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The complete normal quantum characteristic function is calculated in the short-time
approximation from which fluctuations in separate modes and correlations among them were
deduced. The results obtained are particularly discussed frem the view-point of anticorrelation
(antibunching) assuming that (/) the phonon mode is initially chaotic whereas the photon
modes are initially coherent, and (i) the laser mode is initially coherent whereas all other
modes are initially chaotic.

1. Introduction

This paper is a continuation of paper [1] (cf. the references therein), devoted to
the quantum statistical properties of radiation involved in Raman or Brillouin scattering,.
Here we derive the complete quantum characteristic function using the short-time approxi-
mation. From it we deduce fluctuations in separate modes and their correlation and discuss
them from the view-point of anticorrelation (antibunching) of photons. We consider the
following cases: (/) the phonon mode is initially chaotic whereas all other modes are
-initially coherent, (ii) the laser modes are initially coherent whereas all other (phonon,
Stokes and anti-Stokes) modes are initially chaotic. Typical for this higher-order non-linear
optical process, as compared to Raman scattering, is that in the quantum characteristic
function the third and fourth-order terms occur in its parameters.

* Address: Laboratory of Optics, Palacky University, Leninova 26, 771 46 Olomouc, Czecho-
slovakia,
** Address: Instytut Fizyki UAM, Grunwaldzka 6, 60-780 Poznan, Poland.

267)



268

2. General description

Non-degenerate hyper-Raman scattering is described by the renormalized “effective”
Hamiltonian:
H= Y hoala;+h(ca,aalal +x,a,a,akay+hc), Q.1
i=1,2,5,A,V .
where ay, a,, as, da, ay, and al, ab, af, al, al; are, respectively, the annihilation and crea-
tion operators for the first and second laser, Stokes, anti-Stokes and phonon modes
with frequencies ,, ,, Ws, W4, Wy, Ks and K, are coupling constants for the Stokes and
anti-Stokes modes and wg, = w; +w,Fwy. The corresponding Heisenberg equations
are of the form:

4, = —i(wa, +1Eabasay +xiataal),

d, = —i(wa,+x5alasay+xialasad),

ds = —i(wsas+Ksa,a,at),

da = —i(wpas+Kaa10,0y),

dy = —i(wyay+xrsa,a,af +xxatala,); 22

they can be solved approximately up to ¢? in the form:
t2
a,(t) = exp (—iw,1) {a1 —it(k§ abasay + kxabaaal) + LY [lksi*as(akasalay

—alay(alas+abay+ 1) +Ixala,(akau(abav+ 1)+ ata,(aka,—abay))
+a,(kFkpasatad + h.c.)]} ,
a,(t) = a,(t) with 12,

2
as(t) = exp (—iwst) {as —itsa,a,a% + L [lxsl?as(ata,ata, —(ata, +ala, + 1abay)

—gel(ata, +ata, + 1>aAaV+xsanfa§au} ,
t2
as(t) = exp (—iwat) {“A— i1KAG 8,0y~ > [lxal®as((ata, +1) (ala, +1)
+(ata, +ata,+ Dabay) +xixa(ala, +aba, +1)agad + stAafaiag]} s

2

t
, , * 2
ay(t) = exp (—iwyl) {av—lt(xsa1a2a15'+ Kadtalay)+ DX [Ixsl*ay(ata,ala,

—(ata, +aba, +1)alag)+|xal*av(—ala,ata, +(ala; +aba, + 1)‘11“1«)]} ,  (23)

where a; = a; (0).
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The time evolution of the statistical properties of the system is described by the normal
quantum characteristic function (cf. e. g.- [2]):

Cx(B1s B2y Bss Bas Bvs ) = Tr {0(0)  T] exp(Bial(D) exp (—Ba D)},  (24)

9 &0y

where a;(¢) are solutions (2.3), ¢(0) is the density matrix specifying the statistical properties
of the initial fields. The normal ordering of (2.4) in the initial operators can be performed
using the Baker-Hausdorff identity for which the assumptions are fulfilled up to ¢2. More-
over, use is made of the fact that the first terms a; in (2.3) commute with the other terms.
With further appllcatlon of the Glauber—Sudarshan representation of ¢(0), we arrlve at
the complete normal quantum characteristic function valid up to z2:

CN({ﬂf}ﬂ t) = <{exp { Z (ﬁjCj(t)“ﬁjéj(t))" '=1225v lﬁjlsz

Jj=1,2,5,A,V

+3 Y (B7Citcc)+ Y (BiBeDu+BiBiDy+cc)
i=1,2,v i<k
Jrk=1,2,8,A,V

+(BIB2 D122+ BI*B3D 112+ BT BYD 1sv+ B3PS BuDasy + BT B3BAD 124+ B BABYD1av
+B2BaBYD2av + BIBYV Divy + B3 BV Davy + BTB3BvD12v + BB Bs D125~ 1B1)*B2D1 2,

—B1B2Bs D125 = B1lBv)* D1y —1B2l*ByDava — BalBvI*Davy — B11B21* Dy 25 ~ 181 *ByDivs

—¢.¢)+(B1B3 D 1122+ BIBSBY Disyv+ BB By “Dasvv +6.¢) +181[*1B51* Dy 212
+1B11%1BvI*Diviv+ B2 BvI* Davav} s (2.3)

where the set (1, 2, S, A, V) is assumed to be ordered, £(¢) are time-dependent complex
amplitudes which are obtained from (2.3) by substituting the initial complex amplitudes
¢; for the initial operators a;. The brackets in (2.5) represent the average over ¢£; and

By = LIk *IEs P 1wl + TealP (&1 +1EV I+ 1) 1Eal* +(esrhls Eal3> +c.c)],
By = Bi2— 1), Bs = |k * P& *E,12,
By = t[Ixs*1&, 1€ + lreal (1€, 1 +16,12 + 1) [E41°],
Cy = —exp (—i20, 05K EE,, €y = Ci(162),

Cy = —exp (—i2wyrsat*(IE,]° +1E12 +1)EEEn,
2 .
Dy = —exp [ —i(w;+w,)t] {”(K Esby+ KAL)+ > LIKs|2€1fz(|fs|2+|Cv|2+1)

+1ral 281 E,(EvIE — 1EA17) + 2K SKACTE fsz]}s

1? .
Dig = —exp[—i(w; +ws)t] 5 [IKS!ZfIéS(I§2|2+'évl2)+KSK:§1CA€$2]9

Dy = DS A),
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t2
Dyy = —exp [ —i(wy +wy)i] {itxis"z"é'A+ - EEylnsl® (€217 +1&1D)
+ IKAIZ(Iéz\Z—IfAIZ)]} ,

Dys = Di(1>2), Dyy =Dip(12), D,y= Div(12),
, t* 252
Dgs = —exp [ —i(ws+w,)t] o kskal1ss,

Dgy = —exp [ — i(ws+wy)t] [it"sflfz‘i'tz(% sl 2EsEy + KK AEALT) (&1 +1617+ )],

t? )
Dyy = —exp [ —i(ws+wvy)t] ) [Kal2EaEy(E1 1P 18,12+ 1),

Dy, = —exp [i(@y — )] K42 ELE, IEA%,
. Dis = —exp [i(wy —wg)f]PKsnl  E3ER,
D—1v = —exp [i(w, —wv)t]lz[iKAlszifA‘zév'*‘Ks’c:fff:ﬁfv],

Dys = Dis(12), Dyy = Dyy(l>2),
all Other D-Jk = 0,

Dysz = exp [ —i(w; +2w,) |13 kil TEla, D3 = Dy3,(1 2 2),
Dsy = exp [—i(w, +‘Us+wv)t]t2[‘§“ iKs‘zfvfsfv‘*‘WsK:ffoftr],
12 3
Diysy = Dysv(1 2 2),  Dyyp = exp [ —i(w; +w;+wa)t] X [Kcal®1E28A,
Digy = D132 > V), Doy = Diav(l — 2),

Divy = exp [—i(w, + 201Kk k1 EE €y Dayy = Dyyy(l = 2),
‘ o 3 . t2 v -
Dyov = exp [ —i(w; +w,+wy)i] [ltK:6A+ S (|’Cs|2+|'~'A|2)€152Cv_J ,

Dyss = Diaa(A = 'S), Dy, = exp (im )% ka2 [EAI2ES,
D55 = exp [i(w; + @, —wg)f]Pxsk 1,60,
D~122 = Dwv = 5121(2 - 1),
D:iy; = D,y, = exp (iwvt)tz[!KAlzlfAPf:;"‘K:KAfsész]v
_ _ ) 12
Dyyy = Dyyv(l > 2),  Dyypp = —exp [—2i(w, +w,)i] X KSIcasEa,
Disvy = —exp [ —i(w; + o+ 2wy) ]2 kgr s E  Ea,

Dasyy = Dysyv(1 = 2), Dizy5 = Diyyv = Davay = [kAl*PIE]%

(2.6)
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It should be noted that, compared to the Raman scattering case [1], in (2.5) the
third and fourth-order terms in §; occur even if the field is initially coherent. Fluctuations
of the intensity, W;, in separate modes are:

LAWYy = s

N B < 9*Cy )2
OBI(=B7) lsp=0  \9B; (=B lip=0
= (B} +IC)2+2BIE;01* + CTE; )+ CE7 (1)
+L(BFIE O — (B + 8,017 (2.7)
and correlations of fluctuations in various modes are given by:
*Cn B 9*Cy *Cy
0B,0(— B1OBI(—Bi) lisp=0  9B,0(—B) IBid(—Bi) |ap=o
= Dl + 1Dl + (DT (O () — D OE B+ D ua j(1)+ Dy sl
+0.6.)+ Dy + <(By+ D7) (Bi+ 1EDID)Y — (B +1EDI1> (Bt 16D,
j<k. (2.7b)

o*c

AW AW, =

The brackets in (2.7a, b) are omitted and the last two terms cancel out if all modes are
initially coherent.

3. Special cases of initial fields
3.1. The phonon mode chaotic and all photon modes coherent

In this case we obtain from (2.7a) and (2.6) for fluctuations of the intensity in separate
modes

AWy = 2LAEIPA+1EI7) Lirsl®1Esl >y + ral IEal*(Knvd> + D] = (2<ny) + DR},
{AW)?y = K(AW)*>  with 162,

L AW*y = 2ies|P1EIEN 161 (Cnvd> + 1),
LAWY = 2Ukal*1E; P1E,1* 1€y,
LWy = <nyy? +260{{is [ —(1€17 + 11 +1) 1l Cnyd? +1E 7121 Cny > (6l
+ )+ D]+ IKAPLUE P +1817 + 1) 14l ny) Ky +1)
HEIEI <y (1Eal* = {nyD) + R<ny)}, 3.0

which closely correspond to the Raman scattering case [1]. Here {ny) represents the
mean number of phonons and R = Ksk,&,26,284Ex + ¢. c. The antibunching cannot be
expected to occur in this case.
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Using (2.7b) we obtain for the correlations of fluctuations:

AW, AW = 2 {Js| [(L+20&:1° +1821%) &6l *<Cnvd
— & PIEPUE P A —2¢ny D) + (yd + 1]+ IKalPLA+20E11 +1821%) 1P Ky + 1)
FIEPIEG+2C0) [Ea = ()] = (2Cnyd + DR},
AW AWsy = (=K 1E,11Es [<ny) + 1) 1E1* +<nyd]+ RKny)> + D},
AW, AW,y = {=kalPIEA* 1A [Q2<ny> +1) 1617 +<ny) + 1]+ Ry},
AW AWy = E{is [(L+1E 1P +1E0%) 1E617Cny)? = 182G *(ry) Q11 +ry) +1)
— & 171Es1 2]+ el [(L+1€117 +1821%) Knyd +1)%1Eal
+1E P1E P Kny> 4+ 1) QIEai? = <ny)) +1E PIEAIP(ryd + D]+ R},
AW, AWy = (AW AW) with 12,  (AW,AW,) = (AW AW, with 1 2,

2

t
AW, AWy = AW AW with 162, (AWAW,) = — — @)+ DR,

AWdWyy = {lis*[— (€117 +1E7 + 1) 1EsI*nyd Knyd + D +1E P18y > + 1)
+21&, 71718 Ky + D]+ (Knyd + DR},
(AWpAWY = = P{ikalP[UE +1E1° + 1) 1al*Cny) Knyd +1)
+1E1 171817y (1€ = (ny)) ]+ R<ny )} (32)

We see that there occurs anticorrelation between laser modes 1 and 2 in the course
of spontaneous scattering (& = &, = 0) amounting to AW AW, = —[xs12t2[£1]%]E,|?
(nyd+ 1) — [k |282|E1[2|E21% {ny). Also (AW +AW1)?) = 2{AW AW, is negative here.
This behaviour is analogous to the case of double-beam two-photon absorption [3] and
it cannot have any analogy in Raman scattering. The other results are similar to those
obtained for Raman scattering {1]. Between modes 1 (2)and S, 1 (2) and A, and S and A
we have enhanced anticorrelation compared to the case when all modes are initially coherent
provided that Ap = 2 @, +2@,+ys+po— @s— @a = 7 in the first and second cases and
Ag = 0 in the third case (anticorrelation is maximal). Here ¢; are phases of {54 and yg,
are phases of s ,. The anticorrelation also occurs in the first (second) case if &, ({5) = 0
orif Ap = /2 when R = 0. Between modes 1 (2) and V the anticorrelation can be observed
in spontaneous scattering (&5 = &, = 0) or if

€117 16217 > (nyd> > 1617 1Al (3.3)

as occurs in practice. Under this condition, {4W;,, AWy) > 0 always holds.
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3.2. The laser mode coherent and all other modes chaotic

In this case we additionally average (3.1) and (3.2) over chaotic initial complex ampli-
tudes and put {|&|?)> = {ngy and {|&,|?) = (ny> and R = 0 and we add the following
terms to {(AWs)?>, AW, ,4Ws 45, <AWsadWy):

AW = (nsd® + 20214 P 1Ea12 (nsd? = (18417 +1E21* + 1) Lngd (v ],
LAWY 1 (nad® + 20?2 [IE 1G> = (€11 + 1817 +1) <nad*(nyd + D],
(AW, 24Ws) : |kgPET1EL o1 (> = (€21 1D+ <) (2,11 + D] s,
(AW, AW, 2 [RAPPT(E5 P+ <y +1) (€127 + D 16,12y d] (nad?,
CAWAWYY : (g P PLIE PN — (€117 + €217 + 1) <nyd] <nsd?,
AW AWy = [eaPPLE PIE +(EP +1E17 + 1) Knyd + D] nad™. 3.4y

In the other cases the corrections are zero.

While no antibunching can occur in separate modes, anticorrelation is possible among
modes in analogy to Raman scattering. The above is valid between laser modes 1, 2 and
between a laser mode and the phonon mode, 1 (2), V; between modes 1 (2) and S, and 1 (2)
and A there is anticorrelation provided that (3.3) holds ([£54l* = {nss»). Modes S
and A are not correlated at all and the correlations between modes S and V, and A and V
are always non-negative in this case.

It should be noted that when detecting pairs of modes, i. €., when measuring fluctu-
ations <(AW;+4W)?, j# k, j,k=1,2,8, A, V, these quantitics behave similarly to
those in Raman scattering [1] and antibunching can be observed under special conditions
if all modes are initially coherent whereas they are non-negative in the cases considered
here except {(AW,;+A4W,)?>, leading to antibunching ~—2|&,12{&,[%#?(|xs|? (Kny)+1)
+ |4 |? {ny)) in spontaneous scattering. Moreover, if all modes are initially coherent,
phase-dependent antibunching of the order xgt, k5t is possible if @g+ @v— @1 —@2— s

= —nf2and Qo—Py—@1— @ —Ya = —7/2.

4. Conclusions

We have found that in the cases under discussion, i. . when the phonon mode is chaotic
or phonon, Stokes and anti-Stokes modes are chaotic while the other modes are coherent
at ¢ = 0, no antibunching in separate modes can be observed. The anticorrelation is typical
between the first (second) laser mode and Stokes or anti-Stokes modes, in analogy to
Raman scattering, provided that the phase-dependent terms are negative (special initial
phase condition) or absent (special initial phase condition or partly spontancous scatter-
ing). Anticorrelation also occurs if phonon, Stokes and anti-Stokes modes are initially
chaotic and |£, 5|2 > {(ny) > {ng,» as occurs in practice. Between any laser and phonon
modes anticorrelation is possible in the course of spontaneous scattering or if the above
condition for mean numbers holds. The Stokes and anti-Stokes modes can be phase-
-dependently anticorrelated provided that the phonon mode is initially chaotic and the
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other modes are initially coherent but they are uncorrelated if the phonon and Stokes
{or anti-Stokes) modes are initially chaotic. Similarly to Raman scattering, there is non-
negative correlation between Stokes or anti-Stokes and phonon modes. A special feature
.of this higher-order non-linear process is that there is the anticorrelation between laser
modes in spontaneous scattering.

In Raman scattering antibunching can be observed measuring fluctuations {(4W;
+AW?), j # k only if all modes are initially coherent. In the cases under discussion here
these quantities are non-negative except for {(AW;+A4W,)*> in spontaneous scattering.

Thus, also the non-degenerate hyper-Raman scattering process provides a number of
possibilities to observe anticorrelation. Some other possibilities for the generation of
radiation exhibiting anticorrelation in the process of non-degenerate hyper-Raman
scattering have been discussed clsewhere [4]. In Raman scattering the quasi-distribution
function related to antinormal ordering of field operators has been obtained as a shifted
multidimensional Gaussian distribution and the photocounting distribution and its factorial
moments can be expressed in terms of Laguerre polynomials. This is not feasible in the
hyper-Raman scattering process.
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