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Abstract—The master equation for a two-level atom driven by a strong classical field and damped into atai-
lored reservoir with nonflat density of modes is derived under the Born—Markov approximation. To derive the
master equation, the dressing transformation on the atomic operatorsis performed first, and, next, the dressed
operators are coupled to the reservoir and the corresponding damping rates are calculated. The effects of a
strong field and/or structured reservoir are seen as nonstandard terms in the master equation, some of which are
reminiscent of terms known for squeezed vacuum reservoirs. The master equation leads to the generalized opti-
cal Bloch equationsthat can easily be solved for the steady state and, together with the quantum regression the-
orem, allow for analytical expressions for the fluorescence, as well as absorption spectra. © 2001 MAIK

“ Nauka/lInterperiodica” .

INTRODUCTION

The coupling of an excited two-level atom to ares-
ervoir of vacuum modes results in spontaneous emis-
sion; i.e., the atom loses its energy at the rate A being
the Einstein coefficient. However, it has long been
known that atomic damping rates depend on the mode
structure of the atomic environment [1-3]. When the
atomisdriven on resonance by astrong monochromatic
laser beam, the structure of atomic levels changes dra-
matically. For very strong fields, when the Rabi fre-
guency becomes much larger than the spontaneous
emission rate, the dressed atom picture can be used to
describe atomic dynamics [4, 5]. In many cases, a
strong laser field can be treated as a classical field, and
the “semiclassical dressed states’ can be used to
describe atomic radiative properties [6-8]. Also, in the
dressed atom description, the damping rates are usually
treated as constants that do not depend on the strength
of the applied field and the structure of the reservair.
The situation is quite different, however, when the
driven atom is placed in an environment with the den-
sity of modes that appreciably depend on frequency [3,
9, 10]. Lewenstein and M ossberg [9] have analyzed the
spectral and statistical properties of atoms driven by a
strong, single-made light field and atoms coupled to a
reservoir of electromagnetic field modes with strong
frequency dependence. They used the non-Markovian
approach leading to a complicated set of equations
describing the atomic dynamics. Their theory predicted
a number of interesting features of the atomic spectra;
one of them was an asymmetry of the fluorescence
spectrum radiated to the background modes, which has
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been measured by Lezama et al. [11]. Recently, the
master equation has been derived [12, 13] for the
reduced atomic density matrix under the Born—Markov
approximation, which takes into account the depen-
dence of the relaxation rates on the strength of the laser
field. In this master equation, even for flat reservoirs
like ordinary vacuum, the relaxation rates depend on
the strength of the field through the w?* factor in the vac-
uum density of modes. Keitdl et al. [14, 15] have shown
that in the secular limit, the resonance fluorescence
spectra should be symmetric even for tailored reser-
voirs with asymmetric density of modes, despite the
fact that the populations of the dressed states are not
egual. The reason for thisis that the difference in pop-
ulations is compensated for by the difference in the
trangition rates between the dressed states. They
emphasized that it isimportant for strong fields to per-
form the dressing operation first, and only after that to
consider the coupling of the dressed atom to the reser-
voir modes. Results obtained in this way differ from
results obtained in the conventional treatment.

In this paper, we present the master equation derived
in the Born and Markov approximation for the two-
level atom driven by a strong, classical laser field and
placed in a reservoir that can be tailored at will [16].
Our master equation explicitly includes the dependence
of therelaxation rates on the Rabi frequency of thedriv-
ing field, aswell asthe structure of the reservoir modes,
which is modeled by a L orentzian function. In our der-
ivation, we first perform the dressing transformation
and, next, couple the dressed atomic operators to the
reservoir. The order in which the two interactions are
introduced into the calculations is not an obvious mat-
ter, and the results can depend on the order in which the
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calculation is carried out. This problem has been
addressed by Keitel et al. [14]. They have provided
arguments for the order in which the dressing transfor-
mation is performed before the system is coupled to the
reservoir, which is important when the driving field is
strong. We accept their arguments here and perform the
dressing transformation first, but we do not make the
secular approximation from the beginning. This allows
us to make an a posteriori statement that this order
leads to the results that correctly reproduce the tradi-
tional results in a weak field limit. Since we treat the
laser field as classical, our approach is in the spirit of
the semiclassical dressed states recently used by Ber-
man [17] to calculate the resonance fluorescence and
absorption spectra, except that we do not actually use
the dressed states but rather work with the dressed oper-
ators. This alowed us to obtain the master equation in
the operator form, which is fairly smple and yet suffi-
ciently general to predict effects that usually require
more elaborate techniques. We also derive the optical
Bloch eguations based on this master equation and dis-
cuss their steady-state solutions.

MARKOVIAN MASTER EQUATION

We consider a two-level atom driven by a strong
monochromatic laser field of frequency w, with the
Rabi frequency Q and detuned by A = w, — w, from the
atomic transition frequency w,. We derive the master
equation that explicitly takes into account the depen-
dence of atomic relaxation rates on the strength of the
field, as well as the structure of the reservoir. The idea
of this approach was proposed by Carmichagl and
Walls[18] and Cresser [19], and recently used by Yeo-
man and Barnett [20] and Tana$ et al. [21] to derive the
master equation for a two-level atom damped by a
squeezed vacuum with finite bandwidth. In this
approach, we first perform the dressing transformation
to include the interaction of the atom with the driving
field, and then we couple the resulting dressed atom to
the reservoir. We derive the master equation under the
Markov approximation, which requires the reservoir
bandwidth to be much greater than the atomic line
width, but not necessarily greater than the Rabi fre-
guency of the driving field and detuning.

We start from the Hamiltonian of the system, which
in the rotating-wave and el ectric-dipol e approximations
isgiven by

H = Ha+Hg+H +H, ey

where
Hy = %ﬁonz = —%hAoﬁ %ﬁwLoz 2)
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is the Hamiltonian of the atom;

(=)

Hg = £ Imb+(co)b(w)dco (3)
0

is the Hamiltonian of the reservoir field;
He

_1 : : : R C)
= éhQ[oJ,exp(—let—lq))+0_exp(|ooLt+|¢)]

is the interaction between the atom and the classical
laser field; and

00

H, = iﬁIK(w)[o+b(w)—b+(w)0_]oko 5)
0

isthe interaction of the atom with the reservoir. In (1)—
(4), K(w) is the coupling of the atom to the reservoir
modes, A = w, — w, isthe detuning of the driving laser
field frequency w; from the atomic resonance w,, and
0,, 0, and o, are the Pauli pseudo-spin operators
describing the two-level atom. The laser driving field
strength is given by the Rabi frequency Q (assumed
real) and its phase is ¢, while the operators b(w) and
b*(w) arethe annihilation and creation operatorsfor the
reservoir modes satisfying the commutation relation

[b(w), b™(w)] = &(w- o). (6)

To derive the master eguation, we perform a two-
step unitary transformation. In thefirst step, we use the
second part of the atomic Hamiltonian (1) and the free
field Hamiltonian (2) to transform to the frame rotating
with the laser frequency w, and to the interaction pic-
ture, with respect to the reservoir modes. The rotating
frame is also shifted in phase by ¢; i.e., we introduce
new raising and lowering operators, which absorb the
phase factor according to the relations

¢

oe® .o, o€’ .o, (7

After these transformations, our system is described by
the Hamiltonian

Ho+ Hi(t), 8)

where

~Lhno,+ %m(m +0)

Ho = =3

€))

and

Hi(t) = thK(w)[mb(w)exp[iq)+i(u)L—oo)t]
0 (10)
—b"(w)o_exp[—id —i(w, —w)t]] dw.
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The second step is the unitary dressing transformation
performed with the Hamiltonian H,, given by (9). The
transformation

o,.(t) = exp[—fi—LHot}oiexp[i%Hot} (11)

leads to the following time-dependent atomic raising
and lowering operators

0.(t) = S[F(1+A)5_exp(—iQ't)
2 (12)

+ (17 0)5,exp(iQ't) + Q5,],

where
5. = %[(1—5)0_—(1+A)o+—f>og,
5, = %[-(1+A)c_+(1-&)o+—fzog, (13)

G, = Q(o_+0,)-Ag,

arethe dressed operators oscillating at frequencies—Q',
Q', and 0, respectively, and

Q = g- A = %, Q = JQP+A% (14
Since we assume Q' > 0, as Q — 0, the dressed oper-
atorso, — 0,,0,— 0,forA<0Q,and 0, — —0,

0, — —0,for A>0.

Under the transformation (12), the interaction
Hamiltonian takes the form

<)

H\(®) = iﬁjK(w)[c+(t)b(w) expli¢ +i(w, —w)t]
0 (15)
—b"(w)o_(t)exp[—ip —i(w, —w)t]] dw.

The master equation for the reduced density opera-
tor p of the system can be derived using standard meth-
ods [22]. In the Born approximation, the equation of
motion for the reduced density operator isgiven by [22]

dp°

ot
(16)

i _ﬁ% [Trel [HO, [H/(t=1), pe(O)p°(t -]} &,
0

where the superscript D stands for the dressed picture,
Px(0) isthe density operator for the field reservoir, Tr,
is the trace over the reservoir states, and the Hamilto-
nian H,(t) is given by (15). We next make the Markov
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approximation [22] by replacing p°(t — 1) in (16) by
pP(t), substitute the Hamiltonian (15), and take the
trace over the reservoir variables. We assume that the
reservoir operators satisfy the relations

Tralb(w)b"(6)pr(0)] = [N(w) + 1]3 (0 - 63), an
Tra[b"(w)b(e)pr(0)] = N(w)d(w- o),

where N(w) is the mean number of photons at fre-
guency w. Inthe Markov approximation, we can extend
the upper limit of the integration over 1 to infinity and
perform the necessary integrations using the formula

00

[er(iendr = née) : i@%, (18)
0

where % meansthe Cauchy principal value. In our case,
e takesthevalues w;, —w, w;, —w £ Q, sotherearethree
different spectral contributions if the field is strong. In
the traditional approach, there is only one contribution
aw, =w

Performing lengthy, but straightforward calcula
tions, including the principal value contributions, after
back transformation from the dressed picture to the
origina operators in the frame rotating with the laser
frequency w, and shifted in phase by ¢, we obtain the
master equation, which has the following form

9p _

iy i
at EA [O-Z’ p] - ZQ[G+ + G—’ p]

+ %N(Zmpo_ -0_0.,p—poO_0,)

+3(N+2)(20.00,~0,0.p-p0,0.)
. (19)
—Mo,po,—M*o_po_+ éL[m, po,]

—%L*[G_, o,p] + %(L +b)[o_, pa

~5(L+D)*[o., 0.0,
where
A= A+A,,
_Y A2
A, = gl(1+8)(1+2N)b
+(1=D)*(1+2N,)b, + 2(1—A%)(1+ 2Ng)by],

N = %[(1+A)2N_a_
+(1-D)°N,a, +2(1-A%)Ngay],
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a=d[(1+8)a+(1-0)a +2(1-2)ay,

M = ‘—é(l-&z)[(uzN_)(a_-ib_)

+(1+2N,)(a. —ib,) —2(1 +2Ny)(a,—ibo)],

L = %E)[(1+5)N_(a_+ib_)
—(1-A)N,(a, +ib,) — 2ANg(a, + iby)],
b= %f)[(1+5)(a_+ib_)

—(1-D)(a, +ib,) —2A(ag +iby)]

with y being the natural atomic linewidth (FWHM),
which is related to the coupling constant K(w)
(assumed to be real) by the following relation

2 _ y o

K()" = LEE (@),

21)

where n(w) describesthe deviation of thereservoir den-
sity of modesfrom the vacuum density of modesfor the

vacuum n(w) = 1 and K(w,) = /y/21 (we take into
account only the frequency dependence assuming that
the integration over angular variables has already been
performed). The remaining quantities are defined by

No = N(w,), N, = N(mL QY,
3
8 = E%E n), a = E@L(;A T2 0),
_ _@J—K(w) doo, (22)
_ g K@)’
b, = _y@,!ooL—wt o

where N(w) is the mean number of the reservoir pho-
tons at frequency w. In the derivation of equation (19),
we have included the divergent frequency shifts (the
Lamb shift) to the redefinition of the atomic transition
frequency [22], and we have explicitly calculated the
shifts that come from the principal value termsin (22).
These shifts can give contributions to the master equa-
tion when the atom is placed in acavity with frequency-
dependent density of modes and n(w) has essential w
dependence. We will consider the influence of both a
strong laser field and the density of modes on the two-
level atom spectral properties.

The principa value terms in (22) can be evaluated
when n(w) isknown. In our calculations, we model the
OPTICS AND SPECTROSCOPY  Vol. 91
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mode structure by the dimensionless Lorentzian func-
tions. Let us assume that n(w) isaLorentzian

2
Yc

2 2
(w—w) +Y,
with the width y,.(y. > y) and centered at some fre-
guency w, (for y. — o n(w) — 1). Physically, this
can be considered, for example, as a cavity situation.
More realistic modeling of the cavity will introduce
some flat background modes and cavity modes with a
Lorentzian peak at the cavity resonance [3, 9]. In that
case, instead of being simply a Lorentzian, our n(w)
would be a constant independent of w representing the
background modes plus the Lorentzian describing the
cavity modes. Since we are mainly interested in struc-
tured reservoirs, in our calculations we use only the
Lorentzian function to describe the non-flat reservoir,
although adding a constant part would be straightfor-
ward (the constant part does not contribute to the
shifts). The width y,. should be much greater than the
atomic linewidth y so as not to violate the Markovian
approximation made in the derivation of the master
equation. From the definitions (22), using (23) we can
calculate the parameters b, and b, in the following way

n(w) = (23)

by = —-@IK(‘”) dw

- o Ve 1

dw
E ) (- ) 4yl -0

where §, = w, — w,, and after changing variables we
have extended the integration from —w, to —co. Proceed-
ing in the same manner, we get

- dgar0r (GO
T2 e D) ey
The values of the shifts depend on the width y. and the
position of the mode density peak. The most interesting

cases are when the peak is centered at the laser fre-
guency (8, = 0), or at the Rabi sidebands (5, = +Q").

Our master equation (19), in operator form, isagen-
eralization of the standard master equation known for

(25)
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the two-level atom. The generdization takes into
account the dependence of the relaxation rates on the
strength of the driving field, described by the depen-
dence of a, on the Rabi frequency Q' through the w?
terms, as well as the difference of the reservoir mode
density n(w) from the ordinary vacuum mode density.
N, and N, are the mean number of reservoir photons at
the laser frequency w, and at the sidebands w, + Q',
respectively. On neglecting the shift terms, our master
equation (19), athough different in form, is equivalent
to the generalized Bloch equations introduced by
Kocharovskaya et al. [12]. The difference is that we
have performed the dressing transformation on the
operators rather than on the atomic states. We believe
the advantage of our approachisastrikingly simple and
transparent form of the master equation (19), which
alows for easy identification of the standard terms
known for ordinary vacuum and recognizing the new,
nonstandard terms that appear due to the strong-field
modification of the damping rates and/or tailoring of
the reservoir.

For weak driving fields and thermal reservoirs (n =
1), wehavea, = a, = 1, and N, = N, isthe mean number
of photons of the reservoir, which means that N = yN,
and a=y, whileM =L = b= 0and master equation (19)
take the well-known standard form. For nonthermal or
tailored reservoirs, however, for which n(w) isdifferent
from unity, the new terms become important, and the
atomic evolution is changed in an essential way. It is
particularly interesting that the new terms, which are
proportional to M and that are well known for the atom
damped to the squeezed vacuum reservoir, appear in the
master equation (19) despite the fact that the reservoir
does not exhibit nondiagonal, phase dependent correla-
tions. These terms appear for ordinary vacuum because
of the asymmetry introduced to the system by the
strong field and/or the nonflat mode structure. Other
nonstandard terms are those proportional tob and L.

Since the atomic operators g, contain, according to

(7), the phase factors exp(Fi ¢ ); the terms proportional
to Q, M, b, and L in the master equation (19) are phase
dependent. Their phase dependence stems solely from
the phase of the driving field, and, therefore, the phase
will appear in the steady-state mean values of the
atomic dipole moment [6,[1, for example, but not in
the resonance fluorescence and absorption spectra, in
which the phase factors cancel. Thisisan important dif-
ference between the squeezing-like terms, proportional
to M, in our master equation and the real squeezing
terms coming from the squeezed vacuum reservoir. For
the squeezing reservoir, the phase dependence of these
termsis exp[i (29 — ¢.)], where ¢, is the phase of the
sgueezed vacuum field, and even if the phase factors
stemming from the driving field cancel in the resonance
fluorescence spectrum, the dependence on the squeez-
ing phase remains, and the fluorescence spectrum is
sensitive to the squeezing phase. However, as it will
later become clear, the phase-sensitive terms that
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appear in our master equation lead to some effects that
are known for squeezing reservoirs, e.g., the difference
in the damping rates of the two quadrature components
of the atomic dipole.

BLOCH EQUATIONS

From the master equation (19), it is easy to derive
the generalized Bloch equations describing the time
evolution of the expectation values of the atomic oper-
ators, which take the form

dd]:_(t)Dﬂ o (O 1dOr—i/\iD
.0l = Al E+ 3 +ing, @9
OomF  Hooi 0 -2a
3 o 0
E iA—T -M 5% E
A = . . i ) (27)
J M —in-T _ZQE

Hi(Q+b)+A, —i(Q+b)+A, —2r
and we have used the convention that for any complex
quantity Q

Q=0Q+iQ; (28)
where Q, and Q; denote the real and imaginary parts,

respectively. For brevity of notation, we have made the
substitutions

r= :—2L(a+2N), A =b+2L. (29)
Introducing the Hermitian operators
0:1(0+0) ozl(o—o) (30)
A - A

we get from (26) the following equations of motion for
the atomic polarization quadratures

S0 = 8o, + 35A0

(31

O,  Oo,i  og!
with the matrix B given by
g—r—Mr —A+M; O g
B=HA+M —I+M, %QE- (32)
O O
O A —2(Q+b)-2rQ

The generaized Bloch equations (26) and (31) are
different from the standard Bloch equations. The relax-
ation rates have been obtained by coupling the dressed
atom rather than the bare atom to the reservoir, so they
take into account the dependence of the relaxation rates
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on the strength of the laser field and the structure of the
reservoir modes including the shifts, which are nonzero
when the density of modes is not flat. If we ignore the
shift terms coming from the principa value contribu-
tions, our Bloch equations are equivaent to the Bloch
equations obtained earlier by Kocharovskayaet al. [12].

It is interesting to note in the generalized Bloch
eguations the presence of the M terms, which have a
character known from the sgueezed vacuum reservoir.
They introduce the coupling of [6,[0to their complex
conjugates, and asit is seen from (32), the two quadra-
ture components have different damping rates similarly
to the squeezed vacuum reservoirs [23], but the physi-
cal origin of thiseffect is quite different. There are also
free b, and A; terms in the equations (31), which give,
for example, a nonzero steady state solution for G, [
Another important feature is the presence of additional
terms describing the shifts arising from the principal
value contributions. They should manifest themselves
in situations of moderately intense laser fields and
atoms in reservoirs with frequency-dependent density
of modes.

The steady state solutions to equations (31) are the
following
/1, = o= (aQ+2MA) (B + M)
+b [Q(Q +by) + 2 (M -=M))]},

o, = —%{ (aQ +2rA) (T +M,)

—b [QA, +2I (A" + M))]}, (33)
of, = ~5{a - M+ %)
+b,[(Q +Db) (A - M) =A (I =M,)]
=NA[(Q+b) (T + M)+ A (A + M)},
where
d=Q(Q+b)(+M,)
(34)

+AQ(A + M) +2r (M= M| + A%,

In the strong field limit, when Q' is much greater than
al the damping terms, the steady-state solutions (33)
take a much simpler, approximate form (we keep only
the lowest nonvanishing terms)

1 A§~2a+(1—52)br
|]:)-XQS - é ~2 ~ T~ ~ )
(L=A)(T +M,) +A(AT +QA,)
by, = 1 QI +M)a-(2Ar +QA,)b, 39)

2Q'(1 AT + M,) + AQAT +QA)
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A(Aa+Qb,)
(L=A*)(T +M,) +A2AT +QA,)

[o =

S

For thermal reservoirs, for which the mean number of
photons does not appreciably depend on frequency,
N(w) = N, = N,, Egs. (35) go into

QO (1+d)’a-(1-A)a,

W) = = = ,
s 2(1+ 2No)(l + A)za_+ (1—A)2a+
Q
O = g

y 2(1-A%a a, +[(1+A)a+ (1-A)’a]a, G0

(1+D)°a +(1-D)"a,

A (1+A)Ya —(1-A)a,
1+2No(1+A)a +(1-A)a,

ol =

From Egs. (36), itisevident that [, [ is of the order of
1/Q' and becomes zero in the secular limit. It is aso
clear that the steady-state values of @[] and [ ,[]
depend on the density of photon modes at the sidebands
only. Moreover, upon making an appropriate choice of

thedetuning A and choosing different mode densities at
the two sidebands (a_ # a,), steady-state atomic inver-
sion can be redized. This effect, called vacuum-field
dressed-state pumping, has been predicted by Lewen-
stein and Mossberg [9] and observed by Zhu et al. [10].
Onresonance, A =0, Q =1, the steady-state solutions
simplify even further, and the steady state value of
[0, becomes zero, meaning equal populations in the
two atomic levels.

Another important feature of the solutions (36) is
that the dispersion component of the atomic dipole
(6 .[] isnonzeroif a_# a,. This can happen because of
the difference in the mode density at the two sidebands
and/or the dependence of the damping rate on the field
intensity through the ((w £ Q)/w,)? factor. The nonzero
solution for [@,[l means the nonzero steady-state
atomic dipole moment, which has a dramatic effect on
the resonance fluorescence spectrum [9] in the fre-
guency-dependent photon reservairs.

Even for flat reservoirs, but very strong fields, 6, []
can be nonzero due to the dependence of the relaxation
rates on the strength of the field (Rabi frequency). This
effect, which was called symmetry breaking of the two-
level atomic response due to field-dependent relax-
ation, has been extensively discussed by Kocharov-
skaya and Radeonychev [13].
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CONCLUSIONS

In this paper, we have presented the generalized
master equation for the reduced atomic density matrix,
obtained within the Born and Markov approximations,
for the atom driven on resonance by a strong, classical
electromagnetic field. The derivation is based on the
idea that the dressing transformation is performed first,
and, next, the coupling of such a dressed atom to the
reservoir with a nonflat density of modes is turned on.
The master equation, in the operator form, which takes
into account the influence of the high-intensity laser
field and the structure of the mode density of the reser-
voir, hasasimple and transparent structure allowing for
easy identification of different physical contributionsto
the atomic evolution. No secular approximation has
been made in the derivation, so the results obtained
from the master equation are quite general and should
also bevalid for weak fields.

In our master equation, we have identified termsthat
are similar to terms arising from nondiagonal field cor-
relationsin squeezed vacuum reservoirs. These squeez-
ing-like terms proportional to M cause an effect similar
to the squeezed vacuum; i.e., the two quadrature com-
ponents of the atomic dipole decay at different rates.
This leads to the narrowing of spectral lines similar to
that in the squeezed vacuum. Other nonstandard terms
that we have identified are those with b and L. Although
al the nonstandard terms are phase dependent, their
phase dependence stems solely from the phase of the
driving field, and it disappearsin the resonance fluores-
cence and absorption spectra. This differentiates the
squeezing-like terms of our master equation from the
real sgueezing terms that lead to the spectra that are
sensitive to the squeezing phase.

The generdized optica Bloch equations, together
with the quantum regression theorem, alow for calcula
tions of the fluorescence and absorption spectra for the
atom driven by a strong field and coupled to a tailored
reservoir. The exact analytical formulas for the spectra
have been obtained and discussed elsewhere [16].
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