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Abstract. Non-linear interactions between incident and scattered photons
(Stokes and anti-Stokes radiation) in Raman and hyper-Raman processes
considered as elementary acts, are analysed. Fluctuations of phonons are shown
to cause anticorrelation effects between incident and scattered photons. Anti-
bunching of incident laser photons in spontaneous hyper-Raman processes
occurs in a similar way to their antibunching in second-harmonic generation.

1. Introduction

The present paper is a continuation of earlier ones [1, 2], in which we dealt
with the dynamics of anticorrelation effects in Raman and hyper-Raman scatter-
ing, assuming that (i) the phonon mode is initially chaotic, whereas the laser,
Stokes and anti-Stokes modes are coherent ; and (ii) the laser mode is initially
coherent but all other modes are chaotic. :

Our aim is to study the intermodal statistical relationship between incident
and scattered photons in Raman and hyper-Raman events when (i) the laser
and Stokes (anti-Stokes) modes are initially coherent whereas the phonon
mode is chaotic and the anti-Stokes (Stokes) mode is in vacuum state ; (ii) the
laser and phonon modes are initially chaotic whereas the Stokes and anti-Stokes
modes are coherent ; and (iii) all modes are initially chaotic. We show that in
some cases fluctuations of photons may cause the appearance of photon anti-
correlation in Raman as well as hyper-Raman events. Moreover, in spontaneous
hyper-Raman a special case of anticorrelation effect can occur, namely photon
antibunching, which does not take place in Raman scattering. Attention has
been drawn to the occurrence of this effect by Simaan [3]. In addition, we
consider some adpects of the existence of the Glauber—Sudarshan representation
related to non-linear interaction between incident and scattered modes.

2. Equations of motion

In a previous paper [4], the foundations of the semiclassical theory of multi-
photon Rayleigh and Raman scattering were formulated taking into account
multipolar electric and magnetic quantum transitions. Here, we develop in
full the quantum theory of multi-photon Raman scattering, albeit in the approxi-
mation of electric (in general non-linear) dipole transitions.

0030-3909/80/2712 1609 $02:00 © 1980 Taylor & Francis Ltd



1610 P. Szlachetka et al.

The total hamiltonian describing multi-photon Raman scattering may be
expressed as the sum of a free hamiltonian H, and an interaction hamiltonian

H

int

H=H,+H,,. (2.1)
The free hamiltonian has the form

Hy=twd,'d+ o dtd,+ho,d,td, + fw,dytd,, (2.2)

where the frequencies and boson operators of the laser, Stokes, anti-Stokes and
phonon modes are labelled by the subscripts 1, s, a-and p respectively. The
. effective interaction hamiltonian has the form

Hipo = #4616, +h.c.) + Ak, ®d a4, +h.c.), (2.3)

where «,*) and «,® are the coupling constants for the Stokes and anti-Stokes
processes respectively. The energy conservation condition

ws,a=kw1$wp (2.4)

is assumed to hold. As seen from (2.3), a Stokes (anti-Stokes) photon is the
result of annihilation of k laser photons incident from a single laser mode, and
the creation (annihilation) of a phonon in a non-linear medium. If in (2.3)
and (2.4) k=1, we have the well-known hamiltonian describing the single act
of Raman scattering. If k=2, the hamiltonian (2.3) models the degenerate
hyper-Raman effect} [5].

The Heisenberg equations of motion resulting from the model hamiltonian
(2.1)~(2.3) are given by

dA
a;,gt) = —jwdi(t)— ikic ()% élt (k_”(t)ds(t)dp(t)
— ke, 8% &1 D) (1)), (2.5)
DO i) — i 0201, ), 2.6)
d_a;t(t) = —tw,d,(t)— ixa(")dl"(t)dp(t), (2.7)
da;t(t) = — w4, () — ik, Bd %()d (1) — irc, ®* 4Y(1)d,(t). 2.8)

Denoting the number operators &,'(t)d\(), 4,'(¢)dy(t), d,'(t)d,(t), and d,'(t)d,(¢)
by 7\(t), 7 (t), Aiy(t) and 7, (¢) respectively, we may verify that
d . . .
7 () + Rrig(2) + kily(2)) = 0,
(2.9)
d
=5 (in(t) +7,(t) ~ (1)) = 0.

Therefore 7,(t) + kit (t) + ki (t) and 7 (¢) +7,(¢) — 7i4(t) are constants of motion
and are simultaneously satisfied for any time.

1 Non-degenerate hyper-Raman processes have been considered by the present authors

[6].
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The solutions of the Heisenberg equations of motion (2.5)~(2.8) in the short
time approximation for k=1 and k=2 have been obtained by Szlachetka et al.
[1] and Pefinovd et al. [2] respectively.

3. Correlation functions
In this paper we consider two kinds of statistical moments—variances of the
intensities and covariance functions for the number of photons, i.e.

(AW =Tr {d* ()d? (2)p(0)} — (Tr {&;'(2)di(£)p(0)})%, (3.1)
(AW, AW;> ="Tr {4;'(t)d(£)d;'(t)d,(£)p(0)}

—Tr {d,'(8)d(t)p(0)} Tr {4;"()d;(t)p(0)}, 5, j=1, 8,2, (3.2)

where $(0) is the total density operator of the system at the time z=0 in the

Glauber-Sudarshan representation.
We evaluate the functions (3.1) and (3.2) for the following cases :

(i) The laser and Stokes modes are initially coherent while the phonon
mode is chaotic and the anti-Stokes mode is in vacuum state, i.e.

ﬁ(O):(wnp)—l_fexp{ & } |€h €5, 0, £,0<61, €0, 0, £ ]d2 €, (3.3)

(ii) The laser and anti-Stokes modes are initially coherent while the phonon
mode is chaotic and the Stokes mode is in vacuum state, i.e.

ﬁ(0)=(7mp)‘1j'exp {__I_ip_lz} I‘fl’ 0’ fa,: §p><§l’ 0) ga) fpldzfp. (34)
P

(iii) The laser and phonon modes are initially chaotic while the Stokes and
anti-Stokes modes are coherent, i.e.

ﬁ(O): (772 nlnp)*l j exp { — H_ |é>__|_2}

n n,

X |£l’ gs’ fa’ §p><§l! fs, ’fa) fpld2 ‘fldz gp' (35)

(iv) All modes are initially chaotic, i.e.
A £
0 = mmany 2 T1 e | -l pepaegiars,  60)
» 8, 2, P
where |¢;> is' the normalized eigenstate of the anmhllatlon operator d; with
complex eigenvalue ¢, i.e.
d¢|f¢>=fi[fi>-

The average numbers of bosons being initially chaotic are denoted by 7.

4. Interaction between laser and Stokes photons

4.1. The laser and Stokes modes are initially coherent while the phonon mode is
chaotic and the anti-Stokes mode is in vacuum state

In order to evaluate (AW,AW,> for the Raman effect we use the solutions
(2.11) and (2.12) of the Heisenberg equations of motion considered in our
previous paper [1]. Inserting those solutions and (3.3) into (3.2) and taking
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the trace over initial states we obtain with accuracy up to #2

AWNAW Hp = — |k, @222 €12 €] (2n, + 1). 4.1)
The relative covariance function (AW AW Hi/[<W >r{W >y is given by
<AW1 AW§>R )2
e Kg t*(2n, + 1), 4.1a

where (W >g and (W >y is the average number of laser and Stokes photons
respectively, defined as

W =Tr {p0)é!(t)d(t)}, i=ls.

From the experimental point of view it is of interest how the short-time
approximation restricts the power of the incident laser beam and what is the
order of magnitude of the anticorrelation effect (4.1 @). Let us consider this
problem. The following condition [7]

’Ks(l) gltl <1

is a consequence of the short-time approximation, where ¢=z3/c is the inter-
action time, % the path traversed in the Raman medium, and ¢ the velocity of
light. For a medium of z=1cm, the interaction time is of order 10-10s,
Taking the coupling constant k=100 s~ [8] we have

2 < e 2= 108

which is equivalent to a radiation intensity of < 102 photons/s cm2< 10 MW/
cm®  From (4.1 a), we see that relative covariance of photons depends strongly
on the initial average number of phonons. For instance, for n, =10!? (hydrogen
gas at p=10 atm and 300 K [9]) and «, ¥ =100 s7, the order of magnitude of
the function (4.1 @) is 104,

Similarly, using the solutions of the Heisenberg equations for hyper-
Raman processes obtained by Petinovd et al. [2], we have

AW AW g = —2|x P2 2| £2|€, 221 €| ny + 2n, + |£)]2). 4.2)
The variances of the intensities are given by

<(AWI)2>R:2’KS(1)|2 t2|§llzlgs|2 np’ (43)

AW = i@ |2 (4[] ny (2] €1]* + 6] 617+ 1)
=2|& 18| €a 2y + 1)) =2, @2 82| €4 my, (4.4)
AW )R =2 |2 22|&,[2|€6|(my + 1), (4.5)
LAWY onr =2 @[22 £1]4] €[ ¥(my + 1) (4.6)
From (4.1)-(4.6) we see that in the presence of stimulated Stokes emission
(é5#0): (1) the functions (4.1) and (4.2) exhibit anticorrelation between inci-
dent laser photons and Stokes photons and (2) the functions (4.3)-(4.6) exhibit
bunching of photons in laser and Stokes modes. Anticorrelation (4.1) and

(4.2) occurs even at n,=0, i.e. when the phonon mode is initially in vacuum
state, as a result of spontaneous phonon emission.
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In the presence of spontaneous Stokes emission (§,=0): (1) the functions
(4.1) and (4.2) equal zero meaning that no correlation occurs between laser and
Stokes photons ; (2) the variances of the intensities (4.3), (4.5) and (4.6) show
that in the laser and Stokes modes in Raman scattering and in the Stokes mode
in hyper-Raman scattering the photons are uncorrelated ; and (3) antibunching
of laser photons in the hyper-Raman effect takes place. This is a reflection of
the fact that two laser photons are simultaneously annihilated from the laser
mode in this non-linear process. 'The above antibunching is similar to anti-
bunching of laser photons in second-harmonic generation [10, 11], where two
photons are simultaneously annihilated from the fundamental laser beam.

One may note that in the presence of stimulated Stokes emission, there
occurs antibunching of laser photons in hyper-Raman processes if n,=0,
namely

AW g = —2]k® |2 2[€|%(|&]2 + 1) (4.7)

This effect is a result of the intrinsically quantum mechanical phenomenon,
consisting in phonon vacuum fluctuation.

4.2. The laser and phonon modes are initially chaotic while the Stokes and anti-
Stokes modes are coherent

If, at the time ¢ =0, the systems are described by the density operator (3.4),
we obtain the following results :

AWAW g = [0 2 8{n(ny + |£]2+ 1) = m]£,|*(2n, + 1)), (4.8)
AWAW Dy _r= [k |* 3403 (my + €2 +1)
—4n,|&,|2(Bnmy +my+ 1)}, (4.9)
(AT g =n2+ 2], V2 12 my| €, |2y — 2| [ £2 (| €[+, +1)
A2, D 82y [ [H(my + 1)
— 2]k, |2 2 m(m, — | £u]7),  (4:10)
LAW), _g=n2+2]k,®|2 12 {4]§S|2np(4n12+6n1+1)——4n12(|§s]2
+ay + 1)} 42|k, @2 134 &, |2, + 1)
x (4n24+6n+1)+4n? (|&,2—n,)},  (411)
(AW or =2k, O[* £ m | &]*(n, + 1), (4.12)
AW P on_n=4|x®[? £ n?|&[*(np +1). (4.13)

Comparing the above results with those obtained in §4.1 we see essential
differences between them. The functions (4.8) and (4.9) are positive for
ny>n, and n;>n,, which in practice takes place. Therefore, in the presence of
stimulated Stokes emission, we have correlation effects between the laser and
Stokes photons. Correlation effects between these modes occur in sponta-
neous Stokes emission as well. Moreover, from (4.10) and (4.11) we see that
the initially chaotic laser beam remains chaotic for >0 meaning that bunching
of laser photons takes place throughout.
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Generally, we may conclude that an initially chaotic laser beam damages
anticorrelation effects between laser and Stokes photons in Raman and hyper-
Raman scattering as well as antibunching of laser photons in hyper-Raman
scattering. '

4.3. The laser, Stokes, anti-Stokes and phonon modes are initially chaotic
In this case we have
AWNAW g = |k ®|2 t¥{n)? (n, +ng+ 1) —n(ny—ny)
—nng(2n, +1)}, (4.14)
AW AW n_r=[xs®|? 2{4n)® (n, + 15+ 1) — 4n,(n) —my)
+ 8y, —Ann Guny +m+m)). (£.15)
As is seen from (4.14) and (4.15), the laser and Stokes photons are mutually
correlated in spontaneous as well as stimulated scattering, similarly as in § 4.2.

Moreover, one can prove that, in the laser and Stokes modes, bunching of
phOtOl’lS takes place always, 1.€.

<(AWi)2>R > 0’ <(AWi)2>h—R >0, = 1, S.

5. Interaction between laser and anti-Stokes modes

5.1. The laser and anti-Stokes modes are initially coherent while the phonon mode
1s chaotic and the Stokes mode is in vacuum state

In this case we have

AWMAW Sr = — [k, @[ 2[£,]?|£, %20, + 1), G.1)
AWIAW 3y = = 2|ra® [ £2]&[*] €a| (| £1]*(2np + 1) + 2(mp +1)5, (52)
AW R =21, 0|2 2]6)]*| &a]*(mp + 1), (5.3)

AW = [k @[22 {4]&,|2(ny + 1)(2| €]+ 6] |2+ 1)
+2[6[4([€aP =)} — |k @ 2 2[4y + 1), (5:4)
(AW Dr=2]r, V|2 2[££, |2 1y, (5.5)
(AW n-r=2[r, P 2] €|*|£,]* . (5.6)

In the presence of stimulated anti-Stokes emission the above expressions lead
to the following results.: (1) between the laser and anti-Stokes modes, photon
anticorrelation effects take place ; (2) in individual modes, bunching of photons
occurs.

In the absence of stimulated anti-Stokes emission : (1) the anticorrelation
effects (5.1) and (5.2) vanish, whereas with the hyper-Raman effect, in the laser
mode antibunching appears; and (2) with the Raman effect, the photons in
laser and anti-Stokes modes, and in hyper-Raman in anti-Stokes modes, are
uncorrelated.
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5.2. The laser and phonon modes are initially chaotic, while the Stokes and anti-
Stokes modes are coherent
In this case we have
AT, = a2 2,2, — |£,]%) = m] 2y + 1)} (5.7)
AW AW, >y = |1, @[ 2 — 4m¥(| £, — mp) — 4my | £, [*(Bmymy,
+2nm+n,+1)—4n2n,},  (5.8)

(AW R =2k, M| 2 m |, [* m, (5.9)

A PRI PRITACES (5.10)

The functions ((AW;)2>g and ((AW))?>, g are identical to (4.10) and (4.11)
respectively.

Comparing the above results with those derived in §5.1, we see that anti-
correlations between the laser and anti-Stokes photons may occur as a result of
phonon vacuum fluctuations. Therefore, if 7,=0, (1) the functions (5.7) and
(5.8) exhibit photon anticorrelation, and (2) the photons in anti-Stokes mode are
uncorrelated.

5.3. The laser, Stokes, anti-Stokes and phonon modes are initially chaotic
In this case we have
CAWNAW, > p = |k, |2 3y (n, — 1) + 1,2 (ny +ny + 1)
—nmn,(2n,+1)},  (5.11)
AW AW, Dy = |16, P2 13 — 403 (n, — ny ) — 4n® my — dnym (3mymy
+2n+ny+ 1)+ 202 my(ny +4n, + 1)} (5.12)
The variances of the intensities
(AW )DR, (AW)Dn-rs i=la,

are always positive. :
The functions (5.11) and (5.12) are negative provided that n, =0 and 7, > 7,,
Generally, we may emphasize that fluctuations of photons can provoke
anticorrelation between the laser and anti-Stokes photons but are unable to
create anticorrelation between the laser and Stokes photons.

6. Characteristic functions and quasidistributions

All the results obtained in §§4 and 5 can be derived easily from quantum
characteristic functions; however, these functions are mathematically cumber-
some. In this section, we draw attention to certain characteristic functions of a
mathematically interesting form, which have not been considered in our earlier
articles [1, 2].

If all modes are initially chaotic, the joint normally ordered characteristic
functions for the laser and Stokes (anti-Stokes) modes have the form

Cx(By, Bir ty=exp [— | Bi|* By(2) — | B:|* Bi(2)
‘ +1B128:]2 Bi(t)], i=s,a, (6.1)

*
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where
By(t)=d,! ()ay(t)>=n— |k, V22 ny(ng+n,+ 1)+ |, V2 2 ngn,,
+ kg M B2 my(ny —ny) + |k, V|2 2 mg(my+ 1),  (6.2)
B(t)=<d4(t)ds(t)> =n.+ |k V22 ny(ng+n,+ 1) — |k, V|2 L2 ngny, (6.3)
By(t) =&, (1)da(2)) =ma+ |1 [* £2 1y (my — 1) |
— kP2 2 ny(n, +1),  (6.4)
Byo(t) = CAMAW, > = |1, @ |22 {my¥(my — ng) + 1, (n, +my +1)
—mna(2n,+1)},  (6.5)
B (t) =AW AW = |k, V|2 2{m,*(n, + ng+ 1)
—nXm—n,)—nmn(2n,+1)}.  (6.6)
The function (6.1) can be obtained with ease from the function (4.29) con-
sidered in our earlier publication [1] on additionally averaging that function over
the initially chaotic laser mode.
With Cy(B,, B, t) available, let us consider the existence problem of the

Glauber—Sudarshan quasidistribution function ®@y(&,, §;, ) which is the inverse
Fourier transform of Cy(B,, 8;, ), i.e. :

(I)N(fl’ fi) t) =7T_4I CN(BI! /g'i’ t)
xexp (= Biéy* — Bi&i* + By* &1+ B* &)d? Bid® By, 1=s,a. (6.7)

If By, (t)>0, the function Cy(B), B;, t) does not belong to the class of tempered
distributions. Thus Cy(B}, B;, ) does not possess a Fourier transform. On
the other hand, if By;(¢)<0 anticorrelation takes place which excludes the
existence of ®y as an ordinary function. Concluding, interaction between
initially chaotic laser and Stokes (anti-Stokes) modes excludes the existence of
the function ®y(§), &;,¢). Nevertheless, it may be of some interest to note
that @y (€), t) and Py(;, ) exist separately and have the form

Ol =GB exp {2 s (65)

In order to illustrate antibunching of laser photons in the spontaneous
hyper-Raman effect let us consider the characteristic function Cy(B,, t) for the
laser mode. Using earlier results [2] we obtain, after some calculation,

Cx(B1y ) =exp (— Br* £1(8) + Bié*() + 3By*2 Ci(t) + 3B Cl*(i))» (6.9)
where
() =(E1= |22 &) 62 (ny + 1) = [, P |2 12 §1| €12 ) exp (—iwyt),
Ci(t)=(— ;@ |2 2 {2y, + 1) — [, @)% 22 €2 ) exp (— 2iw)t).
From (6.9) we easily obtain
AW n-r=Ci(£)E*4(2) + CX(2)E)(2)
= —2|k,@|2 12| €)|Yn, + 1) = 2|k, @ |2 22| 1|4 np,. (6.10)
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The existence of antibunching of photons (6.10) excludes the existence of a
quasidistribution function ®y(§), ¢) for the laser mode in spontaneous hyper-
Raman scattering.

7. Conclusions

The quantum statistical properties of the Raman and hyper-Raman effects
have been considered in self-consistent formalism. Correlation, anticorrela-
tion or uncorrelation among the photons depend strongly on the initial statistical
properties of the photons and phonons as displayed in figures 1 and 2.

The validity of the short-time approximation as well as of the above results
is defined by the condition |« , %2 t¢)| <1 (cf., e.g., [12]). Even if some of
these effects are rather small, others are measurable, for instance

CAWAW S p/[<Wir{Wedrr —2x 104
and
CAWAW S r/[<WDr{Woop~ —2x 107

assuming «,Vax kP x 102571, 12 10-19s (for a sample of linear dimensions of the

‘order of centimetres) so that |£,|2~10® (corresponding to a photon flux of
10% photons/s, i.e. to a power of 10 MW) and 7, % 10! phonons/cm?.  Further,
it should be noted that (AW AW, Sg/[{(AW)2Dr{(AW o) Or] 2~ — 1.

Our considerations did not include explicitly the polarization states of the
photons (the polarization density matrix discussed by Atkins and Wilson [13])
which affect the dynamics of the photon correlation and anticorrelation effects
[14]. Obviously, this would require the discussion of correlation tensors (in
place of correlation functions) involving the photon polarization states [15].
These matters will be the subject of a separate paper.

On analyse les interactions non-linéaires entre photons incidents et diffusés (rayonne-
ment Stokes et anti-Stokes) en Raman et hyper-Raman, processus considérés comme des
événements élémentaires. On montre que des fluctuations de phonons produisent des
effets d’anticorrélation entre les photons incidents et diffusés. L’antibunching des photons
laser incident en hyper-Raman spontané se produit de la méme maniére que leur anti-
bunching en génération de second harmonique.

Es werden nichtlineare Wechselwirkungen zwischen einfallenden und gestreuten
Photonen (Stokes und Anti-Stokes Strahlung) in elementaren Raman und Hyper-Raman
Prozessen analysiert. Fluktuationen von Phononen verursachen Antikorrelationen zwischen
einfallenden und gestreuten Photonen. Antibunching einfallender Laserphotonen in
spontanen Hyper-Raman Prozessen erfolgt dhnlich dem Antibunching bei der Erzeugung
zweiter Harmonischer.
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