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1 Introduction

A century ago Planck discovered that it was possible to explain properties of
the black-body radiation by introducing discrete packets of energy, which we
now call photons. It was the beginning of quantum era. Nowadays, nonclassi-
cal properties of optical fields are the subject of intense studies for more than
a decade now. Phenomena such as photon antibunching and squeezing, which
have no classical analogues, are well known. To observe them it is essential
to transform nonlinearly an optical field in one of a great variety of nonlinear
optical processes. Among the nonlinear processes that can serve this pur-
pose there is one that we wish to discuss here. This is the optical Kerr effect,
or to be more precise the effect of self-phase modulation of the optical field
propagating in a nonlinear, isotropic medium. If the intensity of light propa-
gating through the nonlinear medium is sufficiently high the refractive index
of the medium depends on the intensity causing a nonlinear change of phase
of the propagating field. In a classical optical Kerr configuration there are
two beams: one strong, linearly polarized that makes the isotropic medium
birefringent, and another one, which is a weak, probe beam that detects the
birefringence of the medium. An alternative variant of the optical Kerr effect
is the propagation of a single, strong beam with elliptical polarization that
serves a double purpose of both inducing and detecting the birefringence of
the medium. As a result, one observes the rotation of the polarization ellipse
of the propagating beam, the effect first observed by Makeret al. [1]. If the
field is circularly polarized, the one-mode description of the field is possible,
and we encounter a pure form of the self-phase modulation,i.e., the effect in
which the field modulates its own phase. This one-mode case is particularly
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268 NONCLASSICAL STATES IN KERR MEDIA

interesting because it can be reduced to an anharmonic oscillator problem,
which is probably the simplest problem to tackle when dealing with nonlin-
ear systems.

Quantum description of the field propagating in a Kerr medium, which
will be the subject of our concern in this chapter, reveals a number of interest-
ing features that we are going to address here. Nonclassical effects associated
with the anharmonic oscillator model have been discussed in many papers [2-
24], and more generally, effects associated with the light propagation in Kerr
media, have been studied in [25-44].

In this chapter we review a number of quantum features of optical fields
associated with propagation of intense light through nonlinear, isotropic me-
dia. We begin with the classical description of field propagation introducing
the nonlinear polarization of the medium which enters as the source term
into the approximate field equations obtained from the Maxwell equations in
the slowly varying amplitude approximation. This establishes the classical
background for further quantum considerations. Next, we quantize the field
and construct the effective Hamiltonian from which we get equations of mo-
tion for the quantum fields. We discuss a number of quantum effects such as
photon antibunching, squeezing, formation of Schr¨odinger cats and kittens,
changes in the field polarization due to quantum nature of the field, as well as
the quantum description of the field phase. The characteristic feature of the
quantum evolution — the periodicity — is strongly affected by the dissipa-
tion. We give exact analytical formulae describing the quantum evolution of
the field including dissipation. We have collected results illustrating various
aspects of quantum evolution and we believe that this review, although far
from being complete, will be a useful source of information on the subject.

2 Kerr media: classical background

Propagation of strong laser light in a nonlinear medium makes the isotropic
medium birefringent, for example, an elliptical polarization of the light is
rotating as the beam traverses the medium, an effect observed by Makeret al
[1] at the pioneering years of nonlinear optics. The refractive index of the
medium depends on the intensity of light, the effect usually referred to as the
optical Kerr effectand the medium itself exhibiting this effect is called aKerr
medium. To describe the birefringence induced by the strong light there is no
need for field quantization. It can be explained with classical fields. However,
we are interested here in nonclassical properties of the light fields propagating
in the nonlinear medium, but before we start with the quantum description let
us shortly summarise the classical results.

The third-order polarization induced in the medium by a monochromatic
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light field of frequency! can be written in the form [45, 46]
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j E
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k E
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l ; (1)

where�ijkl(�!;�!; !; !) is the third-order nonlinear susceptibility tensor
of the medium and the electromagnetic field is decomposed into the positive-
and negative-frequency parts

Ei(z; t) = E
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(�)
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with k = n(!)!=c andn(!) being the linear refractive index of the medium.
We assume that the field propagates in the directionz of the laboratory co-
ordinate frame. For an isotropic medium the nonlinear susceptibility tensor
�ijkl = �ijkl(�!;�!; !; !) (we suppress the! dependence for shortening
the notation) has the form

�ijkl = �xxyy ÆijÆkl + �xyxy ÆikÆjl + �xyyx ÆilÆjk : (3)

Taking into account the permutation symmetry of the tensor� with respect to
the first and the second pairs of indices, we have additionally�xyxy = �xyyx.
This allows us to write (1) in the vector form with only two nonlinearity
parameters
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where the positive frequency part of the electric field amplitude can be written
in two alternative forms
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In (5), êx andêy are the unit vectors,E (+)
x andE(+)

y are the components of
the field amplitudes in a Cartesian basis; alternativelyê+ andê� are the unit
vectors,E(+)

+ andE(+)
� are the amplitude components in a circular basis. The
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are, for classical fields, complex conjugate to each other. For quantum fields
they become Hermitian conjugate operators. The relations between the two
bases are given by
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From the Maxwell equations, in the slowly varying amplitude approximation,
the amplitude of the field propagating through the medium obeys the equa-
tion [46]
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For isotropic media the circular basis is more natural, and employing (6)
and (7) gives us the equations
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from which it immediately follows that

@
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i.e., intensities of both circular components are conserved during the propa-
gation. Of course, the conservation of the intensities of the two circular com-
ponents is only valid for media without absorption (real�). This conservation
makes the solution of (10) a trivial task, and we get the simple exponential
solution [47]
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Knowing the solution (12), in the circular basis, it is straightforward to per-
form the inverse transformation to the Cartesian basis and write down the
solutions for the Cartesian components of the field amplitudes
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The solution (12), together with (13), shows that the nonlinear interaction in a
Kerr medium appears as an intensity-dependent phase of the field (self-phase
modulation or intensity-dependent refractive index). Since the two circular
components of the field accumulate different phases along the pathz in the
medium, the polarization of the field alters. For elliptically polarized light the
polarization ellipse undergoes self-induced rotation [1].

The polarization of light propagating in the medium can be conveniently
expressed by the Stokes parameters which, in terms of the field amplitudes,
can be written in the form [48]
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where0 � � � � defines the azimuth of the polarization ellipse, i.e., the
angle between the major axis of the polarization ellipse and thex axis of
the Cartesian coordinate frame, and��=4 � � � �=4 defines the elliptic-
ity parameter;tan � is the ratio of the minor axis and the major axis of the
polarization ellipse and the sign defines its helicity (handedness).

One can also define the degree of polarization

P =
q
s21 + s22 + s23 =s0 : (15)

For completely polarized lightP = 1, for unpolarized lightP = 0, and
inbetween the light is partially polarized with the degreeP .

Classically, as it is evident from (13), the change in phase depends on
two Stokes parameterss0 (total intensity) ands3. For linearly polarized light
� = s3 = 0 and the overall change in phase during the propagation depends
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only on the total intensitys0, and there is no change in the phase difference
between the two circular components, which means that the linearly polarized
light should preserve its polarization. Another important and interesting case
is that of circular polarization (� = ��=4; �=4). In this case the problem
reduces to the one-mode propagation, which is equivalent to a simple anhar-
monic oscillator model. It is also easy to check that the Stokes parameters 3
preserves its value,i.e., the ellipticity of the polarization ellipse does not alter.
Moreover, the degree of polarizationP remains unity if it was unity initially.
Some of these obvious classical “truths” appear not to be “truths” when the
field becomes a quantum field. We shall try to clarify this situation.

3 Quantum fields

A rigorous quantum treatment of macroscopic fields in nonlinear, dispersive
dielectrics is not at all a trivial task, and one can meet serious problems of
rather fundamental nature [49–53] when doing it wrong way. It often hap-
pens that when the Hamiltonian corresponds to the correct classical energy,
the equation of motion generated by this Hamiltonian are not correct, and,
contrary, it is possible to get correct equations of motion from the Hamilto-
nian that does not correspond to the correct energy. The source of the prob-
lems is the fact that it is the displacement fieldD which is the canonical
momentum to the vector potentialA, and thus the displacement field modes
should be quantized rather than the electric fieldE modes, as it is usually
done. The modes are in this case the collective matter-field modes instead
of pure field modes and their excitations have different physical interpreta-
tion than photons in a vacuum field. However, in quantum optics usually a
very simple quantization scheme [54, 55] is used in which classical field am-
plitudes are replaced by appropriate operators in the Hilbert space, and the
effective Hamiltonian is constructed in such a way that it leads to the Heisen-
berg equations of motion for the field operators that reproduce the classical
equations when the field operator character is neglected. We shall follow here
such a simple scheme of quantization.

To take into account the quantum character of the field propagating in
the Kerr medium we express the electric field amplitude (5) in terms of the
annihilation operators for the corresponding modes of the field

E(+) = i

s
2��h!

n2!V
(axêx + ayêy) = i

s
2��h!

n2!V
(a+ê+ + a�ê�) ; (16)

wheren! is the linear refractive index of the medium,V is the volume of
quantization, andax, ay (a+, a�) are the annihilation operators for the two
orthogonal modes in the Cartesian (circular) coordinate frame satisfying the
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bosonic commutation relations
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Similarly to classical relations (6) and (7), we have the following relations
between the two bases
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To write the quantum equations of motion for the field operators we need the
appropriate Hamiltonian. It is easy to check that the interaction Hamiltonian
that will correctly describe the field evolution in a Kerr medium can be written
in two equivalent forms
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where:: is used to denote the normal ordering of the operators, the nonlinear
coupling constant� is related to the nonlinear susceptibility of the medium

� =
V

�h

�
2��h!

n2(!)V

�2
2�xyxy ; (22)

and the asymmetry parameterd, given by

2d = 1 + �xxyy=�xyxy ; (23)

describes the asymmetry of the nonlinear properties of the medium. If the
nonlinear susceptibility tensor is symmetric with respect to all its indices,
thend = 1, but generallyd 6= 1. For atoms with a degenerate one photon
transition Ritze [27] has obtained the following results

d =

�
(2J � 1)(2J + 3)=[2(2J2 + 2J + 1)] ; J $ J ;
(2J2 + 3)=[2(6J2 � 1)] ; J $ J � 1

(24)

The coupling between the modes depends crucially on this asymmetry pa-
rameter.

From the form (21) of the interaction Hamiltonian it is obvious that both
ay+a+ anday�a� commute with the Hamiltonian,i.e., the number of photons
in each of the circular polarization modes is a constant of motion. However,
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as it is evident from the form (20) of the Hamiltonian, the numbers of photons
ayxax andayyay for the two Cartesian components of the field do not commute
with the Hamiltonian,i.e., they are not constants of motion. This fact has
very important consequences: the linear polarization of the field, contrary to
the classical field, is not preserved when the quantum field propagates in the
isotropic, nonlinear Kerr medium. Here we see the advantage of the circu-
lar basis over the Cartesian basis in describing quantum properties of light
propagating in the Kerr medium.

The equations of motion for the annihilation operators, that correspond
to classical equations of motion for the slowly varying amplitudes, can be
obtained from the Hamiltonian (21) as the Heisenberg equations

da�
dt

=
1

i�h
[a�; H ] = �i�(ay�a� + 2day�a�) a� : (25)

Comparing (5) and (16) and replacing timet by�n(!)z=c, it is easy to check
that the quantum equations (25) are equivalent to the classical equations (10),
but now the field amplitudes are the operator quantities. The replacement oft
by�n(!)z=cmeans the transition from the problem of field in a cavity, when
the time evolution of the field amplitudes is studied, to the problem of travel-
ling waves, when the field amplitudes at a distancez in the medium are looked
for. In the case of propagation problem we deal with the localised field oper-
ators, but we require the same commutation relations (17) for both the cavity
field operators and the localised operators. This simplistic approach is not
always applicable, but it is sufficient for the purposes of our considerations.

Since the numbers of photons in the two circular modes are both constants
of motion the solutions to equations (25) are, like for classical fields, given
by the exponentials

a�(�) = exp
n
i�
h
ay�(0)a�(0) + 2d ay�(0)a�(0)

io
a�(0) ; (26)

where� = �n(!)z=c (or � = ��t, in a cavity problem). Despite the similar-
ity of the solution (26) to the classical solution (12), there is one fundamental
difference between the two: the solution (26) is the operator solution and
measurable quantities can be extracted from it only after taking the expec-
tation values of the operator solutions in the initial state of the field. The
dimensionless parameter� in (26) can be treated either as the elapsed time
or the distance in the medium depending on the problem considered. For
simplicity we shall refer to it as “time” later on.

Using the solution (26) and the relations (18), we obtain the operator so-
lutions for the Cartesian components of the field in the form

ax(�) =
1
p
2
[a+(�) + a�(�)] ; ay(�) =

i
p
2
[a+(�) � a�(�)] : (27)
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It is also convenient to define the Hermitian Stokes operators [56]

S0 = ayxax + ayyay = ay+a+ + ay�a� ;

S1 = ayxax � ayyay = a
y
+a� + a

y
�a+ ;

(28)S2 = ayxay + ayyax = �i(ay+a� � a
y
�a+) ;

S3 = �i(ayxay � ayyax) = a
y
+a+ � a

y
�a�

with the commutation relations

[Sj ; Sk] = 2i�jklSl ; [Sj ; S0] = 0 ; (j; k; l = 1; 2; 3) : (29)

The noncommutability of the Stokes operators precludes the simultaneous
measurement of the physical quantities represented by them. Apart from a
factor of2, the operatorsSj (j = 1; 2; 3) coincide with the components of the
angular momentum operator, whileS0 represents the total number operator.
Moreover, we have

S21 + S22 + S23 = S0(S0 + 2) : (30)

Expectation values of operators (28) give the Stokes parameters,i.e.,

sj = hSji ; (j = 0; :::; 3) ; (31)

which correspond to the classical Stokes parameters (14).
Looking at the form of solutions (26) it is tempting to introduce the op-

erator equivalent of the classical phase��, as given by (13), this, however,
would mean the decorrelation of the exponential from the operatorsa�(0)
and would thus lead to completely wrong results whenever the quantum prop-
erties of the field play an important role. This will become clear later on.

4 One-mode field: anharmonic oscillator model

The main goal of this chapter is to present the nonclassical properties of the
field propagating in the isotropic, nonlinear Kerr medium. When there is no
dissipation in the medium, the quantum properties of the field are defined by
the solutions (26), or (27), and the initial state of the field. Applying the oper-
ator solution (26) to the initial state of the field we find the state of the field at
time (or distance)� . The state evolves in� and resulting quantum properties
of the field depend on� . We shall discuss such properties for certain initial
states of the field. Before proceeding any further, we note that when the field
entering the medium is circularly polarized, say with the polarization vector
ê+, then the state of the field in the orthogonal mode with the polarization
vectorê� is in the vacuum state,i.e, a�j0i = 0. This reduces the problem
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to the one-mode problem, and we can omit the operatorsa
y
� anda� in the

exponential (26) arriving at the widely discussed problem of anharmonic os-
cillator. It is important to emphasise here that such reduction is only possible
for circularly polarized light, but not for linearly polarized light, because, as
already mentioned, the linear polarization of quantum field is not preserved
during the evolution.

The simplest case of light propagation in a Kerr medium is thus a sin-
gle mode of circularly polarized light, for which the operator solution (26)
simplifies to

a(�) = exp[i�ay(0)a(0)] a(0) ; (32)

where we have dropped the mode index for simplicity. The solution (32) can
be written in a different form using the evolution operator,

a(�) = U
y
K(�)a(0)UK(�) ; (33)

UK(�) = exp
h
i
�

2
ay2(0)a2(0)

i
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h
i
�

2
n̂(n̂� 1)

i
; (34)

where n̂ = ay(0)a(0) is the photon number operator. Assuming that the
initial state of the field isj 0i, the expectation value of the field operator is
given by

ha(�)i = h 0ja(�)j 0i = h 0jU
y
K(�)a(0)UK(�)j 0i

= h (�)ja(0)j (�)i ; (35)

where the state of the field at time� is given by
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i
j 0i
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i
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2
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i
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If the initial state of the field is a coherent statej�0i then the state after
time� takes the form

j Ki = UK(�)j�0i = exp
h
i
�

2
n̂(n̂� 1)

i
j�0i

= exp(�j�0j2=2)
1X
n=0

�n0p
n!

exp
h
i
�

2
n(n� 1)

i
jni : (37)

States of the form (37) have very interesting nonclassical features and they
are usually referred to as theKerr states. The expectation value in the Kerr
state (37) of the annihilation operator takes the form [a = a(0)]

h K jaj Ki = h�0ja(�)j�0i = h�0j ei�a
yaa j�0i

= �0 exp[j�0j2(ei� � 1)] ; (38)
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and for the square of the annihilation operator we get

h K ja2j Ki = h�0ja2(�)j�0i = �20 exp[i� + j�0j
2(e2i� � 1)] : (39)

The mean number of photons is equal to

h K jayaj Ki = h�0jay(�)a(�)j�0i = j�0j2 (40)

and is the same as for the initial coherent state. The expectation values calcu-
lated above are very useful and will be exploited later.

4.1 Squeezing

By inspection of the solution (32), we finday(�)a(�) = ay(0)a(0) = aya,
which means that the photon number operator is a constant of motion, and
thus any function of the number operator is also a constant of motion, what
implies that the photon statistics does not alter during the evolution. So, for
initially coherent state with the Poissonian photon statistics, the statistics re-
mains Poissonian all the time. The nonlinear change in phase present in (32),
or (37), does not affect the photon statistics of the field. The situation is com-
pletely different when quantum fluctuations of the field itself are concerned.
Let us introduce the Hermitian operator

X� = ae�i� + ayei� ; (41)

which for � = 0 corresponds to the in-phase quadrature component of the
field and for� = �=2 to the out-of-phase component. We will also use the
notation

X�=0 = X1 ; X�=�=2 = X2 (42)

to describe the quadrature components, the commutator of which is equal to

[X1; X2] = 2i : (43)

Quantum fluctuations of the quadrature components of the field are measured
by their variances. Generally, the variance of operator (41) is given by

V� = h(�X�)
2i = hX2

� i � hX�i2

= 2Re
�
h(�a)2ie�2i�

�
+ 2

�
hayai � jhaij2

�
+ 1 ; (44)

where
h(�a)2i = ha2i � hai2 : (45)

For a coherent state (or vacuum), quantum fluctuations are isotropic and the
variance (44) is equal to unity independently of�.

The state of the field is said to besqueezed state[57] if for some� the
variance (44) becomes smaller than unity, and perfect squeezing is obtained
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whenV� = 0. On introducing the normally ordered variance [58] of the
operator (41), which means neglecting the unity in formula (44) that comes
from the boson commutation rules, the condition for squeezing can be re-
formulated: the state of the field is squeezed if the normally ordered vari-
anceh: (�X�)

2 :i becomes negative for some�. Using (38) – (40), we get
from (44) (after dropping the unity) the following expressions [2] for the nor-
mally ordered variances of the two quadrature components

h: (�X1(�))
2 :i

h: (�X2(�))
2 :i = 2j�0j2

�
1� exp[ 2j�0j2(cos � � 1)]

	
�2Re

�
�20 exp[i� + j�0j

2(e2i� � 1)]� �20 exp[ 2j�0j
2(ei� � 1)]

	
: (46)

Negative values of one of the variances in (46) mean squeezing in the corre-
sponding quadrature of the field. The two quadratures are plotted, assuming
�0 real and� = 1 � 10�6, in figure 1 showing oscillatory behavior with
regions of considerable squeezing. This means that the Kerr states (37) are
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Figure 1: Normally ordered variancesh: (�X1)
2 :i (solid line) andh: (�X2)

2 :i
(dashed line) versusj�0j2�

nonclassical and exhibit high degree of squeezing for appropriately chosen
evolution time� . It is clear, however, that the Kerr states are not the minimum
uncertainty states. The choice� = 0, or � = �=2, is not always the best for
maximising squeezing obtainable in the anharmonic oscillator model. Differ-
entiatingV� with respect to� leads to the angles�+ and��, corresponding to
the maximum and minimum variances, given by the relation

exp(2i��) = �
q
h(�a)2i=h(�ay)2i ; (47)
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which leads to the extremal variances in the form [59]

V� = h(�X�)
2i = �2

q
h(�a)2ih(�ay)2i+ 2

�
hayai � jhaij2

�
+ 1 ;

whereX� = X�=�� . This immediately gives us the condition forprincipal
squeezingintroduced by Lukˇset al. [60]

h�ay�ai � jh(�a)2ij < 0 : (48)

Loudon [59] has shown that the variance (44) can be rewritten in the alterna-
tive form

V� = h(�X�)
2i cos2(� � ��) + h(�X+)

2i sin2(� � ��) ; (49)

which geometrically represents Booth’s elliptical lemniscate in polar coor-
dinates. It is demonstrated in figure 2 for the first minimum ofh�X 2

1 (�)i
which appears forj�0j2� = 0:59. The circle of unit radius marks the level of
vacuum fluctuations. Whenever the lemniscate is inside the circle the field is
squeezed. For Kerr states (37) one gets from (47)
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Figure 2: Plot of
p
V�(�) as a function of� for j�0j

2
� = 0:59; the dashed circle

marks the level of vacuum fluctuations.

exp(2i��) = � exp(2i'0 + i� + j�0j2 sin 2�) ; (50)

which gives

�+ = '0 +
1
2
(� + j�0j2 sin 2�) ; �� = �+ + �=2 ; (51)
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where'0 is the phase of the initial coherent state,�0 = j�0jei'0 . This means
that the phases�� = ��(�) for which the variance approaches its extremal
values depend on� , i.e, they evolve in the course of the evolution of the
oscillator. For given� we can tune the squeezing by changing the phase' 0

or the intensityj�0j2 of the beam.
Since the third-order nonlinearity of the Kerr medium is usually very

small, the realistic values of� are also very small (� = 1�10�6 is a rather op-
timistic estimation [29]), one can expect noticeable quantum effects for large
number of photonsj�0j2 � 1, such as to havej�0j2� of the order of unity.
This makes it possible to introduce a new variablex = j�0j2� and derive a
quite simple expression for the varianceV (�) [24] ( = '0 � �)

V�(x) = 4x sin( + x) [ sin( + x) � x cos( + x)] + 1 : (52)

Similar formula can be derived even for the case when higher order nonlin-
earities are included [37].

The variances are the second order moments of the field distribution and
their graphical representations, such as an ellipse for the principal squeezing
or Booth’s lemniscate, forV� exhibit twofold rotational symmetry which re-
flects the fact that the variance is a quadratic function of the field operators. In
this respect the graphical representation of squeezing obtained for Kerr states
does not differ from the representation of the ideal squeezed states, which
are minimum uncertainty states. There is, however, another possibility to
represent graphically quantum states by plotting their quasiprobability distri-
butions such asQ or Wigner functions. As an example, we shall show plots
of theQ function which for the Kerr states takes the form

Q(�; ��; �) = jh�j (�)ij2 = exp(�j�j2 � j�0j2)j�(�)j2 ; (53)

where

�(�) =

1X
n=0

(���0)
n

n!
exp[i

�

2
n(n� 1)] : (54)

In figure 3 we show the contour plots of the functionQ(�; � �; �) calcu-
lated according to (53). The plots reveal the famous “crescent” or “banana”
shapes known for the Kerr states. TheQ�function contours do not exhibit
the twofold symmetry known for the ideal squeezed states. The Kerr states
are thus quite different than the ideal squeezed states.

4.2 Photon statistics

As we have shown in the previous section, for the one-mode field with the
circular polarization being initially in a coherent state, the initial Poissonian
statistics of the field is preserved during the evolution of the field in a Kerr
medium. However, Kitagawa and Yamamoto [6] have shown that when the
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Figure 3:Contour plots of the functionQ(�; ��; �) for �0 = 5 and various values
of � (� = 0; 0:02; 0:05; 0:08; 0:12; 0:2 counterclockwise starting from the circle
contour). Contours are plotted at 0.98, 0.75 and 0.5 of the maximum.

nonlinear Kerr medium is placed into one arm of the Mach-Zehnder interfer-
ometer and the reflectivities of the interferometer mirrors are chosen appro-
priately, the photon number fluctuations can be reduced by interference with
a coherent reference field. We shall sketch here main results of Kitagawa
and Yamamoto. In figure 4 we show the scheme of the Mach-Zehnder inter-
ferometer with the nonlinear Kerr medium. A coherent-state input signal is
divided into two parts by the first beam splitterM1. One partj 1i undergoes
the nonlinear evolution in the Kerr medium, and the other partj 2i is not dis-
turbed and is combined with the Kerr-medium output signalj K(�)i at the
beam splitterM2, whose reflectivity is close to unity. The outputj	1i from
the interferometer can be shown to have reduced photon-number fluctuations
at the expense of the increased phase fluctuations. When the input field is a
coherent statej�0i in one input to the interferometer and the vacuum statej0i
in the other input, after the first beam splitter there are two coherent states

j 1i = j�1i; j 2i = j�2i; �1 =
p
1�R1 �0; �2 =

p
R1 �0;

whereR1 is the reflectivity ofM1. The statej 1i becomes the Kerr state
j (�)i after passage through the Kerr medium, while the statej 2i acquires
a phase shift� and becomes the coherent statej�2e

�i�i. For high reflectivity
ofM2, it can be shown that the output statej	1i becomes [6]

j	1i = D(�)UK(�)j�1i ; (55)
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Figure 4:Nonlinear Mach-Zehnder interferometer with an optical Kerr medium

where
D(�) = e�a

y���a (56)

is the unitary displacement operator,

� =
p
1�R2 �2e

�i� =
p
(1�R2)R1 �0e

�i� (57)

withR2 being the reflectivity ofM2, andUK(�) is given by (34). We assume
here�0 as real. Calculating the mean number of photons in the output state
	1 gives the formula

hn̂i = h	1jayaj	1i = h�1jU
y
K(�)D

y(�)ayaD(�)UK(�)j�1i

= h�1jU
y
K(�)(a

y + ��)(a+ �)UK(�)j�1i

= h�1jayaj�1i+ j�j2 + 2Re
h
��h�1jei�a

yaaj�1i
i

= j�1j2 + j�j2 + 2Re
�
�1�

� exp(j�1j2(ei� � 1))]
	

= j�1j2 + j�j2 + 2j�1jj�je��=2 cos# ; (58)

where

� = 4j�1j2 sin2
�

2
; # = �+ j�1j2 sin �; �1�

� = j�1jj�jei�:

In (58) we have used the property of the displacement operator

Dy(�)aD(�) = a+ � ; (59)
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and relations (33) and (38). In a similar manner one can calculate the variance
of the number of photons in the outgoing beam,

hn̂2i � hn̂i2 = hn̂i+ 2j�1j2j�j2 + 4j�1j3j�je��=2 [cos(� + #)� cos#]

+ 2j�1j2j�j2
h
e�2�

0

cos(� + 2#� � sin �)� 2e�� cos2 #
i
; (60)

where�0 = j�1j2 sin2 � . Adjusting the phase difference between the two
arms of the interferometer by choosing� in such a way that# = �=2, for-
mula (60) simplifies to that obtained by Kitagawa and Yamamoto [6]

hn̂2i � hn̂i2 = hn̂i � 4j�1j3j�je��=2 sin �

+ 2j�1j2j�j2
h
1� e�2�

0

cos(� � � sin �)
i
: (61)

If the variance (61) is smaller than the mean number of photons the pho-
ton statistics is sub-Poissonian. There are two commonly used parameters to
measure the departure of the photon statistics from the Poissonian statistics
of coherent fields. One of them is the normalised second-order (intensity)
correlation function defined as

g(2) =
ha+2a2i
hayai2

=
hn̂(n̂� 1)i
hn̂i2

; (62)

and the other is theq parameter introduced by Mandel [58] and defined as

q =
hn̂2i � hn̂i2

hn̂i
� 1 =

h
g(2) � 1

i
hn̂i : (63)

Whenever the value of theq parameter (or equivalentlyg (2)�1) become neg-
ative the photon statistics is sub-Poissonian, and the limitq = �1 is reached
for number states with the zero photon number variance. On inserting (58)
(with # = �=2) and (61) into (63), one obtains a relatively simple formula
for the Mandelq parameter

q =
j�1j2

1 + �2�

n
2�2�

h
1� e�2�

0

cos(� � � sin �)
i
� 4��e

��=2 sin �
o
: (64)

The choice of�� = j�j=j�1j in (64) can be optimized to get the minimal
value ofq for givenj�1j and� . Similarly as to the quadrature variance (52),
for small values of� � 1 and a large mean number of photonsj� 1j2 � 1,
we can introduce the variablex = j�1j2� and find that

q � �
4��x(1� ��x)

1 + �2�
; =) qj2��x=1 � �

1

1 + �2�
; (65)

which shows that, for such a choice of parameters,q is negative and photon
statistics of the outgoing beam is sub-Poissonian. In fact, Kitagawa and Ya-
mamoto [6] have shown that the photon-number variance can be reduced in
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Figure 5:The Mandelq parameter versusx = j�1j
2
� for � = 1� 10�6 and��=0.2

(solid), 0.4 (dashed), 0.6 (dashed-dotted), 0.8 (dotted).

this way to the value smaller thanhn̂i1=3. This means considerable reduction
of the photon-number fluctuations at the expense of the increased fluctuations
of the phase. The problem of the phase will be discussed later on.

A more general formula forq can be obtained from (58) and (60). In
figure 5 we have plotted theq parameter versusx = j�1j2� , for � = 1�10�6

and different values of��. The negative values ofq seen in the figure are the
signature of sub-Poissonian photon statistics,i.e., narrowing of the photon-
number distribution.

The states (55) are obtained by applying the displacement operator (56) to
the Kerr states (37), and thus the namedisplaced Kerr stateshas been attached
to them. Quantum properties of displaced Kerr states have been studied by
Wilson-Gordonet al. [39] and by Peˇrinovaet al. [61]

4.3 Schr̈odinger cats and kittens

Kerr states (37) belong to a class of generalized coherent states introduced
by Titulaer and Glauber [62] and discussed by Stoler [63]. They differ from
coherent states by extran�dependent phase factors in their decomposition
into Fock states. Białynicka-Birula [64] has shown that, under appropriate
periodic conditions, generalized coherent states go over into discrete super-
positions of coherent states. Later, Yurke and Stoler [5], and Tombesi and
Mecozzi [8] have discussed a possibility of generating quantum mechanical
superpositions of macroscopically distinguishable states in the anharmonic
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oscillator model. Miranowiczet al. [20] have shown that the superpositions
of even and odd number of components are possible in the model and have
found analytical formulae for such superpositions.

The Kerr state (37) can be rewritten in the form

j K(�)i =
1X
n=0

bn exp
n
i
h
n'0 +

�

2
n(n� 1)

io
; (66)

where

bn = exp(�j�0j2=2)
j�0jnp
n!

; �0 = j�0j exp(i'0) : (67)

Sincen(n � 1) is an even number,j K(� + T )i = j K(�)i for T = 2�.
Moreover, we have

exp[i
�

2
(n+2N)(n+2N�1)]=exp[i

�

2
n(n�1)] exp[i�N(2N+2n�1)];

which means that for

� = 2�
M

N
= T

M

N
(68)

the exponential becomes periodic with the period2N . We assume thatM and
N are coprime integers. When� is taken as a fraction of the period, according
to (68), then the state (66) becomes a superposition of coherent states [64]

j K(� = TM=N)i =
2N�1X
k=0

ckjei'k�0i ; (69)

wherej�0i is the initial coherent state. The phases'k are given by

'k = k
�

N
; k = 0; 1; :::; 2N � 1 ; (70)

and the coefficientsck are given by the set of2N equations

2N�1X
k=0

ck exp(in'k) = exp

�
i�
M

N
n(n� 1)

�
; (71)

for n = 0; 1; : : : ; 2N � 1 . Equations (71) can be rewritten as

2N�1X
k=0

ck exp
n
i
�

N
[nk �Mn(n� 1)]

o
= 1 ; (72)

which, after a summation overn and a minor rearrangement, gives

2N�1X
k=0

1

2N

2N�1X
n=0

exp
n
i
�

N
[nk �Mn(n� 1)]

o
= 1 : (73)
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In view of the condition
P2N�1
k=0 ckc

�
k = 1 we immediately obtain

ck =
1

2N

2N�1X
n=0

exp
n
�i

�

N
[nk �Mn(n� 1)]

o
: (74)

Equation (74) gives the coefficientsck of the superposition (69) for arbitrary
M andN . Because of the symmetry of the system, only one half of the co-
efficientsck are different from zero and the superposition (69) has onlyN
components although the summation contains2N terms. Anticipating this
we have extended the summation twice in order to preserveN for the number
of components. Thus the denominator of the fractionM=N in equation (68)
determines the number of components that appear in the superposition (69),
which will contain the components with either even or odd indices only. Ex-
amples of such states can be found in [20]. Coefficients (74) can be rewritten
in a different form,

ck =
1 + (�1)k�M(N�1)

2N

N�1X
n=0

exp
h
�i

�

N
[nk �Mn(n� 1)]

i
; (75)

which explicitly shows that allck for whichk�M(N � 1) is an odd number
are equal to zero. That is, forM(N � 1) odd (even), only the coefficients
with odd (even)k survive. The coefficients of the superposition have their
modules equal to1=

p
N , and they can be written as

ck =
1
p
N

exp(ik) ; (76)

where the phasesk can be formally found from the relation

k = �i ln(
p
N ck) (77)

with ck given by (75). The trigonometric sums (74) can be summed exactly
in some special cases. It is not difficult, however, to calculateck numerically
according to (75) and then to findk from (77). In particular, forM = 1,
N = 2, we find from (75) that the coefficients of the superposition are

c0 = 0 ; c1 =
1
p
2
e�i�=4 ; c2 = 0 ; c3 =

1
p
2
ei�=4 ; (78)

and the superposition state is given by

j K(� = �)i =
1
p
2

�
e�i�=4ji�0i+ ei�=4j � i�0i

�
; (79)

which is, apart from the shift in phase, the state obtained by Yurke and
Stoler [5]. If j�0j is large, the superposition (79) is a superposition of two
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macroscopically distinguishable quantum states, or aSchrödinger catstate.
For M = 1, N = 3, we have the superposition of three macroscopically
distinguishable quantum states [20]

j K(� = 2�=3)i =
1
p
3

�
ei�=6j�0i � ijei�=3�0i+ ei�=6jei2�=3�0i

�
:

Superpositions with more than two states are often calledSchrödinger kittens.
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Figure 6:Plots of theQ�function for the superposition states with�0 = 5, M = 1,
andN = 2; 3; 4; 5.

To visualise the superposition states it is convenient to plot theirQ func-
tion defined by (53). Examples are shown in figure 6. The peaks of the
quasiprobability distribution representing particular states of the superposi-
tion are located around a circle of radiusj�0j and they are well separated
whenj�0j is large and the number of states entering the superposition is lim-
ited. How many well separated states can be placed around the circle of radius
j�0j has been discussed in [20]. The pictures shown in figure 6 are obtained
from the same formula which gives the crescent (or banana) shape shown in
figure 3. The only difference is the choice of the evolution time� . If � is
such that the numberN of components in the superposition is very large the
peaks of component states overlap and theQ�function has the shape with
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contours shown in figure 3. The superpositions of coherent states similar to
those discussed here, called even and odd coherent states, have been studied
by Dodonovet al. [65, 66].

4.4 Quantum phase properties

The nonclassical properties of the Kerr states come from the self-phase mod-
ulation, or self-squeezing, discussed earlier. These are just nonlinear changes
of the phase that lead to squeezing without any change in photon statistics.
It is thus important to look closer at the quantum phase properties of the
Kerr states. To describe quantum phase properties of the Kerr states we shall
use the Hermitian phase formalism introduced by Pegg and Barnett [67, 68]
(more on quantum phase can be found in [69, 70]). The formalism is based on
introducing a finite (s + 1)-dimensional space spanned by the number states
j0i; j1i; :::; jsi. The Hermitian phase operator operates on this finite space,
and after all necessary expectation values have been calculated, the value of
s is allowed to tend to infinity. A complete orthonormal basis ofs+ 1 states
is defined as

j�mi �
1

p
s+ 1

sX
n=0

exp(in�m)jni ; (80)

where

�m � �0 +
2�m

s+ 1
; m = 0; 1; : : : ; s : (81)

The value of�0 is arbitrary and defines a particular basis set ofs+1 mutually
orthogonal phase states. The Hermitian phase operator is defined as

�̂� �
sX

m=0

�mj�mi(�mj ; (82)

where the subscript� indicates the dependence on the choice of� 0. The
states (80) are eigenstates of the phase operator (82) with the eigenvalues
�m restricted to lie within a phase window between�0 and�0 + 2�. The
unitary phase operatorexp(i�̂�) is defined as the exponential function of the
Hermitian operator̂��. This operator acting on the eigenstatej�mi gives the
eigenvalueexp(i�m), and can be written as [67, 68]

exp(i�̂�) �
s�1X
n=0

jnihn+ 1j+ exp[i(s+ 1)�0]jsih0j : (83)

This is the last term in (83) that ensures the unitarity of this operator. The first
sum reproduces the Susskind-Glogower [71, 72] phase operator in the limit
s!1.
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The expectation value of the phase operator (82) in a pure statej i is
given by

h j�̂� j i =
sX

m=0

�mjh�mj ij2 ; (84)

wherejh�mj ij2 gives a probability of being found in the phase statej�mi.
The density of phase states is(s+1)=2�, so in the continuum limit ass tends
to infinity, we can write equation (84) as

h j�̂� j i =
Z �0+2�

�0

�P (�) d� ; (85)

where the continuum phase distributionP (�) is introduced by

P (�) = lim
s!1

s+ 1

2�
jh�mj ij2 (86)

with �m being replaced by the continuous phase variable�. As the phase dis-
tribution functionP (�) is known, all the quantum-mechanical phase expec-
tation values can be calculated with this function in a classical-like manner.
The choice of the value�0 defines the2� range window of the phase values.
After taking into account (80), we can write (86) as

P (�) = lim
s!1

1

2�

sX
n=0

sX
k=0

e�i(n�k)�mhnj ih jki : (87)

For the Kerr statej i = j K(�)i given by (66), we symmetrize the phase
distribution with respect to the phase'0 by taking

�0 = '0 �
�s

s+ 1
(88)

and introducing a new phase label

� = m� s=2 ; (89)

which runs in integer steps from�s=2 to s=2. Then the phase distribution
becomes symmetric in�, and we get [73]

P (�) = lim
s!1

1

2�

sX
n=0

sX
k=0

exp
n
�i
h
(n� k)��

�
�

2
[n(n� 1)� k(k � 1)]

io
bnbk

=
1

2�

1X
n=0

1X
k=0

exp
n
�i
h
(n� k)�

�
�

2
[n(n� 1)� k(k � 1)]

io
bnbk (90)
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Figure 7: Phase distributionsP (�) for � = 0:02; 0:05; 0:08; 0:12; 0:2 counting
counterclockwise from the peak at� = 0 (compare figure 3).

Now, integrals over� are taken in the symmetric range between�� and�.
The phase distributionP (�) is normalised such that

R �
�� P (�)d� = 1 .

If the field is described by the density operator� instead of the pure state
j i, equation (84) takes a more general form

h�̂�i = Tr(��̂�) =

sX
m=0

h�mj�j�mi ; (91)

and the phase distributionP (�) is given, instead of equation (90), by

P (�) =
1

2�

1X
n=0

1X
k=0

e�i(n�m)��nk : (92)

This more general form is needed when the dissipation is present in the sys-
tem. For not too large mean number of photonsj� 0j2, the amplitudesbn go to
zero very rapidly asn increases, and the phase distribution (90) can be easily
evaluated numerically. All the expectation values of the phase operator can
be calculated by taking the integrals over the continuous variable� with the
probability distributionP (�) given by (90). The phase distributionP (�) car-
ries all the statistical information about the phase of the Kerr states. It is thus
interesting to see the plots ofP (�) for different evolution times� . We show
a few examples of such plots in figure 7. Polar plots ofP (�) show nicely the
broadening of the phase distribution during the evolution and they show also
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Figure 8: Plots ofP (�) for the superpositions of coherent states for�0 = 5 and
� = 2�=2; 2�=3; 2�=4; 2�=5 (compare figure 6).

clearly the appearance of the Schr¨odinger cats and kittens discussed in the
previous section. This is illustrated in figure 8.

If the mean number of photons is large, the approximate method [73] can
be applied to find the phase distribution. In this case the Poisson photon num-
ber distribution is well approximated by a continuous Gaussian distribution

P (n) = exp(�j�0j2)
j�0j2n

n!
� (2�j�0j2)�1=2 exp

�
�
(j�0j2 � n)2

2j�0j2

�
:

Inserting square root ofP (n) for bn and performing integration overn in (90)
one gets the Gaussian distribution for the phase

P (�) =
1

(2��2)1=2
exp

�
�
(� � ��)2

2�2

�
; (93)



292 NONCLASSICAL STATES IN KERR MEDIA

where
�� = '0 + �

�
j�0j2 � 1

2

�
; �2 = j�0j2�2 + 1

4
: (94)

From (94) we see that the mean phase is shifted by� j�0j2 with respect to
the initial phase'0 (we neglect1

2
), which is consistent with the operator

solution (32) when the operators are replaced by classical field amplitudes
(a(0) ! �0). We see that the dispersion of the Gaussian distribution in-
creases with� . Since photon distribution remains Poissonian with the vari-
anceh(�n̂)2i = hn̂i we can immediately write the phase – photon number
uncertainty relation

h(��̂�)2ih(�n̂)2i = 1
4
+ j�0j4�2 (95)

which means fast expansion of the uncertainty product during the evolution.
One should, however, keep in mind that (93) is approximate and it is valid
only for not too broad Gaussians. Generally, the exact formula (90) should
be used to calculate the mean phase and the variance.

The mean value of the phase for the Kerr state calculated using (90)
gives [73]

h K(�)j�̂� j K(�)i = '0 +
1

2�

Z �

��
�P (�) d�

= '0 � 2
X
n>k

bnbk
(�1)n�k

n� k
sin
n �
2
[n(n� 1)� k(k � 1)]

o
; (96)

and for the variance of̂�� [73]

h K(�)j(��̂�)2j K(�)i =
�2

3

+4
X
n>k

bnbk
(�1)n�k

(n� k)2
cos
n �
2
[n(n� 1)� k(k � 1)]

o

�

(
2
X
n>k

bnbk
(�1)n�k

n� k
sin
n�
2
[n(n� 1)� k(k � 1)]

o)2

: (97)

Both the mean phase and the phase variance are periodic functions of� . In
figure 9 we show an example of the evolution of the phase and the variance for
the Kerr state with the mean number of photons�0 = 5. The phase variance
rapidly increases at the beginning of the evolution and next shows oscillations
around the value�2=3, which is the value for the uniformly distributed phase,
as, for example, in the case of a single number state. The values above� 2=3
come from the fact that as the mean phase is shifted during the evolution,
the phase window symmetrized with respect to'0 becomes not symmetric
with the respect to the new value of the phase. The minima in the variance
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indicate the positions of the superpositions of coherent states. The positions
of the superposition states are much better visible from the evolution of the
Wehrl entropy for the system [74].
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Figure 9:Mean phase and phase variance versus� for �0 = 5.

4.5 Dissipation

So far, we have discussed an ideal situation when there is no dissipation in
the system,i.e, the field propagating in the Kerr medium is not absorbed and
the total intensity is conserved. In real situations this is usually not the case,
and one has to include damping into the model. The dissipative quantum and
classical Liouville dynamics of the anharmonic oscillator has been studied by
Milburn and Holmes [4] and Milburn [3]. The anharmonic oscillator model
admits exact analytical solution even in the presence of dissipation, as it was
first shown by Milburn and Holmes [75] for theQ function with initially
coherent-state distribution. This approach has been generalized by Peˇrinova
and Lukš [13, 21], Daniel and Milburn [16], and Milburnet al. [15]. Phase
properties of the damped anharmonic oscillator have been studied by Gantsog
and Tana´s [76]. Some generalizations of the model can be found in [77–80].

To describe the system with dissipation it is necessary to include the cou-
pling of the nonlinear oscillator to a reservoir, which is usually represented
by an infinite set of harmonic oscillators. The evolution of the anharmonic
oscillator can no longer be described by the Kerr states (37), which are pure
quantum states, but the density matrix must be used. By use of the standard
techniques of the quantum theory of damping the following master equation,
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in the Markov approximation and in the interaction picture, is obtained for
the density operator of the field propagating in the Kerr medium

@�

@t
= � i

�

2
[ay

2
a2; �] +



2

�
[a�; ay] + [a; �ay]

�
+ �n[[a; �]; ay]; (98)

where is the damping constant,�n = [exp(�h!=kT ) � 1]�1 is the mean
number of thermal photons for the temperatureT of the reservoir. The exact
solution to the master equation (98) is possible for both the “quiet” [4, 13]
(�n = 0) and “noisy” [16, 21] (�n 6= 0) reservoirs. Here we quote only the
solution for�n = 0, which is simpler and given by

�nm(�) = exp
h
�i
�

2
(n�m)

i
f
(n+m)=2
n�m (�)

�
1X
l=0

1

l!

r
(n+ l)!(m+ l)!

n!m!

�
�[1� fn�m(�)]

�+ i(n�m)

�l
�n+l;m+l(0) ; (99)

where we have used the notation� = =j�j > 0, � = ��t > 0, and

fn�m(�) = exp fi� [(n�m) + i�]g : (100)

For� = 0 the solution (99) becomes

�nm(�) = exp
h
i
�

2
[n(n� 1)�m(m� 1)]

i
�nm(0) ; (101)

and describes the dynamics of the lossless anharmonic oscillator. From (101)
it is clear that the diagonal matrix elements of the field density matrix do not
change if there is no damping. This means that the photon statistics does
not change, as discussed before. The nondiagonal elements are related to
the nonlinear change of the field phase, and this change is responsible for
quantum effects discussed earlier.

For the initial coherent statej�0i we have

�n+l;m+l(0) = bn+lbm+l exp[i(n�m)'0] ; (102)

wherebn is given by (67). On inserting (102) into (99) we get

�nm(�) = bnbm exp
h
i(n�m)

�
'0 �

�

2

�i
f
(n+m)=2
n�m (�)

� exp

�
j�0j2�

1� fn�m(�)

�� i(n�m)

�
; (103)

wherefn�m(�) is given by (100). The solution (103) allows for calculations
of the quantum mechanical mean values of the field operators. For example,
the mean value of the field operator is equal to [4]

hai = Trfa�(�)g =
1X
n=0

p
n �n;n�1(�)

= �0 exp

�
�
1

2
�� + j�0j2

ei�(1+i�) � 1

1 + i�

�
; (104)
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which for � = 0 goes over into (38). Because of damping the periodicity
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Figure 10:TheQ function for�0 = 5, � = �=4 (superposition state with8 compo-
nents), and� = 0 (left); � = 0:1 (right).

of the evolution present in (38) is lost in (104). The quantum recurrences
will thus be lost when the damping plays an important role in the propagation
process. All the quantum properties discussed before will be rapidly degraded
by the dissipation.

The quasiprobability functionQ can be calculated with (103) according
to the formula

Q(�; ��; �) = exp(�j�j2)
X
n;m

��n
p
n!

�m
p
m!
�nm ; (105)

and the phase distribution function can be obtained by inserting (103) into
(92). In figure 10 we show examples of theQ function for � 0 = 5 and
� = �=4, which corresponds to the superposition of coherent states with 8
components. It is seen how the quantum interference leading to the super-
position states is washed away by the presence of damping in the system.
The left figure shows the situation without damping and the 8 peaks of the
superposition are clearly distinguishable. The right figure exhibits the same
Q function but when the damping parameter� = 0:1 is nonzero. The figure
shows how the quantum coherences are suppressed by the dissipation.

5 Two-mode fields

The one-mode description of the propagation of a quantum field in Kerr me-
dia, discussed so far, is only possible if the field is circularly polarized. In
case of elliptical polarization of the incoming field the two-mode description
is necessary. Now, we proceed to study quantum properties of the two-mode
case of fields propagating in a Kerr medium. We shall concentrate on the
effects that require two modes and are not observed for the one mode of a
circularly polarized field.
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5.1 Squeezing and Schr̈odinger cat states

As in the one-mode case, it is easy to calculate, from the operator solu-
tions (26) for initially coherent statej�+; ��i � j�+ij��i, the normally
ordered variances for the quadrature components of the two circularly polar-
ized modes of the field propagating in the Kerr medium. The corresponding
formulae are more complicated, but as in the one-mode case they are exact
analytical solutions. It has been shown [28, 29, 81] that the same degree of
squeezing can be obtained for the two-mode fields as for the one-mode field.
The detailed discussion can be found in the papers cited above. Also, simi-
larly to the one-mode case it is possible to to show that during the evolution
the two-mode state evolves to macroscopic superpositions of coherent states
when the evolution time is chosen appropriately [35, 82]. The two-mode Kerr
states are obtained by applying the unitary evolution operator

UK(�) = exp(�iHt=�h)

= exp
h
i
�

2

�
ay+

2
a2+ + ay�

2
a2� + 4d ay+a

y
�a�a+

�i
(106)

= exp
h
i
�

2
(n̂+(n̂+ � 1) + n̂�(n̂� � 1) + 4d n̂+n̂�)

i
with the Hamiltonian (21) and� = ��t, to the initial statej (0)i. Assuming
that the initial state is a coherent statej�+; ��i with �+ and�� being the
amplitudes for the two circular polarization components, we get for the two-
mode Kerr state the formula

j K(�)i =
X
n+;n�

bn+bn� exp
n
i(n+'+ + n�'�) + i

�

2
[n+(n+ � 1)

+ n�(n� � 1) + 4d n+n�]
o
jn+; n�i ; (107)

bn� = exp(�j��j2=2)
j��jn�p
n�!

; �� = j��j exp(i'�) : (108)

The two-mode Kerr states (107) cannot be factorized into the one-mode Kerr
states (66) because of the presence of the term4d n+n� in the exponential,
which describes coupling between the two circularly polarized modes. The
coupling is defined by the asymmetry parameterd, given by (23), which ac-
counts for the nonlinear properties of the medium. The two-mode Kerr states
are, generally,entangled states. When2d is an integer number and the evo-
lution time � is chosen properly as a fractionM=N of the period2�, the
states (107) become discrete superpositions of coherent states [35, 82]. For
example, if� = � andd = 1=2 the state becomes

j K(� = �)id=1=2 =
1
p
2

�
e�i�=4ji�+; i��i+ ei�=4j � i�+;�i��i

�
:
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Similarly to the one-mode case a great variety of the superposition states is
possible, but the coupling between the modes can cause a suppression of the
number of states in the superposition [82]. From the point of view of squeez-
ing and superpositions of coherent states the two-mode Kerr states lead to
results very similar to the results known from the one-mode Kerr states. The
situation becomes different when it comes to photon statistics and polariza-
tion of the field.

5.2 Photon statistics

As we have already discussed in section 3, the number operators for the two
circular components of the field commute with the Hamiltonian (21), thus the
photon statistics of the circular components are constants of motion. How-
ever, it is not the case if the Cartesian basis is used — in this case the number
operators do not commute with the Hamiltonian (20). Now, we encounter
very interesting situation: let us assume that the incoming field is polarized
along thex axis, and we measure the orthogonaly component of the outgoing
field. Classically, in isotropic medium, the polarizationx of the field should
be preserved, and we should not observe any field withy polarization. For
quantum fields, however, there are quantum fluctuations and photons with
polarizationy can appear despite the fact that the medium is isotropic. Only
circular polarization is preserved in isotropic medium!

In section 4.2 we have discussed a possibility of narrowing of the pho-
ton number distribution showing that a sub-Poissonian photon statistics is
obtained in the Mach-Zehnder interferometer with Kerr medium in one arm.
The state produced in the Kerr medium was the one-mode Kerr state, but it
was displaced by the reference beam propagating along the other arm, and
this displacement was crucial for getting the sub-Poissonian statistics. Now,
we shall show that in the two-mode case the sub-Poissonian photon statis-
tics is possible without the displacement of the Kerr state. It is sufficient to
measure the Cartesian component (x or y) of the outgoing field. For initially
coherent statej�+; ��i, from (26) and (27), we get

hayx(�)ax(�)i =
1

2
h[ay+(�) + ay�(�)][a+(�) + a�(�)]i

=
1

2

�
j�+j2 + j��j2

�
+ j�+jj��jRe

n
exp

h
i('+ � '�)

+
�
ei�

0

� 1
�
j�+j2 +

�
e�i�

0

� 1
�
j��j2

io
; (109)

where� 0 = �(1� 2d). It is worth to emphasise here that the classical expres-
sion can be obtained from (109) by the replacemente i�

0

� 1! i� 0 which
means the linear approximation to the quantum exponential.

In the same manner we can derive the expression for the second-order
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correlation function
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For elliptically polarized field incoming to the Kerr medium there are certain
phase relations between the two amplitudes�+ and��. Calculating the ex-
pectation values of the Stokes operators (28) in the coherent statej�+; ��i
and comparing the results to the classical Stokes parameters (14), we get

s0 = hS0i = j�+j2 + j��j2 = j�0j2 ;
s1 = hS1i = 2Re(��+��) = s0 cos 2� cos 2� ;

(111)s2 = hS2i = 2 Im(��+��) = s0 cos 2� sin 2� ;

s3 = hS3i = s0 sin 2� ;

where� = �('+ � '�)=2 is the azimuth of the polarization ellipse and�
is its ellipticity. With this notation, the amplitudes�+ and�� of the two
circular components of the elliptically polarized field, with the amplitude� 0,
take the following form

�� =
�0p
2
(cos � � sin �) e�i� : (112)

Let us assume, for a moment, that the field is linearly polarized (� = 0) with
the azimuth� = �=2, that is, perpendicularly to the observed polarization
component. Then, from (109), we obtain

hayx(�)ax(�)i =
j�0j2

2

�
1� exp

�
�2j�0j2 sin2

� 0

2

��
; (113)

which means that, due to the presence of the exponential, photons with the
polarization perpendicular to the polarization of the incoming field appear.
Classically, no field can be observed in the perpendicular component. In the
classical formula the exponential must be replaced by unity and the result is
zero.

To check whether it is possible to obtain sub-Poissonian photon statistics
in the x component of the outgoing beam we can calculate the Mandelq
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parameter defined by (63), which can be expressed by (109) and (110) in the
following way

q =

(
hayx

2
(�)a2x(�)i

hayx(�)ax(�)i2
� 1

)
hayx(�)ax(�)i : (114)

On inserting (109) and (110) to (114), assuming that� 0 � 1 and keeping
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only the lowest order terms, we get the following simple expression for the
Mandelq parameter

q =
j�0j2� 0 sin 4� sin#+

�
j�0j2� 0 cos 2� sin#

�2
2(1 + cos 2� cos#)

; (115)

where
# = 2� � j�0j2� 0 sin 2� : (116)

From (115) it is evident that theq parameter is equal to zero when the field
is circularly polarized (� = ��=2). This confirms our earlier findings that
for circularly polarized light photon statistics does not change. It is also clear
that only first term in the numerator can take negative values, and the optimal
polarization is elliptical with� = �=8 (sin 4� = 1). In figure 11 we plot the
Mandelq parameter calculated according to (115) for several values of the
azimuth�, assuming the ellipticity parameter� = �=8. It is seen that there
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are regions where the parameterq takes negative values making possible ob-
servation of the sub-Poissonian photon statistics by measuring a Cartesian
component of the outgoing field with the appropriate choice of the param-
eters of the incoming field. Projecting of the two-mode Kerr state onto the
Cartesian basis is crucial for obtaining the sub-Poissonian statistics — in the
circular basis photon statistics remain Poissonian for initially coherent field.

5.3 Polarization

The polarization of initially elliptically polarized light propagating in a non-
linear Kerr medium is changed due to nonlinear interaction. Classically the
polarization of light is defined by the Stokes parameters (14). For quantum
fields we can introduce the Stokes operators (28), the expectation values of
which, in a given state of the field, give the Stokes parameters of the quantum
field and define its polarization. Using this idea we can deduce that the az-
imuth and the ellipticity of the polarization ellipse are defined by the relations

tan 2� =
hS2i
hS1i

=
s1

s2
; tan 2� =

hS3ip
hS1i2 + hS2i2

=
s3p
s21 + s22

; (117)

and the quantum degree of polarization has its classical form (15) in whichs 1,
s2, ands3 are understood as corresponding expectation values of the Stokes
operators. The quantum evolution of the Stokes parameters of light propa-
gating in a Kerr medium has been studied by Tana´s and Kielich [83]. Taking
the expectation value, in the initial coherent statej�+; ��i, of the operator
solutions (26) it is straightforward to derive the formulae for the Stokes pa-
rameters of the propagating beam

hS0(�)i = hay+(�)a+(�)i = j�+j2 + j��j2 = j�0j2 ;

hS1(�)i = 2Re
n
��+�� exp[(e�i�

0

� 1)j�+j2 + (ei�
0

� 1)j��j2
o
;

hS2(�)i = 2 Im
n
��+�� exp[(e�i�

0

� 1)j�+j2 + (ei�
0

� 1)j��j2
o
;

hS3(�)i = j�+j2 � j��j2 ; (118)

where�+ and�� are given by (112), and� 0 = �(1 � 2d). Sinceay+a+ and

ay�a� are constants of motion, the Stokes parametershS0i andhS3i do not
alter during the propagation, and only the parametershS 1(�)i andhS2(�)i
evolve in time.

Applying the definitions (117) we find for the azimuth and ellipticity of
the field

tan 2�(�) = tan
�
2� � j�0j2 sin 2� sin � 0

�
;

(119)
tan 2�(�) = tan 2� exp

�
�2j�0j2 sin

� 0

2

�
:
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The classical solutions are obtained from (119) by replacingsin � 0 ! � 0 and
dropping the exponential. The ellipticity of the beam does not change in clas-
sical description, while the azimuth of the polarization ellipse does change if
the ellipticity of the beam is non-zero. This is the well known classical effect
of rotation of the polarization ellipse [1]. However, for quantum fields both
the azimuth as well as the ellipticity evolve in a periodic way. It is interesting
to notice that, for linearly polarized incoming field (� = 0), both the az-
imuth and the ellipticity are preserved during the evolution even in quantum
case. This result seems to be in contradiction to the fact, discussed earlier,
that the mean number of photons in the Cartesian component alters in the
quantum case, and the linear polarization is not preserved during the evolu-
tion. This contradiction can be resolved if we take a look at the degree of
polarization (15). The result is the following

P2(�) = sin2 2� + cos2 2� exp

�
�4j�0j2 sin2

� 0

2

�
: (120)

It is now clear that the degree of polarization becomes smaller than unity due
to the quantum fluctuations of the field. Classically, this quantity remains
unity all the time. The polarization of the initially completely polarized light
is degraded as a result of quantum fluctuations. The linearly polarized beam
preserves the direction of the polarization in that part of the field that re-
mains polarized, whereas part of the incoming intensity becomes unpolarized
(isotropic). If there is no damping, the evolution is periodic, and after the
initial degradation the polarization is restored to its initial state, and this pro-
cess is periodically repeated. In figure 12 we show how fast the degree of
polarization is degraded as the intensity of the field increases. In the presence
of damping the periodicity of the evolution is lost [84]. Another interesting
feature is the fact that, for circularly polarized light� = ��=4, the degree of
polarization is unity also in the quantum case. The circular polarization is not
affected by the quantum fluctuations of the field.

5.4 Quantum Stokes parameters

The degree of polarization discussed in the previous section has been defined
by the expectation values of the Stokes operators (28). However, the noncom-
mutability of the Stokes operators, as given by the commutator (29), puts the
well known limits on the measurements of the physical quantities represented
by the Stokes operators. For example, we have the following Heisenberg un-
certainty relation

h(�S1)2ih�S2)2i � jhS3ij2 : (121)

Since, according to (30), the square of the “total spin” is conserved, it is easy
to calculate the variance of the “total spin”. This was done by Tana´s and
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Kielich [83], and the result is the following

hS2i � hSi2 = hS21i+ hS
2
2i+ hS

2
3i �
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hS1i2 + hS2i2 + hS3i2
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= j�0j2 cos2 2�
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1� exp
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� 0

2

��
+ 3j�0j2

= 3j�0j2 + j�0j2
�
1�P2(� 0)

�
; (122)

where we have assumed that the initial state is, as before, a coherent state.
The “total spin” variance (122) takes its minimum value when the field is
fully polarized (P = 1). According to the uncertainty relation (121) the two
Stokes observablesS1 andS2 cannot be measured simultaneously to a high
degree of accuracy. The variances of the two observables are given by

h(�S1;2)2i = j�0j2 +
j�0j2

2
cos2 2�

(
1� exp

�
� 4j�0j2 sin2

� 0

2
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4� � j�0j2 sin 2� sin 2� 0

�
� exp

�
� 4j�0j2 sin2

� 0

2

�
cos
�
4� � 2j�0j2 sin 2� sin � 0

� i)
: (123)

Both variances are equal toj�0j2 when� = ��=4 (circularly polarized light)
and do not change during the propagation. The quantum fluctuations in the
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Stokes parameters are intensity-dependent and periodic in� 0. However, they
never become lower thanj�0j2 for the initially coherent state. Quantum me-
chanics imposes the limits on the accuracy of measurements of the Stokes
parameters.

5.5 Quantum phase properties

The azimuth� = �('+ � '�)=2 of the polarization ellipse is classically
related to the phase difference of the two circular field components. Thus the
rotation of the polarization ellipse can be interpreted as a change of this phase
difference of the resulting field. Looking at (117), it is tempting to write

2� = tan�1 (hS1i=hS2i) ; (124)

however, this is not the mean value of any phase-difference operator. Another
possibility is to take the normalised Stokes parameters1 as a measure of the
phase difference cosine defined as

cos 2� =
hS1ip

hS1i2 + hS2i2
: (125)

Also in this case we cannot say that (125) is the expectation value of the
cosine function of the phase-difference operator. In section 4.4 we have in-
troduced the Hermitian phase formalism to describe phase properties of the
one-mode field. This formalism can be applied to the two-mode fields, and
the phase-difference operator is defined as the difference of the phase oper-
ators of the two modes. Phase properties of the elliptically polarized light
propagating in Kerr media have been discussed in detail in [69, 85, 86].

Here, we want to present another definition of the phase-difference opera-
tor introduced by Luis and S´anchez-Soto [87] and based on the polar decom-
position of the Stokes operators. If we denotes� = (s1 � s2)=2, then the
classical phase difference between two modes is unambiguously obtained as

s+ = e�i'
p
s�s+ ; (126)

where' = '+ � '�. Following this classical suggestion one can try to
decompose the quantum Stokes operatorsS� = (S1 � S2)=2 in the form

S� = E
p
S+S� ; S+ = Ey

p
S�S+ : (127)

WhenE is unitary, it defines a Hermitian phase-difference operator by
E = ei�. Since the matrix elementshn+; 0jEj0; n�i are undefined,E can-
not be uniquely determined by the unitarity requirement. We thus must im-
pose some additional conditions. The unique condition compatible with the
decomposition (127) and unitarity is the commutation relation

[E; S0] = 0 ; (128)
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which reflects the fact that in the classical domain the form of the polariza-
tion ellipse is independent of the intensity. Since the operatorE commutes
with the total number of photonsay+a+ + a

y
�a�, we can study its restric-

tion to the subspaceHn containingn quanta. Calling this restrictionE (n),
equation (127) can be solved giving the unitary operator [87]

E(n) =

nX
m=1

jm� 1; n�m+ 1ihm;n�mj

+ ei(n+1)'
(n)

0 jn; 0ih0; nj ; (129)

where'(n)0 is an arbitrary phase. Since it seems reasonable that the phase
difference between two states is independent of any phase reference, we must
impose further conditions onE. To this end, let us introduce the exchange
operator�, such that

�jn;mi = jm;ni : (130)

It is easy to see that�S��y = S+ and therefore we must have

�E�y = Ey ; (131)

which is the expected action of the exchange operator on the exponential of
the phase. Imposing now condition (131) on (129), we easily get that the
allowed values of'(n)0 are

'
(n)
0 =

l�

n+ 1
; (132)

l being an integer. In each subspaceHn there aren + 1 orthonormal states
verifying that

E(n)j'(n)r i = ei'
(n)
r j'(n)r i (133)

with r = 0; : : : ; n. These states can be expressed in the number basis as

j'(n)r i =
1

p
n+ 1

nX
n+=0

ein+'
(n)
r jn+; n� n+i ; (134)

where'(n)r = '
(n)
0 + 2�r=(n+ 1).

The expression forE on the whole space is

E =

1X
n=0

E(n) =

1X
n=0

nX
r=0

j'(n)r iei'
(n)
r h'(n)r j ; (135)

which is the operator introduced by Luis and S´anchez-Soto [87]. SinceE is
unitary, it defines a Hermitian phase-difference operator

� =

1X
n=0

nX
r=0

j'(n)r ih'(n)r j : (136)
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In order to have the eigenvalues for� in the interval (��; �) we must take

'
(n)
0 = �

n�

n+ 1
: (137)

The Luis and S´anchez-Soto (LSS) phase-difference operator is essentially dif-
ferent from the Pegg-Barnett (PB) phase-difference operator, which is simply
the difference between the phase operators of the individual modes. The LSS
operator takes, for example, into account the entanglement of the quantum
states of the two-mode field. The expectation values of the phase-difference
operator (and/or its functions) in the two-mode Kerr state can be calculated
according to the rule

h�(�)i =
1X
n=0

nX
r=0

'(n)r jh'(n)r j K(�)ij2 (138)

The comparison of the phase properties for the two-mode Kerr states has
been made in [88]. For largen both PB and LSS approaches give the same
results, but for not very large mean number of photons the discrete character
of the LSS operator is evident. The two-mode Kerr states make a good testing
ground to see such differences.

5.6 Dissipation

As we have seen in section 4.5, in case of the one-mode Kerr states, dissi-
pation plays an important role in washing out the quantum periodicity of the
field evolution. The same, of course, is also true for the two-mode Kerr states.
Similarly to the one-mode case one can write the master equation describing
the field evolution in the presence of damping (in the interaction picture)

@�

@t
=

1

i�h
[H; �]+

X
i=+;�

ni
2
([ai�; a

y
i ]+[ai; �a

y
i ])+i�ni[[ai; �]; a

y
i ]
o
; (139)

wherei are the damping rates and�ni are the mean numbers of thermal pho-
tons. The exact solution of the master equation (139) is possible and has been
found by Chaturvedi and Srinivasan [89]. Restricting our considerations to
the case of a zero-temperature reservoir (�n i = 0) and initially coherent state
of the field, the solution of the master equation (139) has the form [86]

�m+;m�;n+;n�(�) = hm+;m�j�(�)jn+; n�i = bm+
bn+bm�

bn�

� exp
n
i
h�
'+ +

�

2

�
(m+ � n+) +

�
'� +

�

2

�
(m� � n�)

io
� f

(m++n+)=2
m+�n+;m��n�(�) f

(m�+n�)=2
m��n�;m+�n+(�)

� exp

�
j�+j2�

1� fm+�n+;m��n�(�)

�+ i[m+ � n+ + 2d(m� � n�)]

�
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� exp

�
j��j2�

1� fm��n�;m+�n+(�)

� + i[m� � n� + 2d(m+ � n+)]

�
; (140)

wherefm;n(�) = exp f�� [�+ i(m+ 2dn)]g, � = +=j�j = �=j�j > 0,
� = ��t > 0, and other quantities are defined in (108).

The solution (140) allows for calculations of any expectation values of
the field operators for the field propagating in a Kerr medium with dissipa-
tion. For example, the quantum effects on the polarization of light have been
studied in [84] and quantum phase properties of elliptically polarized light
propagating in a Kerr medium in [86]. In the presence of dissipation the
Stokes parameters take the following form [90]

hS0i = j�0j2e��� ;
hS1i = j�0j2 cos 2� exp

�
��� + �(�) + j�0j2

�
e��� cos � 0 � 1

��
;

� cos
�
2� +�(�)� j�0j2 sin 2� e��� sin � 0

�
;

hS2i = j�0j2 cos 2� exp
�
��� + �(�) + j�0j2

�
e��� cos � 0 � 1

��
;

� sin
�
2� +�(�) � j�0j2 sin 2� e��� sin � 0

�
hS3i = j�0j2 sin 2� e��� ; (141)

where

�(�) =
j�0j2

(��)2 + (� 0)2
�
(��)2(1� e��� cos � 0) + (��)� 0e��� sin � 0

�
;

�(�) =
j�0j2 sin 2�
(��)2 + (� 0)2

�
(��)2e��� sin � 0 � (��)� 0(1� e��� cos � 0)

�
:

From (117) and (141) one obtains for the azimuth and ellipticity of the polar-
ization ellipse the formulae

tan 2�(�) = tan
�
2� +�(�) � j�0j2 sin 2� e��� sin � 0

�
;

tan 2�(�) = exp
�
��(�)� j�0j2

�
e��� cos � 0 � 1

��
tan 2� ;

and for the degree of polarization

P2(�) = sin2 2� + cos2 2� exp
�
2j�0j2

�
e��� cos � 0 � 1

�
+ 2�(�)

�
:

For � = 0, i.e., if there is no dissipation in the system, one easily regains
formulae (119) and (120). Again, it is apparent from the above formulae
that the dissipation removes periodicity of the quantum evolution. The two-
mode case is more complex than the one-mode case, but even in this case it
is possible to obtain exact analytical solutions to the problem of propagation
of quantum fields in Kerr media.
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6 Conclusion

As we have shown in this chapter, quantum properties of light propagating
through the nonlinear, isotropic Kerr medium manifest themselves in a rich
variety of nonclassical phenomena. The nonclassical states of the optical
field that appear during the propagation — theKerr states— have many in-
teresting features and only some of them have been reviewed here. There
are, of course, many other quantum effects associated with the propagation
of light in Kerr media that have not been discussed here, for example, a
possibility of generating Fock states [91–95], quantum theory of nonlinear
loop mirrors [96], generation of number-phase squeezed states [97], coherent
states in a finite dimensional Hilbert states [98, 99], generation of amplitude-
squeezed states from the quadrature-squeezed state propagating in a Kerr
medium [100, 101], and others [102, 103], to list some of them.

A nice feature of the simplified model of propagation of quantum field
in Kerr media presented in this chapter is the fact that it can be solved an-
alytically for both the one- and two-mode cases including dissipation. This
is a rather rare feature if it comes to the quantum nonlinear problem. The
analytical solutions allow for deeper insight into the physics hidden in the
equations, and the model discussed here is a good testing ground for studying
quantum properties of optical fields. The fields, no matter how strong they
are, exhibit the nonclassical properties that cannot be explained without tak-
ing explicitly into account the quantum character of the field. Such uniquely
quantum features of the optical fields have been the subject of this review.
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[70] Peřinová, V., Lukš, A., and Peˇrina, J.,Phase in Optics, World Scientific, Sin-
gapore, 1998.

[71] Susskind, L. and Glogower, J., Quantum mechanical phase and time operator.
Physics(1964)1 49-62.

[72] Carruthers, P. and Nieto, M.M., The phase-angle variables in quantum me-
chanics.Rev. Mod. Phys.(1968)40 411-440.

[73] Gantsog, T. and Tana´s, R., Phase properties of self-squeezed states generated
by the anharmonic oscillator.J. Mod. Opt.(1991)38 1021-1034.

[74] Vaccaro, J. A. and Orłowski, A., Phase properties of Kerr media via variance
and entropy as measures of uncertainty.Phys. Rev.A (1995)51 4172-4180.

[75] Milburn, G.J. and Holmes, C.A., Quantum coherence and classical chaos in a
pulsed parametric oscillator with a Kerr nonlinearity.Phys. Rev.A (1991)44
4704-4711.

[76] Gantsog, T. and Tana´s, R., Phase properties of a damped anharmonic oscillator.
Phys. Rev.A (1991)44 2086-2093.
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