit of ω0t ≫ 1 has the form [17,18]
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of theith atom,γii ≡ γ are the spontaneous decay rates of the atoms, equal to the EinsteinA coefficient
for spontaneous emission, andN is the mean number of photons of the reservoir at temperatureT . The
photon numberN ≡ N(ω0) is given by the Planck distribution

N(ω) =
1

e
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kBT − 1
, (2)

wherekB is the Boltzmann constant.
The terms in the master equation that depend onγij andΩij (i 6= j) are the so-calledcollectiveterms

and determine collective properties of the system. The parameterγij represents the collective damping,
while the parameterΩij represents the dipole-dipole interaction between the atoms. The effect ofΩ12 on
the atomic system is the shift of the energy of the single excitation collective states from the single-atom
energy. The collective parameters can be evaluated explicitly and are given by the expressions [15–18,
35,36]
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whereµ̂ is the unit vector along the dipole moments of the atoms, which we have assumed to be parallel
(µ̂ = µ̂i = µ̂j), r̂ij is the unit vector in the direction of~rij, k = ω0/c, andrij is the distance between
the atoms. For small distances between the atoms,γ12 ≈ γ, whereas for large distances the collective
damping vanishes as(kr12)

−1 and becomes negligible forkr12 ≫ 1. In this limit, the atoms decay
independently with a rate identical to that of a single atom.

The density operator of the system can be represented in a complete set of basis states spanned by four
product (separable) states

|1〉 = |g1〉 ⊗ |g2〉, |2〉 = |g1〉 ⊗ |e2〉,
|3〉 = |e1〉 ⊗ |g2〉, |4〉 = |e1〉 ⊗ |e2〉. (5)
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Written in the basis (5), the density operator can have a diagonal or non-diagonal form and the presence
of any non- diagonal terms simply indicates the existence ofcoherence effects in the system. For the
examples considered in the following sections, the densitymatrix of a two-atom system will occur in the
so-calledX-state form [37,38]

ρ =









ρ11 0 0 ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0

ρ41 0 0 ρ44









, (6)

where non-zero matrix elements occur only along the main diagonal and anti-diagonal. Physically, the
X-state form corresponds to a situation where all coherencesbetween the ground state|1〉 and the single
excitation states|2〉 and|3〉, and between|2〉, |3〉 and the double excitation state|4〉 are zero. TheX-state
density matrix can be easily created by an appropriate initial preparation of a two-atom system. Also,
one can find processes that not only retain the initialX-state form of the density matrix, but even could
lead to theX-state form under the evolution.

One can see from Eq. (6) that in the presence of coherence, thedensity matrix is not diagonal. This
means that the product states (5) do not correspond in general to the eigenstates of the system. In this
case, a different choice of basis states is found particularly useful to work with, the basis of collective
states of the system, or the Dicke states, defined as [14,15,17]

|g〉 = |g1〉 ⊗ |g2〉,

|s〉 =
1√
2

(|e1〉 ⊗ |g2〉 + |g1〉 ⊗ |e2〉) ,

|a〉 =
1√
2

(|e1〉 ⊗ |g2〉 − |g1〉 ⊗ |e2〉) ,

|e〉 = |e1〉 ⊗ |e2〉. (7)

It is interesting to note that the collective basis containstwo states,|s〉 and|a〉 that are linear symmetric
and antisymmetric superpositions of the product states, respectively. The most important is that the states
are in the form of maximally entangled states. The remainingtwo states|e〉 and|g〉 are separable states.

3. Entanglement measure

The usual way to identify entanglement in a system being in a mixed state and composed of two
sub-systems (qubits) is to examine the concurrence [39,40]. For a system described by the density
matrixρ, the concurrenceC is defined as

C(t) = max (0, λ1(t) − λ2(t) − λ3(t) − λ4(t) ) , (8)

where{λi(t)} are the square roots of the eigenvalues of the non-HermitianmatrixR = ρ(t)ρ̃(t) with

ρ̃(t) = σy ⊗ σy ρ∗(t)σy ⊗ σy, (9)

andσy is the Pauli matrix. The range of concurrence is from 0 to 1. For unentangled (separated) atoms
C(t) = 0, whereasC(t) = 1 for the maximally entangled atoms.
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A particularly interesting behaviour of concurrence is found for a system of qubits determined by the
density matrix of theX-state form, Eq. (6). To determine the concurrence, we first find the square roots
of the eigenvalues of the matrixR:

√

λ1,2 =
√

ρ22(t)ρ33(t) ± |ρ14(t)|,

√

λ3,4 =
√

ρ11(t)ρ44(t) ± |ρ23(t)|, (10)

from which it is easily verified that for a particular value ofthe matrix elements there are two possibilities
for the largest eigenvalue, either

√
λ1 or

√
λ3. The two possibilities result in the concurrence of the form

C(t) = max {0, C1(t), C2(t)} , (11)
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From this it is clear that the concurrenceC(t) can always be regarded as being made up of eitherC1(t)
or C2(t) that are associated with two different coherences which canbe generated in a two qubit system.
From the forms ofC1(t) and C2(t), it is obvious thatC1(t) provides a measure of an entanglement
produced by the two-photon coherenceρ14(t), whereasC2(t) provides a measure of an entanglement
produced by the one-photon coherenceρ23(t). The two alternative contributionsC1(t) andC2(t) are
traditionally understood as thecriteria for one and two-photon entanglement, respectively.

Inspection of Eqs (12) and (13) shows that non-zero coherencesρ14(t) andρ23(t) are the necessary
condition for entanglement, but not in general sufficient one since there are also threshold terms in the
concurrence measures involving the diagonal (population)terms. For example, there might be situations
where the quantity

√

ρ11(t)ρ44(t) is different from zero, and|ρ23(t)| may be positive but not large
enough to enhance the concurrenceC2(t) above the threshold for entanglement. Thus, the necessary
and sufficient condition for entanglement between two qubits whose the dynamics are determined by the
density matrix (6) is

|ρ14(t)| 6= 0 and |ρ14(t)| >
√

ρ22(t)ρ33(t), (14)

or

|ρ23(t)| 6= 0 and |ρ23(t)| >
√

ρ11(t)ρ44(t), (15)
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The thresholds for the coherences are sort of “boundaries” between classical and quantum behaviour
of a two-qubit system. Above the threshold, the behaviour ofthe system is determined in terms of
superposition states, the basic principle of quantum mechanics. Below the threshold, the qubits are
separable and no superposition principle is required to determine their properties.

4. Evolution of the density matrix elements

We choose the collective states (7), as a basis for the representation of the density operator and the
analysis of entanglement in the system. The equations of motion for the density matrix elements are
found from the master equation (1), and are given by

ρ̇ee = −2γ(1 + N)ρee + N [(γ + γ12)ρss + (γ − γ12)ρaa] ,

ρ̇ss = (γ + γ12) [ρee − (1 + 3N)ρss − Nρaa + N ] ,

ρ̇aa = (γ − γ12) [ρee − Nρss − (1 + 3N)ρaa + N ] , (16)

ρ̇as = − [γ(1 + 2N) + 2iΩ12] ρas,

ρ̇ge = −γ(1 + 2N)ρge.

Equations (16) describe the evolution of the two-atom system in a quite general case of thermal reservoir
with nonzero mean number of photonsN . In case of the ordinary vacuum, the mean number of photons
of the reservoir is equal to zero,N = 0, and Eqs (16) simplify considerably.

We begin with the simple case of reservoir being the vacuum ofthe electromagnetic modes, so that
we putN = 0. One can see from Eqs (16) that the transitions rates to and from the symmetric and
antisymmetric states are modified by the collective dampingγ12. Provided thatγ12 > 0, the transitions
to and from the symmetric state occur with an enhanced rateγ +γ12, whereas the transitions to and from
the antisymmetric state occur with a reduced rateγ − γ12. For small separations between the atoms,
γ12 ≈ γ, and then the state|s〉 becomessuperradiantwith a decay rate double that of the single atomγ,
whereas the state|a〉 becomessubradiant, with a decay rate of order(kr12)γ which vanishes in the limit
of small distanceskr12 ≪ 1.

The set of coupled equations for the populations of the collective states can be easily solved, and the
solution, valid for arbitrary initial conditions andN = 0 is given by [15,17]

ρee(t) = ρee(0) e−2γt,

ρss(t) = ρss(0) e−(γ+γ12)t + ρee(0)
γ + γ12

γ − γ12

[

e(γ−γ12)t − 1
]

e−2γt,

ρaa(t) = ρaa(0) e−(γ−γ12)t + ρee(0)
γ − γ12

γ + γ12

[

e(γ+γ12)t − 1
]

e−2γt, (17)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t).
We see from Eq. (17) that the decay of the populations dependsstrongly on the initial state of the

system. When the system is initially prepared in the state|s〉, the population of the initial state decays
exponentially with an enhanced rateγ + γ12, while the initial population of the antisymmetric state
decays with a reduced rateγ − γ12. This occurs because the photons emitted from the excited atom can
be absorbed by the atom in the ground state, so that the photons do not escape immediately from the
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system. For a general initial state that includes in the state |e〉, the populations of the symmetric and the
antisymmetric states do not decay with a single exponential.

Similarly, equations of motion for the coherences, Eq. (16), are straightforward to solve, giving

ρsa(t) = ρsa(0) e−(γ+2iΩ12)t,

ρge(t) = ρge(0) e−γt. (18)

The time evolution of the density matrix elements depends onthe initial state of the system. In the
following sections, we will apply the solutions to analyse the time evolution of the concurrence for
different initial states. We consider both separable and entangled initial states to see how spontaneous
emission can affect separable and entangled properties of the system.

5. Spontaneous creation of entanglement

Let us consider first the problem of creation of entanglementin spontaneous emission from an initial
separable state. We take for the initial state of our system the single-excitation state|I〉 = |3〉 =
|e1〉 ⊗ |g2〉, which corresponds to atom1 initially prepared in the excited state and atom 2 in the ground
state. The initial state is, of course, a separable state. Inother words, there is no entanglement in the
system att = 0. It is easily verified that in this case, the only non-vanishing matrix elements are

ρss(0) = ρaa(0) = ρsa(0) = ρas(0) =
1

2
, (19)

and then the initial density matrix has the following form

ρ(0) =









0 0 0 0
0 ρss(0) ρsa(0) 0
0 ρas(0) ρaa(0) 0
0 0 0 0









. (20)

According to the solutions (17) and (18), the matrix elements which are zero at the initial timet = 0
will remain zero for all time, except the population of the ground state|g〉 which will buildup during
the evolution. Hence, the diagonal form of the density matrix will be preserved during the evolution.
Moreover, the dynamics of the systems can be confined to the subspace spanned by three state vectors
only, |g〉, |s〉 and|a〉.

We now examine the concurrence, Eq. (11). Looking at the density matrix (20), two conclusions can
be made. First of all, since the coherenceρge(t) is equal to zero for all timest, we see from Eq. (12)
that the criterionC1(t) is always negative. Consequently,C1(t) will not contribute to the concurrence.
Secondly, the upper state|e〉 is not involved in the dynamics of the system which, according to Eq. (13)
rules out a possibility for the threshold behaviour of the criterion C2(t). Under this situation, the time
evolution of the concurrence is determined solely by the time evolution of the coherence|ρ23(t)|, which
in terms of the collective states can be written as [19]

C(t) ≡ C2(t) =

√

[ρss(t) − ρaa(t)]
2 + 4 [Imρsa]

2

= e−γt
√

sinh2(γ12t) + sin2(2Ω12t). (21)
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Fig. 1. Time evolution of the concurrence (solid line) and the populations of the antisymmetric (dashed line) and the symmetric
(dashed-dotted line) states for the atoms prepared initially in the separable state|3〉 = |e1〉⊗|g2〉, with µ̂ ⊥ r̂12, andr12 = λ/10.

There are two contributions to the time evolution of the concurrence. First, there is an imaginary part of
the coherence between the states|s〉 and|a〉. Since this is off-resonance coupling, it leads to oscillation
in the concurrence with frequency 2Ω12, the frequency difference between the two states. The second
contribution is the difference between the populations of the states|s〉 and |a〉. This contribution is
non-oscillatory. We see that the effect of the non-oscillatory term is apparently to lengthen the lifetime
of the concurrence.

Figure 1 shows the time evolution of the concurrenceC(t), calculated from Eq. (21), together with
the populations of the symmetric and the antisymmetric states. The time evolution of the concurrence
reflects the time evolution of the entanglement between the atoms. It is seen that the concurrence
builds up immediately aftert = 0 and remains positive for all time, which indicates that spontaneous
emission can indeed create entanglement between the initially unentangled atoms. The buildup of the
concurrence in time generally consists of oscillatory and non-oscillatory components, so that two time
scales of completely different behaviour of the concurrence can be distinguished. At early times, the
concurrence builds up in an oscillatory manner, and the oscillatory structure is smoothed out on a time
scale oft = (γ + γ12)

−1, the lifetime of the symmetric state. The oscillations vanish at time close to
the point where the symmetric state becomes depopulated. Atlater times, the concurrence evolves in
a non-oscillatory manner and overlaps with the population of the antisymmetric state. As a result, the
concurrence decays slowly on the time scale oft = (γ−γ12)

−1. Although the concurrence (21) involves
both symmetric and antisymmetric states, it is clear that crucial for the entanglement is the presence of
the antisymmetric state.

The decay time of the population of the antisymmetric state,so that the transient entanglement seen
in Fig. 1, varies with the distance between the atoms. The time goes to infinity whenkr12 → 0. In
this limit the transition rates to and from the antisymmetric state vanish and the state decouples from the
remaining states. Hence, any initial population encoded into the state will remain there for all times.
For example, with the initial state|3〉 andt → ∞, half of the population, that initially encoded into the
antisymmetric state, still remains in the atomic system, and half of the population, that initially encoded
into the symmetric state, is emitted into the field. As a result, the concurrence evolves to its stationary
value ofC(∞) = 0.5 indicating that in the limit oft → ∞, the spontaneous emission could produce
steady state entanglement to the degree of 50% with the corresponding pure state of the system.
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The creation of the transient entanglement can be understood by considering the properties of the
density matrix of the system. For the initial state of only one atom excited the density matrix is not
diagonal due to the presence of coherencesρsa(0) andρas(0). Since the form of the matrix is preserved
during the evolution, it remains non-diagonal for all times. Consequently, the collective states are no
longer the eigenstates of the system. The density matrix canbe diagonalized to give new diagonal states.
It is easy to verify that the states|g〉 and|e〉 remain unchanged, whereas the states|s〉 and|a〉 recombine
into new diagonal symmetric

|+〉 =
[ρ++(t)−ρss(t)]|a〉+ρas(t)|s〉
{

[ρ++(t)−ρss(t)]
2+|ρas(t)|2

}
1

2

, (22)

and antisymmetric

|−〉 =
ρas(t)|a〉+[ρ−−(t)−ρaa(t)]|s〉
{

[ρ−−(t)−ρaa(t)]
2+|ρas(t)|2

} 1

2

, (23)

states, with the eigenvaluesρ++(t) andρ−−(t), the populations of the diagonal states, given by

ρ++(t) =
1

2
[ρaa(t) + ρss(t)] +

1

2

{

[ρaa(t)−ρss(t)]
2+4|ρas(t)|2

}1

2

,

ρ−−(t) =
1

2
[ρaa(t) + ρss(t)] −

1

2

{

[ρaa(t)−ρss(t)]
2+4|ρas(t)|2

}1

2

. (24)

It follows from Eq. (23) that the coherencesρsa(t) andρas(t) cause the system to evolve between two
“new” states|+〉 and|−〉, which are linear combinations of the collective states|s〉 and|a〉. It is easy
verified that for the initial condition (19), the populationρ−−(t) = 0 for all times, whereas the population
ρ++(t) is different from zero and equals to the sum of the populations ρss(t) andρaa(t). The lack of
population in the states|−〉 together with no population in the state|e〉 reduces the four-level system
to an effective two-level system with the excited non-maximally entangled state|+〉 and the separable
ground state|g〉. In this case, the density matrix of the system has a simple diagonal form

ρ(t) = ρ++(t)|+〉〈+| + ρgg(t)|g〉〈g|. (25)

Sinceρ−−(t) = 0 for all timest, we can easily find from Eq. (24) that in this case|ρas(t)|2 = ρaa(t)ρss(t),
and then the state|+〉 can be written as

|+〉 =

√

ρss(t)|s〉 +
√

ρaa(t)|a〉
√

ρaa(t) + ρss(t)
. (26)

When the collective states|s〉 and|a〉 are equally populated, the state|+〉 reduces to a separable state
|e1〉 ⊗ |g2〉. On the other hand, the state|+〉 reduces to a maximally entangled state,|s〉 or |a〉, when
eitherρss(t) or ρaa(t) is equal to zero. Since the population of the symmetric statedecays faster than the
antisymmetric state, see Eq. (16), at time when the state|s〉 becomes depopulated, the state|+〉 reduces
to the maximally entangled antisymmetric state|a〉. This explains why at later times the evolution of the
concurrence follows the evolution of the population of the state|a〉.

The above analysis gives clear evidence that the creation oftransient entanglement from the separable
state by spontaneous emission depends crucially on the presence of the antisymmetric state.
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6. Sudden birth of entanglement

We have already seen that an entanglement can be created by spontaneous emission from an initially
separable state. However, spontaneous emission offers more opportunities for unusual effects. We shall
see that the creation of entanglement by spontaneous emission is not a common phenomenon for all
separable states, and that for some initial states the spontaneous creation of entanglement is possible
but can be delayed in time. To illustrate this phenomenon, which we shall term assudden birth of
entanglement, we consider two initial separable states that differ from that considered in the preceding
section. In the first, we assume that initially both atoms were inverted, and in the second, we assume
that the atoms were initially separable and each prepared ina linear superposition of its energy states.

We start by assuming that initially the system was prepared in the separable two-excitation state|e〉.
In this case,ρee(0) = 1 and all the remaining density matrix elements are zero. According to Eq. (18),
the off-diagonal terms (coherences) will remain zero for all times, but the populationsρss(t), ρaa(t) and
ρgg(t) will buildup during the evolution. This implies that fort > 0, the density matrix of the system
spanned in the basis of the collective states (7), will have adiagonal form for allt:

ρ(t) =









ρgg(t) 0 0 0
0 ρss(t) 0 0
0 0 ρaa(t) 0
0 0 0 ρee(t)









, (27)

with the time dependent density matrix elements given by

ρee(t) = e−2γt,

ρss(t) =
γ + γ12

γ − γ12

[

e(γ−γ12)t − 1
]

e−2γt,

ρaa(t) =
γ − γ12

γ + γ12

[

e(γ+γ12)t − 1
]

e−2γt, (28)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t).
Looking at the density matrix (27) and the criteria for entanglement, Eqs (12) and (13), one can easily

find that in this caseC1(t) is always negative. Thus, positive values of the concurrence, so that the
entanglement are determined only by the criterionC2(t):

C = max {0, C2(t)} , (29)

with

C2(t) = |ρss(t) − ρaa(t)| − 2
√

ρgg(t)ρee(t). (30)

It is clear from Eq. (30) that entanglement, if any, may only result from an unequal population of
the symmetric and antisymmetric states. When the system is prepared in the state|e〉, the resulting
spontaneous transitions are cascades: The system decays first to the intermediate states|s〉 and |a〉,
from which then decays to the ground state|g〉. Since the transition rates to and from the states|s〉 and
|a〉 are different whenγ12 6= 0, there appears unbalanced population distribution between these states.
According to Eq. (30), this may result in a transient entanglement between the atoms.

To visualise the behaviour of the concurrence, we plotC(t) as a function of time and the distance
between the atoms in Fig. 2. The system was initially in the separable two-excitation state|e〉. We
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Fig. 2. A three-dimensional plot of the concurrenceC(t) as a function of timeγt and the distancer12/λ between two, initially
inverted atoms with the polarisation of the atomic dipole moments perpendicular to the inter-atomic axis,µ̂ ⊥ r̂12.

see that there is no entanglement at earlier times, but suddenly at some finite time an entanglement
emerges. However, it happens only for a limited range of the distancesr12. It is easily verified that
the “islands” of entanglement seen in Fig. 2 appear at distances for whichγ12 is different from zero.
Again, it reflects the role of the collective damping which isresponsible for creation of entanglement by
spontaneous emission from an initial separable state. Thisresult also demonstrates how the collective
damping leading to entanglement between the atoms becomes less important as the interatomic distance
is increased. Atoms separated by more than just a few wave-lengths become separable.

We have seen thatγ12 modifies the damping rates of the transitions between the collective states and, on
the other hand, introduces two time scales for the decay of the population of the system. One can easily
find that the entanglement seen in Fig. 2 decays out on a time scale(γ−γ12)

−1 that is the time scale of the
population decay from the antisymmetric state. Again, thisshows that crucial for entanglement creation
by spontaneous emission is the presence of the antisymmetric state. This is perhaps not surprising, as the
population of the antisymmetric state builds up on a much longer time scale than the population of the
symmetric state. At long times, the antisymmetric state will posses a large population with no population
left in the symmetric state. What is surprising and, in fact,is very similar to the situation found in the
Dicke model that at early timesγt ≪ 1 andγ12 6= 0, the symmetric state is significantly populated with
almost no population in the antisymmetric state, and no entanglement is created.

The above considerations are supported by the analysis of the time evolution of the population of the
excited states of the system that is illustrated in Fig. 3. Itis quite evident from the figure that at the time
t ≈ 4/γ when the entanglement starts to build up, the antisymmetricstate is the only excited state of
the system being populated. Clearly, the effect of the delayed creation of entanglement is attributed to
the slow decay rate of the antisymmetric state. The state decays on the time scale of(γ − γ12)

−1 that is
much longer than the decay time of the symmetric and the upperstates.

Let us consider an another example of a delayed creation of entanglement from an initial separable
state. This time, we consider an initial separable state which leads to a very general form of the initial
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Fig. 3. The time evolution of the populationsρee(t) (solid line),ρss(t) (dashed line) andρaa(t) (dash-dotted line) forr12/λ =
0.25 and~µ ⊥ ~r12.

density matrix, in which all the initial density matrix elements are different from zero. An example of
such a state is a product state in which the atoms are preparedin the superposition of their energy states
by a shortπ/2 pulse

|Φ0〉 =
1

2

(

|g1〉+ iei~kL·~r1|e1〉
)

⊗
(

|g2〉+ iei~kL·~r2|e2〉
)

, (31)

where~kL is the wave vector of the excitation field.
With the state|Φ0〉, the initial values of the density matrix elements are

ρea(0) = ρag(0) = − 1

2
√

2
sin

(

1

2
~kL · ~r12

)

,

ρes(0) = ρsg(0) =
i

2
√

2
cos

(

1

2
~kL · ~r12

)

,

ρgg(0) =
1

4
, ρeg(0) = −1

4
,

ρsa(0) =
1

4
i sin~kL · ~r12, ρss(0) =

1

4

(

1 + cos~kL · ~r12

)

,

ρaa(0) =
1

4

(

1 − cos~kL · ~r12

)

, ρee(0) =
1

4
, (32)

where~kL · ~r12 = kLr12 cos θ, with θ−the angle between the excitation direction~kL and the vector
~r12 connecting the atoms. In the derivation of the initial values (32) we have assumed, without loss
of generality, that the atoms are located at points~r1 = (−1

2r12, 0, 0) and~r2 = (1
2r12, 0, 0), such that

~r1 + ~r2 = 0. We see that the initial values of the density matrix elements involving the single-excitation
states depend on the distance between the atoms and the direction of excitation relative to the interatomic
axis.

It is important to note here that the density matrix of the system prepared initially in the state (32) has
no longer theX-state form. In this case, all of the density matrix elementsare initially different from
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Fig. 4. The time evolution of the concurrence and its dependence on the direction of excitation relative to the inter-atomic axis
for r12/λ = 0.25 and the polarization of the atomic dipole moments~µ ⊥ ~r12.

zero. Consequently, the concurrence must be calculated according to the general formula (8) rather than
the criteria (12) and (13).

Figure 4 shows the concurrence as a function of time and the angle θ. It is seen that there is no
entanglement at earlier times independent of the directionof excitation, andsuddenlyat some finite
time an entanglement emerges. The magnitude of the entanglement created depends on the direction of
excitation. A large entanglement is created when the systemis excited in the direction of the interatomic
axis,θ = 0. This means that crucial for entanglement creation by spontaneous emission is to excite the
system through the antisymmetric state. This is seen from analysis of the time evolution of the population
of the excited states. Figure 5 shows the time evolution of the populations of the excited states of the
system. It is clear from the figure that at the timet ≈ 4/γ when the entanglement starts to build up, the
antisymmetric state is the only excited state of the system being populated. This effect is attributed to
the slow decay rate of the antisymmetric state. As we have already noticed, the state decays on the time
scale of(γ − γ12)

−1 that is much longer than the decay time of the symmetric and the upper states.
We may summarize that the phenomenon of sudden birth of entanglement is characteristic of initial

states which include a population of the two-excitation state. The delayed sudden birth of entanglement is
not found in a system with initially only one qubit excited. In experimental practice, the initial conditions
of both atoms inverted can be done by using a standard technique of a shortπ pulse excitation. One
could also use a shortπ/2 pulse excitation which leaves atoms separable and simultaneously prepared
in the superposition of their energy states that populates the state with both atoms inverted.

7. Sudden death of entanglement

We now turn to an another “sudden” feature of entanglement, the phenomenon of entanglementsudden
death, i.e., abrupt disappearance of an inital entanglement at a finite time. The subject received its initial
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Fig. 5. The time evolution of the populationsρee(t) (solid line),ρss(t) (dashed line) andρaa(t) (dash-dotted line) forθ = 0,
r12/λ = 0.25 and~µ ⊥ ~r12.

stimulus in an article by Yu and Eberly [20,21], in which theyfor the first time introduced the concept
of sudden death of entanglement. Many authors since have dealt with the entanglement sudden death
in systems composed of two atoms or two harmonic oscillators. The literature on this subject can be
divided into two categories: (i) evolution of an initial entanglement of independent atoms interacting
with local environments [44], and (ii) entangled evolutionof interacting atoms coupled to a common
environment [45–50]. We postpone the studies of the latter group to the following section, where we will
mostly focus on the phenomenon of entanglement revival. Here, we focus on the original concept of Yu
and Eberly, and discuss in details the phenomenon of sudden death of entanglement in a system of two
independent atoms interacting with local environments. This model is also applicable to a situation of
two distant atoms interacting with a common environment. Atlarge distances, the collective parameters
γ12 andΩ12 are very small, so that the interaction between the atoms canbe ignored and the atoms can
be treated as independent sub-systems.

Let us suppose that att = 0, a system of two independent atoms is prepared in a non-maximally
entangled state of the form

|Ψ0〉 =
√

q |e1〉 ⊗ |e2〉 +
√

1 − q |g1〉 ⊗ |g2〉, (33)

whereq is a positive real number such that 06 q 6 1. The state corresponds to an excitation of the
system into a coherent superposition of its product states in which both or neither of the atoms is excited.
In the special case ofq = 1/2, the state (33) reduces to the maximally entangled Bell state.

Consider now the time evolution of the concurrence when the system is initially prepared in the
state (33). It is not difficult to verify that the initial values for the density matrix elements are

ρee(0) = q, ρge(0) =
√

q(1 − q), ρgg(0) = 1 − q, (34)

and the other matrix elements, the populations of the symmetric and antisymmetric states, and all one-
photon coherences are zero, i.e.ρss(0) = ρaa(0) = 0 andρes(0) = ρea(0) = ρsg(0) = ρag(0) =
ρas(0) = 0. According to Eq. (18), the coherences will remain zero forall time, that they cannot be
produced by spontaneous decay. However, the populationsρss(t) andρaa(t) can buildup during the
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evolution. This implies that for all times, the density matrix of the system spanned in the basis of the
collective states (7), is in theX-state form

ρ(t) =









ρgg(t) 0 0 ρge(t)
0 ρss(t) 0 0
0 0 ρaa(t) 0

ρeg(t) 0 0 ρee(t)









, (35)

with the density matrix elements evolving as

ρee(t) = q e−2γt,

ρge(t) =
√

q(1 − q) e−(γ−2iω0)t,

ρss(t) = ρaa(t) = q
(

1 − e−γt
)

e−γt, (36)

subject to conservation of the trace ofρ(t): ρgg(t) = 1 − ρss(t) − ρaa(t) − ρee(t). It is to be noticed
that the symmetric and antisymmetric states are equally populated for all time. This holds for any
initial state and results from the fact that the atoms radiate independently from each other. In this case,
the populations of the collective states decay with the samerate, equal to the single-atom damping
rate. Therefore, the initial relation between the populations cannot be changed during the spontaneous
emission.

The density matrix (35) leads to a particularly simple expression for the concurrence. In general,
the concurrence is given in terms of two entanglement criteria C1(t) andC2(t), as seen from Eq. (11).
However, with the initial state (33), the two-photon coherenceρge(t) is different from zero and the
symmetric and antisymmetric states are equally populated for all time. As a consequence, the criterion
C2(t) is always negative, irrespective ofq and timest. Therefore, entangled properties of the system
are solely determined by the criterionC1(t). On substituting from Eq. (36) into Eq. (12), we obtain the
following expression for the concurrence

C(t) = max
{

0, D(t) e−γt
}

, (37)

where

D(t) = 2
√

q(1 − q)

[

1 −
√

q

1 − q

(

1 − e−γt
)

]

. (38)

This shows that transient features of the initial entanglement are determined by the properties of the
functionD(t) which, on the other hand, is dependent on the parameterq. It is evident from Eq. (38)
that there is a threshold for values ofq; q = 1/2, below whichD(t) is always positive. However, above
the threshold,D(t) can take negative values indicating that the initial entanglement can vanish at a finite
time. Consequently, the sudden death of the entanglement ispossible for initial states withq > 1/2.
Sinceρee(0) = q, we can conclude that the entanglement sudden death is ruledout for the initially not
inverted system.

Figure 6 shows the concurrenceC(t), calculated from Eq. (37), as a function of time for two different
values of the parameterq. It is evident from the figure that forq < 1/2 the initial entanglement decays
exponentially in time without any discontinuity. The entanglement sudden death appears forq > 1/2
that the concurrence decays in a non-exponential way and vanishes at a finite time. In addition, we plot
the two-photon coherence2|ρeg(t)| for q = 2/3. It is apparent that the coherence decays exponentially
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Fig. 6. Time evolution of the concurrenceC(t) for two values of the parameterq: q = 1/3 (solid line) andq = 2/3 (dashed
line). We also plot the time evolution of the two-photon correlation2|ρeg(t)| (dashed-dotted line), withq = 2/3.

in time, which clearly illustrates that the entanglement disappears at finite time despite the fact that the
two-photon coherence is different from zero for all time.

As we have already stated, time at which the entanglement disappears is a sensitive function of the
initial conditions determined by the parameterq. It is easily verified from Eq. (38) that the timetd at
which the entanglement disappears is given by

td =
1

γ
ln

(

q +
√

q(1 − q)

2q − 1

)

. (39)

The timetd gives the collapse time of the entanglement beyond which theentanglement disappears. The
dead zone of the entanglement continues till infinity that the entanglement never revives. It may continue
for a finite rather than infinite time that under some circumstances the already dead entanglement may
revive after some finite time. A revival of the entanglement may occur when the atoms directly interact
with each other. We leave the discussion of this problem to the following section.

7.1. Experimental demonstration of entanglement sudden death

The phenomenon of entanglement sudden death has been experimentally demonstrated by Almeida
et al. [51]. The apparatus used in the experiment involved a tomographic reconstruction of the density
matrix and from it the concurrence by measuring polarisation entangled photon pairs produced in the
process of spontaneous parametric down-conversion by a system composed of two adjacent nonlinear
crystals. One of the crystals produced photon pairs withV -polarisation and the other produced pairs
with H-polarisation. Parametric down conversion is a nonlinear process used to produce polarisation
entangled photon pairs, which are manifested by the simultaneous or nearly simultaneous production of
pairs of photons in momentum-conserving, phase matched modes. Since the pairs of polarised photons
are spatially indistinguishable, they are described by a pure state

|Φ〉 = |α||HH〉 + |β|eiδ |V V 〉. (40)
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Fig. 7. Experimental results demonstrating the phenomenonof entanglement sudden death. The theoretical prediction for the
concurrence is plotted as a function ofp = 1 − exp(−γt) for two values of the ratio|β|/|α|: |β|/|α| = 3 (solid line) and
|β|/|α| = 0.333 (dashed line). The squares and triangles are experimentally measured values for the concurrence.

where the coefficients|α| and |β|, and the phaseδ were adjusted by applying half- and quarter-wave
plates in the laser beam pumping the crystals to control the creation of pairs of a desired polarisation.
In the experiment, they measured the decay of a single polarised beam, serving as a qubit, which was
monitored by generating pairs of photons of the same polarisation and registering coincidence counts
with one photon propagating through the interferometer andthe other serving as a trigger.

Figure 7 shows the results of the measured concurrence for two different values of the ratio|β|/|α|.
The solid and dashed lines represent the theoretically predicted concurrence. The measured values
for the concurrence are found to be in good agreement with thetheoretical predictions. Thus, it was
confirmed that entanglement may display the sudden death feature and that the spontaneous decay of
the initial entanglement depends on the relation between the coefficients|α| and|β|. For |β| < |α| the
entanglement decays exponentially in time, while for|β| > |α|, the entanglement vanishes at finite time.

8. Revival of entanglement

We have already shown that under appropriate conditions, two initially entangled and afterwards
not interacting qubits can become completely disentangledin a finite time. We have discussed this
phenomenon for the case of independent atoms. In this section, we extend these analysis to include the
direct interactions between the atoms and study in details the time evolution of an initial entanglement.
As we shall see, the interactions impose strong qualitativechanges to the time evolution of entanglement
that the irreversible spontaneous decay can lead to arevival of the entanglement that has already been
destroyed [24–26].

Consider again the initial state of the system given by Eq. (33), but now assume that the atoms can
interact with each other. In this case, the initial values ofthe density matrix of the system are the same
as for independent atoms, but the time evolution of the density matrix elements is different. It is now
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given by

ρee(t) = q e−2γt,

ρeg(t) =
√

q(1 − q) e−(γ−2iω0)t,

ρss(t) = q
γ + γ12

γ − γ12

[

e(γ−γ12)t − 1
]

e−2γt,

ρaa(t) = q
γ − γ12

γ + γ12

[

e(γ+γ12)t − 1
]

e−2γt, (41)

andρgg(t) = 1 − ρee(t) − ρss(t) − ρaa(t). As before for independent atoms, the remaining density
matrix elements are equal to zero. By comparing Eq. (41) withEq. (36) for independent atoms, we see
that a major difference between the time evolution of the density matrix elements for independent and
interacting atoms is that in the later the symmetric and antisymmetric states are populated with different
rates. As a result, the transient buildup of the populationsfrom ρss(0) = ρaa(0) = 0 att = 0 will lead
to unequal populations of the states for all later timest > 0.

A direct consequence of unequal populations of the symmetric and antisymmetric states is seen in the
transient evolution of an initial entanglement which may now depend on both criteriaC1(t) andC2(t),
that are needed to construct the concurrenceC(t), rather than on one of them. According to Eqs (12) and
(34), a two-atom system initially prepared in the state (33)can be entangled according to the criterion
C1(t), and the degree to which the system is initially entangled isC1(0) = 2

√

q(1 − q). The other
criterion,C2(t), is negative att = 0. Nevertheless, during the spontaneous evolution, a population builds
up in the symmetric and antisymmetric states and according to Eq. (41),ρss(t) 6= ρaa(t) for all t > 0. As
discussed in Sec. 3, an unequal population of the states gives rise to positive values of the criterionC2(t)
which then may result in an entanglement of the atoms. Of course, in order to create the entanglement,
the population difference has to overweight the threshold term in the criterionC2(t). If this is the case,
we could see an entanglement having its origin in the correlation determined by the criterionC2(t).

According to the above discussion, the concurrence, in general, is determined by both,C1(t) andC2(t)
criteria

C(t) = max {0, C1(t), C2(t)} , (42)

whereC1(t) andC2(t), written in the basis of the collective states are of the form

C1(t) = 2|ρeg(t)| − [ρss(t) + ρaa(t)] , (43)

and

C2(t) = |ρss(t) − ρaa(t)| − 2
√

ρgg(t)ρee(t). (44)

We point out again, that initially att = 0, the criterionC2(0) is negative, but it may rise to positive
values during the evolution of the system. Thus, an entanglement can be generated during the spon-
taneous evolution of the system. This kind of entanglement is an example of spontaneously generated
entanglement.

Figure 8 shows the deviation of the time evolution of the concurrence for two interacting atoms
(γ12 6= 0) from that of independent atoms(γ12 = 0). In both cases, the initial entanglement falls sharply
in time. For independent atoms we observe the collapse of theentanglement without any revivals.



Z. Ficek and R. Tanás / Sudden birth and sudden death of entanglement 283

Fig. 8. Time evolution of the concurrenceC(t) for the initial state (33) withq = 0.9. The solid line representsC(t) for the
collective system with the interatomic separationr12 = λ/20. The dashed line showsC(t) for independent atoms,γ12 = 0.

However, for interacting atoms, the system collapses over ashort time and remains disentangled until
a timetr ≈ 1.5/γ at which, somewhat counterintuitively, the entanglement revives. This revival then
decays asymptotically to zero, but after some period of timeit revives again. Thus, important features of
the transient evolution of the entanglement is that there are two time intervals at which the entanglement
vanishes and two time intervals at which the entanglement revives.

The origin of the sudden death and revivals of the entanglement can be explained in terms of the
populations of the collective states and the rates with which the populations and the two-photon coherence
decay. It is easily verified from Eq. (41) that at early times of γt ≪ 1, the populationρaa(t) ≈ 0, but
ρss(t) is large. Moreover, the two-photon coherence|ρeg(t)| is also large at that short time. Thus, the
entanglement behaviour can be understood entirely in termsof the populationρss(t) and the coherence
|ρeg(t)|. In this connection, we compare in Fig. 9 the transient behaviour of the concurrenceC(t), with the
transient properties of the populationρss(t), and the coherenceρeg(t) for the same choice of parameters
as in Fig. 8. As can be seen from the graphs, the entanglement vanishes at the time whereρss(t) is
maximal, and remains zero until the timetr at whichρss(t) becomes smaller than|ρeg(t)|. Clearly, the
first dead zone of the entanglement arises due to the significant accumulation of the population in the
symmetric state.

The reason for the first revival of the entanglement is in the unequal decay rates of the population
ρss(t) and the coherence|ρge(t)|. According to the criterionC1(t), entanglement would be generated
if the sum of the populations of the single-photon collective states is small while at the same time the
two-photon coherence is large. Since the coherenceρge(t) decays more slowly than the population of
the symmetric state, and keeping in mind that the populationof the antisymmetric state is negligibly
small at that time, the two-photon coherence can become significant and entanglement generated over
some period of time during the decay. Note, that this is the same coherence that produced the initial
entanglement. Therefore, we may call the first revival as an “echo” of the initial entanglement that has
been unmasked by destroying the population of the symmetricstate.

The revival of the entanglement depends on the initial stateof the system, which is determined by
the parameterq. There is a range of values ofq for which the concurrence is positive. This range
defines the values ofq for which the first revival occurs. The range depends on the values ofγ12 and
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Fig. 9. Time evolution of the concurrenceC(t) (solid line), the two-photon coherence2|ρeg(t)| (dashed line) and the population
ρss(t) (dashed-dotted line) plotted for the same parameters as in Fig. 8.

the revival is most pronounced forq over the range 0.856 q 6 0.95. For values outside this range,
no revival is observed. Note that the values ofq at which a pronounced revival exists are close to
one. This is not surprised because forq > 1/2 the system is initially inverted that increases the rate of
spontaneous emission.

We may estimate approximate values for the first death and revival times of the entanglement. Using
Eqs (12) and (41) we find that in the case of small inter-atomicseparations, at whichγ12 ≈ γ, the
entanglement criterionC1(t) attains zeroth at times satisfying the relation

γt exp(−γt) =

√

1 − q

q
, (45)

which for q > 0.85 has two non-degenerate solutions,td andtr > td. The solutiontd gives the death
time of the entanglement beyond which it disappears. At thistime, the atoms become disentangled and
remain separable until the timetr, at which the entanglement revives. The analytic expression (45)
makes clear that for the parameters of Fig. 8, the system disentangles attd = 0.6/γ and entangles again
at the timetr = 1.7/γ.

As we have seen in Fig. 8, the entanglement revives not once but twice, and the second revival occurs
at long times. The long time entanglement has completely different origin than that at short times. At
long times, all the density matrix elements are almost zero exceptρaa(t), which remains large even
for long times due to the small decay rate of the antisymmetric state. These considerations imply that
the long time entanglement comes from the populationρaa(t) which determines positive values of the
criterionC2(t). The entanglement decays asymptotically with the reduced rateγ − γ12, and vanishes at

td2 ≈ 1

γ
arcsinh

(
√

1 − q

q

2γ

γ − γ12

)

. (46)

This explicitly shows that lifetime of the entanglement depends on the collective damping parameterγ12

and approaches infinity whenγ12 → γ. The rich structure of the death and revival of entanglementis
illustrated in Fig. 10, where the dependence of both, death time td and revival timetr is plotted versus
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Fig. 10. Dependence of the entanglement death timetd and revival timetr on the parameterq, plotted in units ofγ−1, for the
initial state given by (33) andr12 = λ/20. Shadowed area indicates presence of entanglement. The dashed line shows the
trajectory forq = 0.9 illustrated in Fig. 8.

q for the whole range of values of the parameterq. The dashed line in Fig. 10 indicates the trajectory
illustrated in Fig. 8. Gray area marks the area of nonzero concurrence, i.e., presence of entanglement.

We may conclude that the most interesting consequence of thecollective damping is the possibility
of entanglement revival. What is even more remarkable, the revival of entanglement occurs under the
spontaneous evolution of the system without the presence ofany external coherent fields. We may say
that entanglement is reversible even if it evolves under theirreversible process.

Finally, we would like to point out that entanglement revival is associated not only with the collective
damping, but may occur in a number of other situations. For example, it has been found that entan-
glement revival may occur under non-Markovian dynamics of two independent atoms coupled to local
reservoirs [27]. Here, the memory effects of the non-Markovian dynamics may result in the “return” of
the correlation from the reservoirs to the atoms. Entanglement revival has also been found in reversible
systems whose dynamics are determined by the Jaynes-Cummings Hamiltonian [28,25,26]. In these
models, an initial entanglement encoded into atoms undergoes a coherent transfer forth and back to the
field modes, so it returns periodically to the atoms.

9. Thermal reservoir

So far, we have discussed entanglement evolution of the two-atom system interacting with the ordinary
vacuum, that can be considered as the thermal reservoir at zero temperature. In this case the mean
number of photons of the reservoir is zero, i.e., we have assumedN = 0. Now, we extend our discussion
to the situation when the temperature of the reservoir is notzero. In this case we have to come back to
equations (16). Before we calculate the time evolution, letus note that equations (16) forN 6= 0 have
nonzero steady state solutions, which are given by [52]

ρee(∞) =
N2

(2N + 1)2
,
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Fig. 11. Concurrence evolution for various values of the parameterq and the initial state (33) withr12/λ = 1/20 andN = 0.

ρss(∞) = ρaa(∞) =
N(N + 1)

(2N + 1)2
, (47)

ρgg(∞) =
(N + 1)2

(2N + 1)2
,

and the steady state values of the coherencesρas(∞) andρeg(∞) are zeros. From the solutions (47) and
the entanglement criteria (12) and (13), it is immediately seen thatC1(t) must become negative at some
finite time td. Moreover, since

√

ρee(∞)ρgg(∞) = ρss(∞) = ρaa(∞), it means thatC2(t) must also
become negative at some finite timetd. Note, that the steady-state solutions (47) do not depend onthe
collective parametersγ12 andΩ12, which means that independently of the interatomic distance, there is
always entanglement sudden death if the mean number of photons of the reservoir is different from zero.
This confirms the results found earlier for atoms coupled to local, separate reservoirs [53,54]. Thus, one
can conclude that for the long time behaviour of the system ina thermal reservoir, it is not important
whether the atoms behave collectively or not. The evolutionof the concurrence for the initial state given
by (33), for the interatomic distancer12 = λ/20 and the reservoir at zero temperature (vacuum reservoir)
is illustrated in Fig. 11. It shows the sudden death and revival of entanglement for the whole range ofq
values. This is in contrast to the situation for two independent atoms for which there is an asymptotic
behaviour of entanglement forq < 0.5. The death and revival times depend on the values ofq and the
interatomic distancer12, which has been discussed in details in the previous sectionand illustrated in
Fig. 10.

When the temperature of the reservoir is not zero, however, the evolution of entanglement changes
dramatically even if the mean number of photons of the reservoir is small [55]. In Fig. 12 we illustrate
the evolution of entanglement for the same initial state andthe same values of the other parameters but
for the mean number of photons of the reservoir beingN = 0.01. It is clearly seen that the reservoir
with finite temperature degrades entaglement very fastly, and we observe sudden death of entanglement
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Fig. 12. Same as Fig. 10, but forN = 0.01.

for any value ofq. Moreover, there is no revival of entanglement even for not very high mean number of
photons of the reservoir.

We may conclude that the phenomenon of sudden death of entanglement appears to be a general feature
of thermal reservoirs with nonzero temperature. It is rather the asymptotic decay of concurrence that is
unusual and takes place only when the reservoir is the ordinary vacuum state.

10. Summary

We have reviewed the recent research on entanglement creation and disentanglement of two-atom
systems coupled to a noisy environment. Particular attention has been paid to unexpected behaviours of
entanglement, such as entanglement sudden death, spontaneous revival and sudden birth of entanglement.
We have explored the role of the irreversible process of spontaneous emission in creation of entanglement
and in disentanglement of two atoms. Simple analysis have shown that spontaneous emission does not
necessary lead to disentanglement of an initial entangled atoms. Under some circumstances, this
irreversible process can entangle already disentangled atoms. We have also discussed the effect of
thermal fluctuations on the evolution of entanglement.
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