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The incoherent nonlinear optical sum-frequency generation with non-monochromatic initially
uncorrelated sub-frequency input radiations in a dispersive medium is studied in this paper.
The efficiency of the process is calculated in the second approximation, whilst the spectral distribu-
tion of generated radiation is merely described in terms of the first approximation of the iterative
method. The calculations of the efficiency of nonlinear process and the spectral distribution
of sum-frequency radiation are performed for one coherent and the other chaotic input radiations,
and for both chaotic input radiations, respectively.

1 INTRODUCTION

The statistical behaviour of light in incoherent nonlinear optical interactions
of radiations possessing defined spectral widths in dispersive media (cf. [1—3])
represents a peculiar topic among the class of other statistical phenomena in nonlinear
optical processes (for reviews, see refs. [4—14]). Especially, the teoretical description
of incoherent nonlinear optical interactions, including spectral distributions of
interacting radiations and medium dispersion, is mathematically rather exacting
compared with the coherent interactions.

The basic classical theory has been developed by Akhmanov and Chirkin et al.
(see[1]and refs. cited therein). The second harmonic generation with chaotic(gaussian)
fundamental input radiation was studied by Akhmanov et al. [1, 15] and phase
fluctuations were considered by Dutta [16] in the first approximation of the iterative
method. Various aspects of incoherent parametric amplification and three wave
mixing were treated in [2, 16—21] and stimulated Raman scattering in the field
of a noise pump was studied in [22]. Recently, great attention has been paid to the
incoherent parametric nonlinear optical interactions of short light pulses in connection
with the limitation of conversion efficiency due to the phase mismatch (see e.g.
[23-35]).

*) This work was partially supported by Research Project C.P.B.P. 01. 07.
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The first successful approximate quantum description of the incoherent nonlinear
optical interaction was framed by Hong and Mandel [36], who studied the correlation
between sub-frequency modes in the parametric down conversion from quantum
noise. The theoretically predicted effect [36] was verified by the experimental mea-
surements by Friberg et al. [37].

In this paper we consider the classical evolution of the field in the incoherent

non-degenerate nonlinear optical sum-frequency generation with coherent and
chaotic sub-frequency input radiations. The chaotic input radiation is supposed
to possess a finite spectral width and the dispersion of nonlinear medium is included
in our treatment as well. The efficiency of the process is calculated in the second
approximation of the iterative method, whilst the spectral distribution of the resulting
sum-frequency radiation is described in terms of the first approximation of the iterative
solution only. A special case of this problem, namely, the parametric up-conversion
of weak chaotic radiation by the incoherent nonlinear optical mixing with strong
second-order coherent pumping radiation was considered in [21].
" The degenerate case of incoherent second harmonic generation with chaotic
fundamental input radiation is not considered here, since it has been sufficiently
described by Akhamov and Chirkin [1] in terms of the first-order approximate iter-
ative solution, which also includes the dominant fourth-order statistical behaviour
of the field (effects of intensity or photon distribution) at the beginning of the
process.

The topic of the article is closely related to the previous papers [38, 39], in which
the coherent sum-frequency generation with coherent and chaotic input radiations was
studied.

2. GENERAL METHOD

The incoherent non-degenerate nonlinear optical interaction of three quasimono-
chromatic plane waves

(L1) E, =1e, Ajt,r)exp[i(k;o.r — w;ot)] + cc. (j=1,2,3),
whose mean frequencies satisfy the resonance condition
(12) W10+ Wz = W30,

in a dispersive nonlinear quadratic medium can be described, from the point of view
of classical theory, by means of three coupled first-order partial differential equa-
tions for complex amplitudes (see e.g. [1, 21, 24, 38, 40])

(L.3a) grad A, . f, + 104, _ iy, 43435 exp (i Ak z),
Uy OF
(I.3b) grad A, . f, + 1 o4, iy,A;A7 exp (i Ak z),
Uy Ot
I.3c rad A, . f; + 1 94s = iy;A; A, exp (—iAk z).
g
Uy O
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The following notation has been used: f; are ray directions and u,,; are group
velocities in ray directions of individual waves, y; are nonlinear coupling constants
given by

12 o K
(1.4) y= () 20t (j=1,2,3),
€o n; cos d;
with
(L.5) K =1e, . 1P(w, 0= w3, — 0,,): €3, =

— 2 . —_
= te, . ¢ )(wz,o 3,0 — w1,0)- ee, =

jes. Z(Z)(ws,o = Wy,0 + Wy0): €€y,

where ¢, is the electric permittivity and pu, magnetic permeability of vacuum jn SI
units, n; are linear indices of refraction in an anisotropic medium and §; are angles
of anisotropic divergency, i.e. the angles between the ray directions f; and the normal
directions s;, respectively, (¥’ are the third rank tensors of the nonlinear quadratic
susceptibility; Ak represents the normal component of the wave mismatch vector,

(L6) Ak =(k,, , — k, ,—k

03,0 @1,0 wz,o)z > ki
the coordinate system x, y, z being oriented so that the z-axis is normal to the first
boundary of the nonlinear medium.

The homogeneous equations (I.3) for non-perturbed amplitudes have the well-
known solutions

(L7) Aot ) = A0 (t _f ') (G =1,23).

rgj

Thus, if considering the interaction of spatially unlimited plane waves, we can
write the boundary conditions for sum-frequency generation in the following form

(8) A, x,y,z§0)=A,~,o(t—ff") for j=1,2,
Urgs

As(t,x,y,2£0)=0.

Equations (I.3a—c) will be solved by means of the iterative method. For the
first-step iterative solution we assume that neither of the generating radiations at
w; and w, are perturbed by the nonlinear interaction and they obey the solution
of homogeneous equation (I.7) [1, 16, 21].

The second-step iterative solution of equations (I.3a —c), together with the bound-
ary conditions (L.8), leads to the following expression for the stochastic amplitude
of generated sum-frequency wave [21]

(L9) As(t, x, y,2) = AQ(1, %, 3, 2) + AP(t, x, y, 2),
where
(1.9a) APt x,p,2) =
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= ig, J'zdé exp(—1Ak &) 4, (t _fer 8132 + 813§>

0 urgl

X Az <t _f.r_ €337 + 823§>
urgZ
and
(I.9b) AP(t, %, p,2) =

= —ig,03 [§dE § A&’ [§ d&” exp [—i AK(E — & + ¢)]

X Ay [t - fo.r - 823(2 - 5)] A:,o [t - fo.r - 523(2 - f) - 321(5 - 6')]

urg2 urg2

X Az [f - fo.r - 823(2 R f") - 321(5 - f')}

urgl

X A1,0[’ - fi.r - 813(2 —-&4+ ¢ - f”):l

urgl

— i0,03 [ d& [§ A&’ {5 d&” exp [—i AK(E — &' + &M]

X Ao [t _fer e43(z — 'f)] Ar,o [t - fl.: —g13(z = &) — g,(¢ — f')]

urgl rgl

X Ao [t - fi.r - 313(2 —-¢&+ 8~ f") - 512(5 - 5'):]

urgl

% Az,o[t_'f2'f—£23(2—'6+5’—é”)]y

urgZ

&;, being typical dispersion coefficients defined by

(L.10) £ = — <i—392’&1<> Gok=1,2,3 j+k),
oS By \ Uy Upgj

a;, are the divergence angles between two ray directions f; and f,, 8 ; are refractive

angles of the ray directions and ; = y,/cos §;.
Considering the uncorrelated sub-frequency input radiations, for which it holds

that (see e.g. [41])
(L.11)
CAq,o(th) AT o(t2) Ayo(ts) AT o(ta) ... Az o(11) A3 0(13) A2,0(t5) A3 o(1) ... > =
= (Ayo(t;) AT o(t2) Ay,0(ts) AT o(ta) ... (Az,0(11) A3,0(t2) A2,0(15) 43 o(13) ...>,

where the angle brackets denote an ensemble average, we can calculate the mean
intensity of generated sum-frequency radiation in the second-step approximation
of the iterative method as follows
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(1.12) Iy(z) = (%)1/212_% cos 83 (A4(z) 43(2)) =
0
= (i_o)lﬂ-}m cos 8y [(Aa(z) AX(2)Y® + (A4(z) AX(2)>?],
0
where
(1.12a) (As(z) A3(2))©V = o3 5 d&, [5 A&y exp [—i1 AK(E, — &,)]
x CAyq,o(t) AT o[t + e13(€y — E)]D Az ,0(t) A7 o[t + £23(¢1 — &)

and
(Ilzb) <A3(Z) A:(Z)>(2) _

= —0y03 [5 A&, §5 42, [§ d&; [& d&{exp [~ AK(E, — & + & — &5)]
x (A oft) AT ot + &13(1 = & + & = &)
X Ay o(t) A5 o[t + &23(Ey — &2)] Aa o[t + €23(¢1 — &2) + £24(&2 — &5)]
x A3 o[t + 835(&; — &2 + &, — &) + e(E — &) + cc}
~ 003 [5 &, 3 48, [§ 425 & dsfexp [—i AK(E, — & + & — &9)]
X (Agot) A7 o[t + £23(¢1 = & + & — EP
x Ay o(t) AT o[t + 13(&1 — E2)] Ay o[t + &13(Ey — &) + £12(&, — &5)]
x Af ot + &13(E; — & + & — &) + e5(E; — E)P + cc} .
The degree of coherence [41] of generated sum-frequency radiation is calculated
in the first iterative approximation only,
(As(t, 2) A5(t + T, 2OV
(As2) 43D

(1.13) n(T, 2) =

s

where
(L13a) <{As(t, 2) A3(t + T, 2))® = o3 [5 A&, [ déyexp [—i Ak(E, — &)]

x (A o(t) AT o[t + T+ e3(&1 — )] {Aa,0(0) A3 0[t + T+ &53(¢1 — &)
and (A44(z) A3(z)>™" is given by equation (I.12a).

The spectral density of sum-frequency radiation can be obtained by means of
Fourier transformation,

(114) %@a=;j

73(T, z) exp [ —i(w — w3 ) T] dT.

From the above treatment it is clear that'for explicit calculation of the mean intensity
and the spectral distribution of sum-frequency radiation, which is generated in an
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incoherent nonlinear optical interaction, it is necessary to know the mean values
CAj,0(t) A o(t2)> and <djo(ty) 47 0(t2) 45,0(t) 470(ts)> (= 1,2).

In the further treatment we shall consider the coherent input radiations, for
which it holds in the classical approach that (see e.g. [41, 42])

(L15a) CAy,0(th) 47 0(12)deon = {40 470>

and

(L15b) CAjo(t)) A o(t2) A;,0(13) AT o(1a)eon = <A;,0450>% 5

and the chaotic input radiations obeying the following factorization relations [2, 43]
(I.16a) CAz0(t1) AT o(t2)>enaor = <Aj,0470) exp (=T 0lts — 1])

and [41, 43]

(L16b) (A ot) A% o) A;o{t) A% o(t6)etsor =

= {d;,0(t1) AT o(t2)> <A;,0(ts) AF ota)> +
+ CA;,0(10) AT o(ta)> <A;0(t3) AT o(t2)) =
= {Ay0d5,0>% {exp [~ T ol — 1] + |t = 13])] +
+exp[=To(lts = o + |ta — 1])],
where I'; o is the spectral halfwidth of the j-th chaotic mode of sub-frequency input
radiation.

For lucidity, we introduce the photon fluxes, in contradistinction to the usual
intensities, in our further treatment; these being defined as follows [40, 44]:

. ; U2 . . .
(L17) Nj=I]cos/>’J=<@) "100351(:05[&141.,4;?(]': 1,2,3),

where 7 is Planck’s constant divided by 2n. However; it is necessary to stress that
the photon fluxes represent classical quantities here.
Further, we introduce the reduced variable = that is defined in the following way

(1'18) T = <N1,0>1/4 <Nz,o>1/4 224

and the reduced phase mismatch
A= Ak
<N1,0>1/4 <N2,o,>1/4 14 ’

whete <N, o> = (Aj’oA;‘,(,) (j = 1, 2) are the mean photon fluxes of sub-frequency
input radiations and p denotes the nonlinear coupling constant,

3/2 .
(120) 1= K[(EQ> 2hw, 0,05 :I

£ nyn,ns cos §; €os 4, cos §3 cos f; cos B, cos B

(1.19)
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Fig. 1. Evolution of the relative mean photon flux of sum-frequency radiation {N3(%)Dcop con
J{No> in the sum-frequency generation with both coherent input radiations of equal mean
photon fluxes ({Nj o) = (N ) = {Ny)») for a) perfect phase matching (4 = 0) and b)
great phase mismatch (|4] = 10). The full lines stand for the exact solution after [40, 45] and
the dashed lines correspond to the second approximation solution of the iterative method (1.23).

Besides, we define the reduced spectral half widths of input radiations

Tjoless .
I.21 N = J01%)3 j=1,2
(-21) TN VAN, o ( )
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and the ratios of typical dispersion coefficients

(1.22) =12 oy, =221
€13 €23
In the case that both sub-frequency input radiations at w, and ®, are coherent,
it is evident from equations (I.12), (I.15), (I.17), (L.18), (I.19) and (1.20) that the
efficiency of the process is described in the second approach of the iterative method by

4 A
(1.23) N5(2)Deaneon = 1,032 N2 2 sin? ({) -

- (<N1,o> + <N2,o>) Aiz Ii% sin? (42?) - -Z—Sin (Ar)] ,

which corresponds to the results of classical theory of interaction of deterministic
monochromatic plane waves (cf. [40, 45]). The generated sum-frequency radiation
remains coherent in the whole course of the process from the classical point of view
in this case,

(124) g3cohcoh(w) = 5(60 - 603,0) 4

(cf. [39]).

In order to get an opinion about the adcuracy of our iterative solution, we compare
the second approximation solution for the mean photon flux of sum-frequency radia-
tion (1.23) with the exact solution [40, 45] in fig. 1. It follows that the iterative solu-
tion given here represents a good approach up to the values of reduced normal
distance © & 0-4—0-5. With increasing phase mismatch 4 (decreasing efficiency
of the process) (compare figs. 1a and 1b), as well as with decreasing ratio of the mean
photon fluxes of input radiations (N, o>/<{Ny 0> (see [21] and [39]) the extent
of authentic values 7 becomes somewhat greater.

In the following treatment we shall calculate the efficiency of incoherent sum-
frequency generation in terms of {N5(t)) and the spectral distribution of generated
radiation g;(w, 7) for one coherent and the other chaotic input radiations, and for
both chaotic input radiations, respectively.

3. GENERAL RESULTS

3.1. Coherent and chaotic input radiations

As the first case we shall consider the incoherent sum-frequency generation with
one coherent (®,) and the other chaotic (w,) sub-frequency radiations.

From equations (I1.12) and (I.15—22) we can find the expression for the mean
photon flux in sum-frequency radiation in the second-step approximation of the
iterative method as follows:

(125) <N3(T)>cohchaot = <N3(T)>x(:;l)1¢haot + <N3(T)>g§l)1 chaot »
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where
(1.25a) N3 (D ahemaor = <N1,00"/2 (N, 012 S (s, 4, 7)
and ’
(1.25b) (NSO chaor = — {(Ni,07 é’(f'm)(’h, 4,1)

— (N2> [65P(n,, 4,7) + F§ M (1, %3, 4, 7],
with

(L.26) F(n, 4,7) = [§ dx; f§ dx, exp [—id(x; — x,) — nx, — x,|] =

= (’12 -2I-nA2) T+ = +2A2)2 [(n* — 4%) cos (d7) — 244 sin (47)] exp (—77)
_ 2(}12 - A2)
(’12 + Az)z ?
(1.27) £y, 4, 7) =

= 2[5 dx, [§ dx, [52 dx} 5 dx} cos [A(x; — x, + x, — x3)]

x exp (—nlx; — x, + xj — x3]) =

- 21 s___ 4 2 342 cos (dt) exp (—nr
pE ek (n2+A2)3{n(n 34%) [1 + cos (d) exp (—77)]

2 — A% sin TCX—‘CT——————S * — 6n%42 4
— 4(3n* — 4%) sin (47) exp (—n7)} +(q2+42)4{(" 61°4% + 4*)

x [1 — cos (47) exp (—#7)] + 4nd(n* — 4%)sin (4<) exp (—n7)} ,
(1.28) 5N (n, 4, 7) =
=2 f5 dx [§ dx, f3? dx} [ dxj cos [A(x; — x; + x5 — x3)] x
x exp [—n(]x, — x,| + x5 — x3)] =
_ 25 2 2
(n* + 4%)? (n* + 4%)°
x {n(3n® — 54%) — 24[244 cos (47) + (> — 4%) sin (47)] exp (— )} ©

1
+ m {Tn* = 34n°4% + 74* + (n* + 4%)% exp (—217)

— 8[(n* — 4n*4> + 4*)cos (47) — 3n4(n> — 4?)sin (47)] exp (=17)} ,
(1.29) F&n, %, 4,7) =
= 2 [ dx; f§ dx, [52 dxj [§2 dx} cos [A(x; — x5 + x, — x3)]
x exp { —n[|x|(x; — x3) + [x, = (1 = %) (x, - x}) — x5 ;
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(i) forx >0
2 2 __ 42 2(n2 _ 2
(1292) FEB(y, 2, 4,7) = —21 12 _ 2n[2(n* — 4%) + #*(n” = 34%)] |
*(n? + Az)z x2(112 + 42)°
2 _ 342 2 _ 242 _ 2 _ 42
- 2 (" = 34%) + [* — 34 — 2u(n” — 4%)] cos (47)
(,12 + A2)2 (’12 + Az) [712(1 _ 2%)2 + Az]

y {(3”2 — 4, I3 = ) - 4] } sin (Av:)) ¢ exp (—117)

(n* + 4%)  [n*(1 = 2x)* + 47]

N 1 <[n2 ~ 34% = 2x(n* — 4%)]
(n* + 422 [n*(1 — 2%)* + 47] %
2{n* — 6n24% + A* + An’u[x(n® — A7) — n* + 347]} ex0 (— 2wt
[7( = 202 + 4°] ) p(=2r)
4 1 {((112 — 347 _ 4(114 — 6n%4% + A4) + [2%(112 - Az) -3 + 3A2]
(n? + 4%)% \oe(n® + 4%) (n* + 4% w[n*(1 — 2x)* + 4%]

_2{n* — 6n*A* + 4* + An’u[x(n* — 47) — n? + 3A2]}> cos (42)
[2(1 — 2x)* + 4%]*
y ((3112 — 4% _16n(n® — 4%) (3 — 4%) — 47]
wn(n® + 4%  (n* + 4 aq[n*(1 — 2x)? + 4%]

81 — o) [n*(1 — 2%) — Az]) sin (Ar)} exp(—1tn) — 4

[7%(1 — 2x)? + 42]2 #(n? + 42)*
x [n%(n* — 34%) cos (xd7) — An(3n* — 4%)sin (x47)] exp (—2n7)
20,2 _ 242 34 g2 42 4
1 {4[71(’7 3A)+%(’7 6'7A +A)]__172+3A2}’

+

w(n* + 42)° 20 + 4)
(i) forax <0
2n* 27 n2(2+ %) — 4%(2 + 3%?)
1.29b) F&%y, %, 4,1) = ———— 1% —
(1.29%) F50 ) x| (n*+ 4%)? x2(n* + Az)z{ (n* + 4%)
A+ 2du) — 4B+ 2 2
0L + 2 + 47 o+ Y

x [n(n? — 34?) cos (41) — A(3n* — 4%) sin (47)] v exp (—17)

1 ’1(’12"34‘2) 4n* — 6n’4% + 4%) cos (4t

T Ay {[ P ER Yy ] “
_4[Gn =47 L6n(n” — 4%) sin {d7) exp (—7n7 S E—
"[ Wt ) Jsin9fexp (9 P + 2
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x [n*(n* — 34%) cos (|x| A7) — n4(3n* — 4?)sin (|| 47)] exp (—]x[ n7)
1 nln(t + 2fu) — 4°(3 + 2[x])]
O+ PR+ 2 + 4] ({ ol
_ 2+ 2]) 20775 + Bl + 2) £ A]Y g
[n2(1 + 2|x])* + 47] } (4)

. {[n2(3 + 4lx) — 47] _ sn[n(1+ 2Jx]) - A’]} sin ( A,)>

|| n [7*(1 + 2|x|)* + 47]

x exp [—(1 + 2[]) 17] + {2[’74(1 + [«]?) = 3n24%(1 + 2]*) + 4%]%*]

(r? + 2% > O + 42
N [n*(1 + 2]x)) — 6n*4%(1 + |«|) + 4*]
(r* + 4% [n*(L + 2[«)* + 47]
4 [ + 2x])* — 27°4%(3 + 6] + 2%?) + A“]}‘
[n2(1 + 2[%))? + 4%]*

The spectral distribution of generated sum-frequency radiation gsechaoe(®, 7)
can be found in the first approximation, using equations (1.9a), (I.13), (1.14), (1.15a),
(L16a), (1.18—22), (I.25a) and (1.26), in the following form:

g
(1.30) G3canchaot( 2, T) = <N1,0>1/‘! 2;\],2’01/4 p Seonenao(25 7) 5
where
e
(L31) @ N T N, e T 9s0)
and
(L.32) oo chaot( @5 T) = 1,7 {sin [(4 + 9 r/2]}2’
I 4,7) (3 + Q)| (4 + Q)2

#(n2, 4, ) being given by equation (1.26).

3.2. Chaotic input radiations

As the second case we shall consider the incoherent sum-frequency generation
with both chaotic sub-frequency input radiations at w, and w,.

The following expression for the mean photon flux in sum-frequency radiation
was found on the basis of equations (I.12) and (I.16—22) in the second-step ap-
proximation of the iterative method:

(133) <N3(T)>chaotchaot = <N3(T)>¢(:lln)xotchaot + <N3(T)>gﬁa)aotchaot ’
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where

(1.33a) <N3(7)>¢(:111:)mtchaot = (Ny o2 (N, o DV2 I(ny + 13, 4,7)
and

(1.33b) (NS Edotenaor =

= - <N1,0> [é’E)Ch’Ch)(nZ’ 711, A, T) + fgh’ch)(nb 111: xla Aa T)]
- <N2,0> [épg:h":h)(nls r’ls A, T) + ‘g;g:h,ch)(nl’ ’123 %25 A, T)] >

H(n, + n,, 4, 7) being given by equation (1.26) and

(1.34) é"("h'ch)(ql, N2, 4, 1,-) =
=2 [§ dx, {§ dx, 52 dx} {52 dx} cos [A(xy — x5 + x5 — x3)]
x exp [—m)x; — x; + x5 — x5] — ny(]x, - x2| + x5 — x5)]

1 {2n2[n§nd + A%(n, + 3n1)] _ ma(nna — Az)} PR

@R+ (0F + A2 + 4 na(n2 + 4%) (2 + 4%
5 {ﬂl(ﬂsﬂa — 4% 2[ning + A*(ny + 3n)]  An(nd — 3A2)} .
n3(n; + 4%) (2 + 4%) (7 + 47) (n? + 4%)?

4

+ A A {[nmng + 20,473 + ninz) + 4*(3n, + 20,)] cos (47)

+ A[n2(m} + n3 — 2nyng) + 2n,4%(n; + 2n,) — A*] sin (47)} T exp (—n,7)

Ma(2n5 + + 24%(n3 — 2 2
. [nona(2n3 mnd) : (3 nzlzz) 4] exp (= 2057) — -
23(ng + 4%) (ng + 47) (ns + 4%)
({[ﬂs’?d + 24%(n3 — 3n3) + 4%] + 3(ng — 6ni4% + A4)} cos (4r)
(’7d + Az)z (”s + 4 )

+ 44 {"1(”5’7“ + A7) 3l - Az)} sin (Ar)) exp (—1,7)

(ng + 4% (n2 + Az)2
1 {m(nsnd [nsnd + A*(ny — 3n4)
(ﬂs + 4% [ 2n3(n + AZ) n2(n3 + 47y

_ 2Amini + 24%(n} — 3n}) + 4*] _ 6(n5 — 6n24° A‘)}
(2 + 4%) (n§ + 4%) (n? + 4%)° ’

(1'35) 'g;g:h'dl)(nla 1’,2, x, A; T) =
= 2[5 dx, 5 dx, [ dx} 52 dxj cos [A(x; — x5 + x5 — x3)]
x exp { —my|x; — x5 + x5 — x3] — na[x] (x5 — x5)

+ |xp = (1 —2) (x2 — x3) = %3]} 5
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(i) forx >0
(1.352) FE D0y, 12, %, 4, 7) =
_ 1 {2'12[’1:’74 + 4%(n2 + 3n1)] _ n4(nma — Az)} 2
w(ns + 4%) (13 + 4%) (ng; + 4%) 12
41 {’h(rmd — 4%) _ 2[ngna + A%(n; + 3n,)] _ 20,(x” + 1) (F — 3A2)} T
w2 + A7) | n3(n3 + 4%) (02 + 4%) (nd + 47) (rf + 4%
_ 2 [nem — 4%(n + 21,)] + ni(ns — 3A2)} cos (At)
(2 + 27 (12 + 4%) (ng + 4%)
2 _ 42 — A2
_ A (3']25 A ) + [ﬂs(ns + 2”k) A ]} Sin (A’[) T exp(—ﬂsf)
(n2 + 4%) (ng + 4%)

R ni(na — 4%) N [n2m — 4*(3n, — 2xn,)]
(n? + 4% \2°n3(n3 + 4%)  xna(n? + 4%) (nE + 47)
2[ning — A*(n? + g + dna) + 4%]
(ne + 4%) (ng + 4%)?
+ 1 (2 = 34%)  4(nf — 6nZ4* + A%)
(n2 + 42)* \oen,(n? + 4%) (2 + 4%)?
_ [ngm — 4%(n, + nd] . 2[ning — 4°(nd + ng + dna) + 4°] cos (41)
wn(ne + 4% | (nz + 4%)?
4 {16ns(nf =49 _ Gne =49 [nfn, + 20 — 4°]
(M2 + 4% uny(n? + 47) unx(ng + 4%)
4(n, + n) (nm — 42 . 2
+ sin (A7) Jexp(—%T) ~ —————
O + 27 (0)) o2 (=19 = S+ 2oy
y ([(113 — Omd” + 4% | (nena & Onmad” = AN gy
(n} + 4%) (ni + 4%)

- 20,1y — 4) - [ns(2n, ~ n;) — 4*(2n, + 1)] sin (x47) } exp (—un.t
2A{(nf+42) (2 + 47) } (A)> p (—»n,7)

L1 226 + 1) (1 — 6n74% + 4%) _ nu(namg — 4%)
x(n? + 4%) ®*(n2 + 4%)° 26 n3(nd + 4%)

2Aning + 6ngd> — 4*)  n(n? — 34%)
w2 + A2 (03 + A7) ny(n? + 437

-+

e (~2ume)
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(i) forx <0

(I35b) 'g;{)Ch’Ch)("b a5 %, A, T) =
_ 1 2,[nina + A%(nz + 3n.)) _ mi(nne — A7)
|| (ns + 4%) (ng + 4%) (n2 + 4%) o
1 (e — 4%)  2ning+ A%(n; + 3n)] 20,063 + 1) (n? — 34%)
#*(ng + 4%) L n3(nd + 47)  (n + 4%) (] + 4°) (ng + 4%)*

2l - Al 2
O G ) s A
— A(3n% — 4%)sin (47)] texp (—n,7) + M(n1a — 4%) exp (—2|x| #,7)
2/ n3(nd + 4%) (nd + 4%)
2 ag2 4 _ p242 4
- 1 { nd(n? — 34%) N 4(n; 2611541 + 4%) cos (A7)
m+ 2P L |4 ne (n + 4%)
2 42 2 42
4 [16ns£ns 2A ) (Bn; — 4 )] sin (AT)} exp (—n,7)
(”s + 4 ) |%| N2

2 4 6 2A2 A4 3 6 AZ _ A4
— 3 5 3 {[(ns 2’75 2+ ) (r'srld + 2’11”5 5 )] cos (lx| AT)
| (n2 + 4%) (ns + 4%) (ni + 4%)
2 — 2 2 42 .
- 2l T Lt 2 2O = sin ] 49} exp (- o 1)
(na + 4%) (n + 4%
+ ! < {[nink — A*(2n, + )]
(ne + 4%)* (ng + 47) |} 75
2,2 43(,2 2 4
_ 2[’1577k A (r,s’+ nk ;_ 4’75"]() + A ]} cos (AT)
(ne + 4%)
_ 2 _ 2
+ 4 {8(% + l”|2771) (’1;’11( 4 ) _ [”Is(’?s + 2’7k) 4 ]} sin (A‘L')) exp (—’ikT)
(’Tk + 4 ) I”I n2
1 202/%)* + 1) (g — 6n24% + 4%) . 2(n3n4 + 6nym,4% — 4%)
(n2 + 4%) [ (vl + 4%)° [«}* (ng + 4%)% (ng + 4%)
_ milnna — 4%) | 2[mime = 3nn, + m) 42 + 4*]
20x)> m3(nz + 47) (ne + 4%)* (mg + 4%)

2AnZnd — A*(n? + ni + 4nany) + 4%]
(n? + 4%) (n} + 4% ’

[n(n? — 34%) cos (47)

-+

where 1, = 11y + N2, M0 = N2 — A, i = (1 - 2") N2 + 1.
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The spectral distribution of generated sum-frequency radiation gscpaochaot(@> T)
was found in the first approximation of the iterative solution, using equations (I. 9a)
(1.13), (1.14), (1.16a), (1.18 —22), (1.26) and (1.33a), to be:

(i) for |ess] = [e2s]

= less] ~
(I36a) g3chaotchaot(gy T) - <N1,0>1/4 <N2’0>1/4 'u fchaotchaot(Q’ T)

and
(ii) for |eys] < g3

&
(I36b) QSchaotchaot(Q’ T) = <N 0>1/4|_ z;J >1/4 fchaotchaot(Q ’C) ’

where
(i) for |e;s] = Jeas]
- |813|
(372) = Ny Ny 7 )
and

(i) for |813l < |823|

— |823| .
(1'37b) £= <N,y o>1/4 (N, o>1/4 u (w B ws,o) ,

D1y, 12, m, 4, Q, )
2n F(n,, 4, 1)

(138) Jennotenaod 2, 7) =
H(ns, 4, 7) being given by equation (1.26) and &(n,, 75, m, 4, Q,7) is defined as
follows:
(i) for [eya] = |23
(1.392) (11, Mzsm, 4, 2, 7) =
= 2 Re [§ d¢ exp (—iQ¢) [§ dx, [§ dx, exp [—id(x; — x,)
— na)sgn (ey3) € + x5 — Xy| — nafsgn (e23) (1 + m) & + x, — x4|]
and
(ii) for |eys| S Jeas]
(1.39b) B(11, 12, m, 4, Q,7) =
= 2 Re [§ d& exp (—iQ¢) [} dx, [§ dx, exp [—id(x; — x;)
— nylsgn (e3) (1 + m) & + x; — x| — nalsgn(ezs) & + x5 — x4|],

wheren, = 1y + ,Mq = 2 — 1y and
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(i) for |eys] 2 es3

(1.40a) m = [e1s] = [e23]
Je2|

b4

(i) for |813| < [823]

(1.40b) m = Le23l = less]
|313|

The calculation of integrals on the right-hand sides of equations (1.39) leads to the
following expressions for di(nl, N2, m, 4, Q, 1) in the individual cases:

a) for g;3 > 0, &55 > 0 and &;3 = ¢,,

2 42
(L41a)  &(ny, nyo m, 4, Q,7) = 22[(11s . 4%) (n, + mn,) + 2409,]
(ns + 4%)* [(ns + mn,)* + Q] cos a

x {exp(—mnz‘c) cos [( + 4) 7 — ] — 2cos & + exp[— #m_) f]

0 a1y {nans — 42) [mPn — (@ + 4)%] + dmAn3(@+ 4))
*cos [( T m *") *]} TR + 49 (2 + 47) [mPE + (@ + 47 cos B

x {cos B — exp (—mn,7) cos [(Q + 4) = + B]}

_ 2[(nz — 4%) (4 + mny) + 249,2]
(nd + 4%)* [(nq + mn, ) + Q%] cos ¢

—exp| — M 1] cos Q T —
e R (GRDA
8n,A{cos v — exp [ —mn /(1 + m)] cos [(Q)(1 + m) + 4) © + v]}

(2 + 42 (3 + 4% {m*n} + [Q + (1 + m) 4]*} cos v

N 4(1 + m)n,B{cos 8 — exp [— mny7/(1 + m)] cos [(Q/(L + m) + 4) ¢ + 9]}
(2 + 4% (n3 + 4% {m?*n} + [Q + (1 + m) 4]*}%cos 8

_ 8n,D{cos 4 — exp (—mn,7)cos [(Q@ + 4) t + i]} 3 an.n,T
(2 + 477 (3 + 472 [m™n] + (2 + A)*]cos 2 (12 + 4%) (2 + 47)

g ([m(nsnd —4%) + 24(Q + 4)]  {m(nyng + 4%) + 24[Q + (1 + m) A]})
[m?n} + (@ + 4)*] {m’n} + [@ + (1 + m) 417} ’

{exp (—mnyt) cos [(Q + M) T — (]|

b) for &13 > 0, £33 > 0 and &3 < ;3 the expression for &(n,, 1, m, 4, Q, 1)
is given by equation (I.41a) where we interchange %, and 7,: 5, 2 1,,

¢) for e;3 <0, &3 < 0 and [e;3] 2 [e,5] the expression for &(y,, 1,, m, 4, Q, 1)
is given by equation (I.41a) where we replace 4 by —4: 4 - — 4,
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d) for g3 < 0, ;3 < 0 and |¢,5] S |e,a| the expression for &(n,, 1,, m, 4, Q, 7)
is given by equation (I.41a) where we interchange 7, and 7,: n, 2 n, and replace 4
by —4:4 > —4,

e) fore;; > 0,655 < Oand [e;5] 2 |e,3]

2 42 _
(L41b)  ®(n1, 15, m, 4, 2, 7) = 22[(11s 4%) (ng + my,) — 241,2]
("s + A2)2 [(ﬂd + m’12)2 + 92] COos @

el o2 ]G30
X cos [(1 fm,- A>1 - (p] — exp[—(2 + m) nyt] cos[(2 + 4) 7 + <p]}
_ 2, + mna) (g — 4%) — 241,9] {cos o + exp [_ (Lt%) ,]

(n3 + 422 [(n, + mn,)* + Q%] cos ¢ 1+m

ol ool (o) -]
— exp [—(2 + m) 7] cos [@ + 4) T — e]}

_4n;G{cos x — exp[—(2 + m) nyr] cos [(R + 4) T — 1]}
(2 + 45 (3 + 4D [(2 + m)* 3 + (2 + 4)*]*cos 1
8n P{cos & — exp[—(2 + m)nyt]cos[(Q + A)« — &]}
(n2 + 43> (2 + 422 [(2 + m)*n3 + (2 + 4)*] cos &
4nm27{(2 + m) (nna + 4%) — 24[Q — (1 + m) 4]}
(2 + 25 (n; + 4) {2 + m)’>ni + [@ — (1 + m) 4]*} cos ¥

or e[ (TR0

(2 + m) (nne — 47) — 24(Q + 4)]
(2 + A% (2 + 4 [(2 + mPn2 + (@ + 4)*]°
f) for g3 > 0, &5 < 0 and [e,3| < |e,3| the expression for ®(n,, 15, m, 4, Q, 7)
is given by equation (I.41b) if we interchange #; and 1,: 1, 2 75,
g) for &3 < 0, €53 > 0 and [e;3] = |e,3] the expression for &(y,, n,, m, 4, Q, 1)
is given by equation (1.41b) if we replace 4 by —4: 4 —» — 4,
h) for &y3 < 0, &,5 > 0 and |e;s] < |e,5| the expression for &(ny, n,, m, 4, Q, )

is given by equation (1.41b) if we exchange 5, and n,: 7, =5, and replace 4 by
—4: 4 - — 4.

The following notation has been used here:
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__ 2 _ 2
arctg |:2Azf1s('ls 2+ mnz)‘ Qn: — 4 )],
(n2 — 4%) (n, + mn,) + 249,

B = arctg (2’72{4[m2'1§ — (2 + 4)"] — m(Q + 4) (14 — A’)}>
(n1a — A3 [(Q + 4)? — m®p%] — 4mand(Q@ + 4) )’
Q(4% = n3) + 24n4ns + mnz)]
(’73 - Az) (’h[ + m’?z) + 24n4Q
arctg (2n,{d[m*n} — (Q + 4 + m4)*] — m(Q + 4 + md) (nys + 4%)} B™?),
A = arctg (n,{44(4* — ngg) (mn3 — 4(Q + A)] + (Q + 4 + m4)
x [(4% = nnq)* — 4n,47]} DY),
v = arctg (1,{(Q + 4) [(n1q + 4%)* — 4n347]
— (g + A7) [mn} + A(Q + 4 + mA)]} A7),
¢ = arctg (n,{44(4” — n15) [(2 + m)n; + 4(Q + 4)]
—[2 = (1 + m) A] [(nng ~ 4)* — 4n34°]} P71,
arctg [9(42 — n7) — 24n4n, + mnz)]’
(ns + mnz) (nk — 4%) — 24n,Q

¢ = arctg[

=]
i

2 _ 42
0= arctg[ZAns(nd + mn;) + fi(ns 4 )]’
(s + mnz) (ng — 4%) — 241,Q
x = arctg (2n,{4[(2 + m)*n; — (Q + 4)*] + (2 + m) (nyy — 43)(Q + 4)} G7Y),

v = 2o g(ZA(2 + m)n? + (nng + 43)[Q = (1 + m) A]>’
n{24[Q2 — (1 + m) 4] — (2 + m) (n14 + 4%)}
A = [(nsng + 47)* — 4n28°] {mn + 4[Q + (1 + m) 4]}
+ 4dni(nng + A7) (2 + 4),

B = (qmq + A){[2 + (1 + m) A]* — m*n}} — dnimd[Q + (L + m) 4],
= [(nng — 4%)* — 44%3] [mn3 — A(Q + 4)]

+ 4dn(namg — 4% [Q + (1 + m) 4],
G =(nng — A [(Q + 4)* = (2 + m)*>n3] + 44032 + m)(Q + 4),
= [(nna — 4%)* — 44n3] [(2 + m) 03 + A(Q + 4)]

— 4dny(nna — 43 [2 - (1 + m) 4].

)

~

From the above treatment it is clear that both the efficiency of incoherent sum-
frequency generation and the spectral distribution of generated radiation depend
upon many parameters. In order to get an opinion about the evolution of the field
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in an incoherent nonlinear optical process it is necessary to make certain simplifica-
tions and to discuss particularly special cases that roughly approximate the situation
in real experiments. This will be performed in the following three papers.

Received 19 April 1988
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