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We discuss the problem of creation of a steady-state entanglement in a system of
two two-level atoms which are separated by an arbitrary distance r12 and interact
with each other via the dipole-dipole interaction and both are driven by a laser
field. Two measures of entanglement, concurrence and negativity, are used to
quantify the amount of entanglement in the system. They are compared with the
populations of the maximally entangled collective states of the two-atom system.
It is shown that considerable amount of entanglement can be created in case of
non-identical atoms driven by a strong laser field

1 Introduction

Entanglement, a mysterious property of quantum systems, has been a subject
of interest for many years. Entangled states of multipartite quantum sys-
tems, which are states that cannot be factorized into product states of the
subsystems, are of fundamental interest in quantum mechanics. Recently, en-
tanglement has become the main resource that can be applied for processing
quantum information, and there is growing interest in practical preparation of
entangled states. Several physical realizations of entangled atomic states have
been proposed involving trapping and cooling ions or neutral atoms1,2,3,4,5,6.

One of the simplest scheme in which entanglement can be created is a
system containing two two-level atoms. A number of theoretical studies have
been performed recently on preparation of a two-atom system in an entangled
state, and two-atom entangled states have already been demonstrated exper-
imentally using ultra cold trap ions7,8 and cavity quantum electrodynamics
(QED) schemes9. It has been shown that entangled states in a two-atom sys-
tem can be created by a continuous driving of the atoms with a coherent or
chaotic thermal field4,10,11, or by a pulse excitation followed by a continuous
observation of radiative decay12,13,14.

We have recently discussed16,17 entanglement of two atoms in sponta-
neous emission for a model that includes dipole-dipole interaction between
the atoms. We have found both numerical and analytical solutions for con-
currence and negativity in such a system. We have also found18 numerical
solutions for concurrence in a system of two-atoms driven by a laser field. In
this paper we extend our studies for the driven two-atom system to obtain
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numerical solutions for both concurrence and negativity as functions of the
detuning of the laser field from the atomic resonance frequency. We com-
pare the concurrence and negativity as two different measures of the degree
of entanglement. It is shown that for some mixed states the two measures
take the same values but for other states are quite different. They are also
compared to the populations of the maximally entangled collective states of
the system. It is shown that driving two atoms with classical laser field leads
to the steady-state entanglement in the system.

2 Evolution of the two-atom system

We consider a system of two non-overlapping two-level atoms with ground
states |gi〉 and excited states |ei〉 (i = 1, 2) connected by dipole transi-
tion moments µi. The atoms are located at fixed positions r1 and r2 and
coupled to all modes of the electromagnetic field, which we assume are
in the vacuum state. We consider spontaneous emission from identical as
well as non-identical atoms prepared in different initial states. In the case
of non-identical atoms, we assume that atoms have equal dipole moments
µ1 = µ2 = µ, but different transition frequencies ω1 and ω2, such that
ω2 −ω1 ≪ ω0 = (ω1 + ω2)/2, so that the rotating-wave approximation can be
applied to calculate the dynamics of the system.

The time evolution of the system of atoms coupled through the vacuum
field is given by the following master equation19,20,21
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i ) are the dipole raising (lowering) operators and Sz is the energy
operator of the ith atom. In Eq. (1), Γij (i = j) are the spontaneous emission
rates of the atoms, equal to the Einstein A coefficient for spontaneous emis-
sion, whereas Γij and Ωij (i 6= j) describe the interatomic coupling19,20,22, and
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Figure 1. Collective states of two identical atoms

and
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where k0 = ω0/c = 2π/λ, rij = |rj − ri| is the distance between the atoms, µ̂

is unit vector along the atomic transition dipole moments, that we assume are
parallel to each other, and r̂ij is the unit vector along the interatomic axis.

The Rabi frequencies Ω(ri) of the driving field at frequency ωL and the
initial phase φL are evaluated at the positions of the atoms and are defined
as

Ω(ri) ≡ Ωi = µi · ELeikL·ri/h̄ , (4)

where EL is the amplitude and kL is the wave vector of the driving field,
respectively.

The master equation (1) has been used for many years to study a wide
variety of problems involving the interaction of collective atomic systems with
the radiation field21. Using the master equation (1), we can write down the
equations of motion for the components of the density matrix of the two-atom
system in the basis

|1〉 = |g1〉 ⊗ |g2〉, |2〉 = |e1〉 ⊗ |e2〉, |3〉 = |g1〉 ⊗ |e2〉, |4〉 = |e1〉 ⊗ |g2〉 , (5)

where |gi〉 and |ei〉 (for i = 1, 2) are the ground and excited states of the
individual atoms, However, the problem simplifies by working in the basis of
the collective states of the system which contains symmetric and antisymmet-
ric combinations of the product states. For identical atoms (ω1 = ω2) the
collective states are15,19

|g〉 = |1〉, |e〉 = |2〉, |s〉 =
1√
2

(|3〉 + |4〉) , |a〉 =
1√
2

(|4〉 − |3〉) , (6)
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where we used basis (5).
In the collective state representation, the two-atom system behaves as a

single four-level system, illustrated in Fig. 1, with the ground state |g〉, the
upper state |e〉, and two intermediate states: the symmetric |s〉 and antisym-
metric |a〉 states. The most important property of the collective states is that
the symmetric and antisymmetric states are maximally entangled states. The
states are linear superpositions of the product states which cannot be sepa-
rated into product states of the individual atoms. They are in fact two of the
Bell states

|Φ+〉 =
1√
2

(|1〉 + |2〉) , |Φ−〉 = − 1√
2

(|1〉 − |2〉) ,

|Ψ+〉 =
1√
2

(|3〉 + |4〉) , |Ψ−〉 = − 1√
2

(|3〉 − |4〉) , (7)

|s〉 = |Ψ+〉 and |a〉 = |Ψ−〉.
The symmetric and antisymmetric states are eigenstates of the system of

two identical atoms with the dipole-dipole interaction included. The basis of
atomic states (6) can be considered as an effect of partial transformation to
the Bell basis (7) in which the transformation has been performed in the lower
block only. If the system is prepared in one of the Bell states the two atoms
become maximally entangled. Driving the two atoms with the classical laser
field can create some degree of steady-state entanglement in the system.

3 Steady-state entanglement

For pure states, the Bell states represent maximally entangled states, but
for mixed states represented by a density matrix there are some difficulties
with ordering the states according to various entanglement measures; different
entanglement measures can give different orderings of pairs of mixed states
and there is a problem of the definition of the maximally entangled mixed
state23,24.

To assess the amount of entanglement created in a two-atom system,
we use two entanglement measures, i.e., concurrence and negativity. The
concurrence introduced by Wootters25 is defined as

C = max
(
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√

λ1 −
√

λ2 −
√

λ3 −
√

λ4

)

, (8)

where {λi} are the the eigenvalues of the matrix

R = ρρ̃ (9)

with ρ̃ given by

ρ̃ = σy ⊗ σy ρ∗ σy ⊗ σy , (10)
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σy is the Pauli matrix, and ρ is the density matrix representing the quantum
state. The range of concurrence is from 0 to 1. For unentangled atoms C = 0
whereas C = 1 for the maximally entangled atoms.

Another measure of entanglement, we use here, is the negativity, which
is based on the Peres-Horodecki26,27 criterion for entanglement and is defined
by the formula

N = max

(

0,−2
∑

i

νi

)

, (11)

where the sum is taken over the negative eigenvalues νi of the partial transpo-
sition of the density matrix ρ of the system. The partial transposition means
transposition with respect to the one atom only. For pure states, like in the
case of concurrence, N = 1 for maximally entangled state and N = 0 for
unentangled atoms.

The two entanglement measures, i.e., concurrence and negativity, give the
same criteria for entanglement, but generally they give different values for a
degree of entanglement24.

The steady-state solutions of the master equation (1) can be easily found
numerically which allows for the calculations of the concurrence (8) and nega-
tivity (11) for a given set of physical parameters. We present here the results
for concurrence and negativity as a function of the detuning ∆L = ωL − ω0,
where ω0 = (ω1 +ω2)/2 with ω1 and ω2 being the transition frequencies of the
atom 1 and 2, respectively. In Fig. 2 we illustrate the situation when the driv-
ing laser field propagates perpendicularly to the line joining the two atoms,
kL ⊥ r12, which means that the two atoms are in equivalent positions and see
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Figure 2. Concurrence (solid) and negativity (dashed) for two identical atoms in equivalent
positions, kL ⊥ r12, and r12 = λ/12 (Γ12 = 0.95 Ω12 = 9.30), Ω1 = Ω2 = 3. Remaining
curves present populations ρaa (dashed-dotted) and ρss (dotted) of the antisymmetric and
symmetric states.
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the same field. The interatomic distance is chosen as r12 = λ/12 which gives
for the collective parameters (2) and (3) values Γ12 = 0.95 Γ and Ω12 = 9.30 Γ
(all the quantities in the figures are scaled to the spontaneous emission rate
Γ of the individual atom). The Rabi frequency of the driving field is equal to
Ω1 = Ω2 = 3 Γ. In this case the antisymmetric state is decoupled from the
field and is not populated, so there is no peak of ρaa at ∆L = −Ω12. The
symmetric state is populated, and there is a peak of ρss at ∆L = Ω12. A con-
siderable amount of entanglement associated with the population of this state
is observed. However, we can also see comparable amount of entanglement at
∆L = 0, to which both symmetric and antisymmetric state contribute. The
degree of entanglement measured by the concurrence and the negativity are
remarkably different at the sideband, while they are similar at the center.
The situation in which the two atoms are in non-equivalent positions, i.e., the
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Figure 3. Same as Fig 2 but for two identical atoms in non-equivalent positions, kL||r12.

driving field is propagating along the line joining the atoms, kL||r12, and the
atoms see the field with different phases, according to Eq. (4), is presented
in Fig. 3. In this case the antisymmetric state is populated and contributes
to the entanglement at the left sideband (∆L = −Ω12). At this sideband the
concurrence is almost exactly equal to the population of the antisymmetric
state which means that the entanglement created in the system comes solely
from this state. In this case the difference between the concurrence and the
negativity is even more drastic. The right hand side of the figure is very
similar to that of Fig. 2. In Fig. 4 the situation for two non-identical atoms
is illustrated. The two atoms differ in their transition frequencies so that
∆ = (ω2 − ω1)/2 = 10 Γ. The central peak is now well separated and the
concurrence and the negativity are the same for this peak. The difference
between the concurrence and the negativity at the sidebands is similar as be-
fore. For strong fields and smaller interatomic distances, i.e., larger values
of the dipole-dipole interaction, the entanglement at the center disappears
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Figure 4. Same as Fig. 2 but for two non-identical atoms, kL ⊥ r12 and ∆ = 10.
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Figure 5. Same as Fig. 4 but for r12 = λ/20 (Γ12 = 0.98, Ω12 = 46) and Ω1 = Ω2 = 40

despite of the considerable populations of the symmetric and antisymmetric
states. In the strong field at the center there is also considerable population of
the excited state |e〉 of the two-atom system, and there are two many states
contributing to the density matrix, which kills the entanglement. Interest-
ing thing, however, appears for ∆L = −Ω12 (left sideband). The population
of the antisymmetric state becomes larger than 0.5, and correspondingly the
concurrence becomes larger than 0.5, which is remarkable result. This means
that it is possible to produce quite a bit of steady-state entanglement in the
two-atom system by driving it with the strong laser field if the dipole-dipole
interaction is sufficiently large.
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18. R. Tanaś and Z. Ficek, Fortschr. Phys. 51 230 (2003)
19. R.H. Lehmberg, Phys. Rev. A 2 (1970) 883; 2 (1970) 889.
20. G.S. Agarwal, Springer Tracts in Modern Physics, Vol. 70, edited by G.
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