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A general formula is derived for the spectral intensity distribution of inelastic multiple-photon scattered light in the
model of free rotational and translational diffusion for motions of molecules. The method of spherical tensors is used, per-
mitting to specify those of the reorientational relaxation times 7 M which intervene in the process of multiple-photon scat-
tering, related with a given type of molecular vibrations,

1. Introduction

The quantum-mechanical fundamentals of the theory of double- and triple-photon Raman scattering [1,2] as
well as the selection rules for these novel nonlinear spontaneous scattering processes [3,4] are by now well estab-
lished. Raman double-photon scattering (RDPS), apparent in the earliest experiment by Terhune et al. [5], has
been observed in gases [6], liquids [7], and crystals [8,9], and Raman triple-photon scattering (RTPS) in diamond
[8].

Maker [10] first studied the spectral width of elastic double-photon scattering of liquids interpreting their spec-
tra on the approximate model of self-diffusional brownian motion of the molecules. The model has been applied
by Alexiewicz et al. [11] to the description of RDPS spectra.

In this paper, we propose a spectral theory of Raman multiple-photon scattering in molecular fluids on the
basis of previous quantum-mechanical results [12]. To achieve generality, we have recourse to the methods of an-
gular momentum and irreducible spherical tensors already applied with success to the analysis of double- 10,11,
13] and triple-photon [14,15] scattering. Here, the term “Raman scattering of order n” refers to processes where
n photons of frequency wy, are incident on a molecule which performs a quantal transition at frequency w,, and
scatters a photon with frequency w, = nwgy * w,,.

2. General theory

Consider a medium composed of N molecules, the pth having the position r? and orientation Q’t’ at time ¢. In-
tense laser light with electric vector E(r, £) = E'exp {i(k*r — wq?)}, incident on the medium, leads quite generally
to light scattering of the nth order defined by the intensity tensor [12,16]:

N N
Ijj(r) = (8nc3) X 21 21 (A2m?%(1)/de2) (@2ml (¢t + )/ dr2)* exp (i Ak (P —r, ), )
p=1gq=

* Results reported in part at The Fifth International Conference on Raman Spectroscopy, 2—8 September 1976, Freiburg, Work
sponsored by Problem MR. 1.5.
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with Ak =k, — nk, whereas k,, is the wave vector of scattered light, and the symbol { ) denotes appropriate aver-
aging over molecular orientations, positions and vibrations with time-dependent distribution function.
The dipole moment of nth order m;,'(t), induced in molecule p, is of the form?
my(£) =" In)1 4], (QF, OF) E;, .. E; exp(~inwy?) . (2)
Alf',-l__. ,-n(Qf’ , QP) is a tensor of rank n + 1 defining the nth order nonlinear polarizability of the pth molecule and
dependent on its orientational and vibrational variables QF and or.
We express the cartesian components of the dipole moment vector, m;’,,-(t), in terms of spherical components

mga(t):

mip;(£) = ? cf‘m;,'a(t) . 3)

¢ are elements of the transformation matrix. The spherical components of the dipole moment can be written as
follows:

Ik 1
mZa(’) = (2n-1pt)-1 % (—1)y*k+e (o] + 1)1/2(>\ ) _a)AK(l)(Qf, QI?)E;(ck) exp(—inwgyt), 4
Ak

where () is a Wigner 3j symbol, Aﬁ(l) the spherical tensor of rank / of nonlinear molecular polarizability, and
E,(Ck) a spherical tensor of rank k representing the nth rank cartesian tensor with the elements E; Ej, .. Ej,. The
cartesian tensors are assumed as completely symmetric with respect to permutation of indices. For completely
symmetric tensors, / takes successive values only from the interval [0, 7 + 1]: even (odd) for odd (even) n, whereas
k takes values from [0, n] of the same parity as n.

The polarizability tensors A’;\(l) can be expressed in a simple manner in terms of the polarizability tensors a’{,(l),
defined in a system of coordinates attached to the molecule:

AO@F, o) = 2 0P D@D )

where D{, A(82F) is the Wigner function describing the orientation in space of the molecule with respect to the
laboratory coordinate system.

We resolve the intensity tensor (1) into an incoherent part, arising from scattering by an individual molecule
(p = q) and a coherent part, due to scattering by correlated molecules (p # q). Since the normal vibrations of the
molecules are statistically independent, only the incoherent part plays a role in processes of inelastic scattering.

Thus, we perform the averaging of (1) with a statistical distribution function fulfilling the diffusion equation
for free rotation and translation of the molecules. When expanding the nonlinear polarizability tensors in a Taylor
series, we restrict ourselves to terms linear in Q¥. Finally, for symmetrical and spherical top molecules, we obtain
the scattering tensor in the form of a superposition of terms with well-defined reorientation relaxation times TIM
related with the order J of the spherical nonlinear polarizability tensor:

Ii’}siV(T) = .%;w lg’il’(‘f = 0, JM) CV(T) €Xp {1 [nwoi wp —_ TJ_AII _(Ak)2DT] T} , (6)
where
Ip*¥(r=0,JM) = F, Mnawg tw, ) @nc3y1(27~1nt)-2 > c?‘lc]‘?‘z*(_l)l+f+nl+al(2f+ D
kikay fo102
K1Kpy&p
ky ky £N(1 1 fA\[117F
X( )( ) |an(-])|2 { V|2) . E(kl)E(kz)*Df Q .
K1 =Ky —p1/ \ay —ay —py ) \ky Ky T} M Ot ™y B VE2"DY, 0 (92) o

is the integral intensity corresponding to the order J of the spherical nonlinear polarizability tensor under considera-
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tion. The symbol {:: '} stands for a Wigner 6; symbol, and a;'(J ) is the first derivative of the tensor with respect
to the normal coordinate of vibration Q¥, taken at the point of equilibrium of the atoms in the molecule. The
Wigner function D£l o (82,) describes the angular distribution of scattered radiation, with Q2 denoting the mutual
orientation of the two laboratory reference systems, connected with the incident and scattered light. Dy is the
coefficient of translational diffusion. The factor F, introduced in (7) ensures the correct ratio of Stokes-scattered
(—) and anti-Stokes-scattered (+) intensities resulting from the principle of detailed equilibrium at scattering and
stating that:

F, =exp(~hw, [kT)F_ . (®)
C,(7) is the normalized vibrational autocorrelation function, of the form:
C1) = Q0 yip QP i, ©)

3. Discussion

The influence of translational motions, occurring on a slow time scale, can be studied by having recourse to op-
tical mixing technique [17]. The heterodyne technique measures the real part of the scattered light intensity (6)
whereas the homodyne technique measures the second-order intensity correlation tensor [16]. Traditional spec-
troscopy, determining the intensity distribution as a function of frequency, is appropriate for the study of fast
processes of molecular relaxation (reorientational motions) contributing measurably to spectral line broadening.

The spectral line shape of scattered light is given by the Fourier transform of (6). On neglecting the contribu-
tion from translational motion, we have:

-1

7.
1 M C,(w) dw’ , (10)
T (nwg * w, —w-w) +172

Iy (@)= 221" r=0,1m) [

——00

where Cv(w') is the Fourier transform of the vibration autocorrelation function (9). It describes the natural vibra-
tional line shape due to damping of the molecular vibrations, and is accessible to determination i.e. from absorp-
tion measurements in IR. For odd # and completely symmetric vibrations the scattered light contains an isotropic
intensity component, related with the zeroth-order spherical tensor (J = 0) of nonlinear polarizability independent
of processes of molecular reorientation.

The separation of the isotropic part moreover permits the determination of the function Cu(w'). Generally, this
involves the necessity of having recourse to different states of polarisation of the incident light wave and of per-
forming analyses of the angular distribution of scattered radiation. In particular, for usual Raman scattering, the
isotropic part can be separated simply by carrying out measurements of the horizontal component /| ﬁ’*”(w) and
vertical component I}’i”(w) (referred to the plane of observation) applying incident light polarized linearly and
vertically to the plane of observation. The two components are then independent of the scattering angle, and one
has quite generally:

[ (@) = I (@) - 311" (). an

With regard to scattering at the frequencies 3w % w,, one can apply the same, linear incident light polarisation
and, additionally, circular polarisation:

B (w) = B (w) - B (137 (w) + 254 (w)] (12)

L%’*” denoting the component scattered head-on, circularly polarized with sensity the same as the circularly polar-
ized incident light. For spherical top molecules 412’*”(&)) = If’*"(w), whereas for linear ones If’i”(w) = 213’*" (w),
so that from (12) one obtains, respectively:
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Brr(w) = () - B+ (W), (13)
B (w) = I (w) - 85 (w). (14)

Spectral line shape investigation leads to the reorientation relaxation times. The well known transformation
properties of spherical tensors with respect to the irreducible representations of the point groups make it possible
to pinpoint quite generally those of the relaxation times 75, which intervene in a scattering process related with
a given type of molecular vibration [18,19]. For example, in the case of the C;, group, J takes an arbitrary value
for each irreducible representation (still J < n + 1), but M is restricted as follows:

A;  IMimod(+6)=0,3;
A, IMImod(+6)=3,6;
E  [Mmod(+6)=1,2,4,5.
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