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A semi-classical theory of multi-harmonic scattering of intense light on individual molecules, as
well as on statistical fluctuations of molecular fields in near ordering areas of isotropic bodies, is
proposed. Vertical and horizontal intensity components and depolarisation ratios of #n-harmonics are
discussed as functions of the scattering angle, and relations between them are derived. The even
harmonics are shown to be sensitive to molecular symmetry (natural, or induced by molecular field
fluctuations) whereas odd harmonics can be scattered from any substances, molecular or atomic,

1. INTRODUCTION

Up to now, second-harmonic light scattering has been observed in liquids and gases consisting of
molecules without a centre of symmetry [1] as well as in liquids with correlating centrosymmetric
molecules [2]. Previous to those experiments, one of us [3] proposed the quantum-mechanical funda-
mentals of Rayleigh and Raman second-harmonic scattering which, in gases, is strongly dependent on
the symmetry of the individual molecule [3, 4] and, in liquids, depends on molecular correlations [5-8].
The studies in question are of great importance to nonlinear molecular spectroscopy of both the Ray-
leigh and Raman kinds [9] and provide much valuable information, that is not available from the study
of other nonlinear optical phenomena [10]. Third-harmonic light scattering, though considered theoreti-
cally [3], has as yet not been observed in molecular substances; it should prove accessible to observa-
tion in macromolecular substances [11], or in molecular ones in fluctuations near the critical point [8],
and probably also in liquid crystals [12] and in crystals with defects [13], where scattering from phonons
['7] has to be taken into account. It thus appears useful to continue studying higher-harmonic light scat-
tering [14].

2. ELASTIC SCATTERING INTENSITY TENSOR

Consider solely elastic scattering in a dipole approximation, which is justifiable provided the linear
dimensions of the scattering centers are small compared with the incident light wavelength A = 27¢/w.
The tensor of total scattered light intensity is [14]:
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where the real and symmetric part of the tensor I*® of n-harmonic scattered light is
1]
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Here, Azlzul) iy is a tensor of rank n+1, determining nth order optical polarisability induced in a

volume V of the medium scatteri%g at frequency nw by the nth power of the electric field E¥ = ol cos wt
of incident light with amplitude E”. The symbol { ) stands for suitable statistical averaging.
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For isotropic bodies, it is necessary in (2) to average tensors over 1ll possible directions of the
electric vector. This procedure was solved generally [15] for # = 1 (tensor of rank 4) and # = 2 (tensor
of rank 6) but becomes immensely intricate from » = 3 upwards. However, the problem simplifies if,
in (2), instead of averaging the product of polarizability tensors one averages products of unit vectors
e in the direction of the vector E. In this case, the general result is [16]:
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where ¢;q is the cosine of the angle between the laboratory i axis and the o axis of a mobile frame
attached to a given point of the scattering volume. The tensor SwBi1j]---inin is a (2n +1)-fold combina-

tion of the type 6013 %141 - - and 9y 41 - - is a (2n - 1)-fold combination of the type Giljl

S dn i
(71'2 o - dpip etc., with 6013 denoting Kronecker's unit tensor.
By (3), we have for the intensity of z-harmonic scattering [14]:
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where I = E? EQ/Z is the intensity tensor of the incident laser light and I = I}; its total intensity.
The factors in (4) account for the optical properties, molecular structure and thermodynamical state
of the scattering medium:
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where we have introduced the tensors:

fagiyj1. .. inin = n {@2n+3)8 0503151 .. ipi,~ %aBigig. . .injn} ,
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with C;1 = 27 ()2 (2n+3)!1.
The scattering factors in the semi-macroscopic form (5) can be discussed on the microscopic scale
if we express the nth order polarizability tensor of the volume V containing N molecules as follows:
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where Aky = ky - nKk; | with k, denoting the wave vector of the scattered n-harmonic wave, kg that of
the incident wave of fundamental frequency w, and rp the radius vector of a scattering molecule p.

In (7), anw(p) is the nth order polarizability tensor (of rank n+1) of the pth molecule immersed
(p)

ai] ... iy
in the medium; the next (n+2)-rank tensor bg‘f .. .iy,v determines the (n+1)-order polarizability in-

duced in the pth molecule by the molecular electric field Fg,p) of the other N-1 molecules of the medium

(p)

Similarly, the (z+3)-rank tensor cgtf iy, v0 determines the (n+2)-order polarizability induced by the

square of the molecular field. The expansion (7) can, in general, also contain contributions from
statistical translational fluctuations of the molecules. Generally, the molecular field F(P) fluctuating

in time and space can lower the symmetry of the molecule (e. g., by destroying its centre of symmetry),
or can induce a local anisotropy in areas of near neighbourhood thus giving rise to cooperative scattering
[2, 6].
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In rarefied substances, when statistical fluctuations are absent, even-harmonic scattering (i.e.,
with » =2, 4...) can stem solély from molecules not possessing a centre of symmetry in their ground
state. With respect to odd harmonics (n = 1, 3...), the molecular symmetry is not decisive, since
such scatterings can be caused by centres (scatterers) having spherical symmetry (e.g., atoms in their
ground state). If however, a medium consisting of centrosymmetric molecules exhibits fluctuational
molecular fields, then with regard to the second term of (7) it will give rise to cooperative scatterings
of even harmonics too, and this has in fact been observed quite recently in the case of the second
harmonic [2]. Consequently, eqs. (5)- (7) permit particularly for » = 2, formulas to be obtained for the
above considered second-harmonic scatterings from gases [3, 4] and liquids [5, 6] consisting of mole-
cules without a centre of symmetry, as well as liquids consisting of centrosymmetric molecules [2, 6].
Similarly, for # = 3 one obtains formulas for third-harmonic scattering from gases [3, 16] and liquids
[11].

3. DEPOLARISATION RATIOS AND ANGULAR DEPENDENCE

Assume the incident light wave to propagate along the Y axis and the electric vector E to oscillate
in the XZ plane at an angle \ to the XY plane. The XYZ frame, with unit base X, ¥,z is fixed at the
centre of the scattering volume. The scattered light is observed in the frame X'Y'Z' (units X',y zY
in the plane X'Y! ” XY along the X' axis, which subtends an angle 8 with the ¥ axis (8 is the scattering
angle, i.e., the angle of observation),

We thus have [6]:

?f:xcost//+zsin¢/,
Yy =-x cosf+ ysinf,
2= z. (8)

We obtain the scattered light components with oscillations horizontal (H) and vertical (V) to the ob~
servation plane from (4) in accordance with the definition:

nwzlnw tor nw_I.nw ot
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Hence we find:
nw\4 nw\4 .
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For ¥ = 90° and ¢ = 0° we obtain, respectively, vertical and horizontal polarisation of the incident light
(which we denote by subscripts v and h), and from (9) it results that:

4
H:fw = %) F}’lwI:l ’ V:;lw = <—nhccg>4 {an + an} I\’;l ’
gne _ (rwyd 2 n nw _ mw\4 "
X ( {F,,+C,, cos" b1, v/ (C ) F I (10)

At perpendicular observation Krishnan's relation Vﬁw/lﬁl :H\’}w/l"} :ng(QOO)/Ig is thus fulfilled for
any #-harmonically scattered light.

For unpolarized incident light, we have to average expressions (9) over all values of the angle ¥/,
with respect to (10), we obtain: )
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By (10) and (11), we obtain for the respective depolarisation ratios:
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and one easily notes that for arbitrary harmonic scattering the following simple relations are fulfilled:

RO«
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an(e) = _1— { nw+(1 —Dn )cos2 9} :an{1+ v cos2 9} , (13)

u 1+ D v v u DRw
where
Dﬁ“’ (90 ) = zD"“’/ "“’). (14)

Furthermore it turns out that, for certain groups of molecular symmetries, simple relations can
exist between the depolarisation ratios of n and # + 2 harmonically scattered light, similar to those
already derived for linear and third-harmonic scattering [11].

We see that investigations of n-harmonic light scattering in conjunction with other nonlinear optical
phenomena [10, 17] allow insight to be gained into the statistical structure of matter and to study the
influence on it of the statistics of electromagnetic fields [18].
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