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Second harmonic generation (SHG) in the presence of a dc magnetic field # 0 is described by a new
axial tensor of third-order non-linear susceptibility Q(ijkl(-zw, w,w,0). Relations between its non-zero
elements are derived by group theory for all crystallographical classes. In classes 422(Dgj, 622(Dg),
432(0), Y and K a magnetic field induces SHG, which at H0 = 0 is absent in electric-dipole ‘approximation.

One of us [1] pointed to the possibility of
studying dc magnetic field-induced sum frequency
generation of laser beams. This communication
contains a detailed analysis of a particular case
of frequency mixing, namely SHG, for all crys-
tallographical classes, especially those for which
field-less SHG is forbidden in electric-dipole
approximation,

Phenomenologically, the process of frequency
mixing of two laser beams with electric vectors
E(wq,kq) and E(we, k3) (frequencies w;, wave
numbers k;) in the presence of a dc magnetic
field H(0) is described by the third-order dipole
polarization vector [1]:

Pi wg,k3) :gCijkl(-w3’wl’wz’o)Ej(wl’kl)
x Epfwy, k2)H (0) (1)

where w3 =wy + wg and k3 = k1 + kg + Ak define
time and space synchronisation conditions.

The fourth-rank axial tensor?(i~kl(—w3, w1,
wg,0) describes the variation induced in the
natural non-linear susceptibility Xijk('w3’ w1, ws)
by a dc linear and uniform magnetic field.

By (1), the dc magnetic field induced SHG is
accounted for by the polarization P.Zw, which in
simplified form is: ¢

20 _ 20 pw pwyd
P; gﬂz’jkl E]. Ek Hl . (2)

By a method based on group theory [2], rela-

tions are derived between non-zero elements of
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the axial tensor 9(39;’6 (-2w, w,w, 0) which, in the
case of a dispersi(%all medium, is symmetric
only in the indices j and k and, on neglecting elec-
tronic dispersion, is symmetric in ¢, j, k. The
number of independent tensor elements for the
group G{gl,gz,...,gN} is given by the formula [3]:

I=(1/N) 2 x°&;) x(&;) » (3)
8ieG
where

XO(g) =+ [x4gy) + 2x2(g;)x(&2) + 3x(g) x(e)]
and (4)

x (&) =1 for proper rotation g; = Cop s
i : . i
= -1 for improper rotation g; = sy , (5)

are characters of the element g. respectively in
tensor representation taking into consideration
the permutational group of indices P3(3, j,k) and
in the irreducible unit (antisymmetric) vector
representation of the group G, whose character

is denoted by x(g;). Summation extends over all
N elements of the group. The linear combinations
of tensor elements belonging to the various irre-
ducible representations of group G were determined
by means of Wigner's projection operator [4]:

P =(fa/N) 2 x%g)&; » (6)
gz eG

where f, is the dimension of the irreducible re-

presentation o of the group G and xa(gi) the

character of element &; in this representation.
The transformational properties of the tensor

gff%lwere found from eqs. (3) and (6) and served

foiZ calculating relations between its non-zero

elements. These are readily obtained by perform-
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Table 1

Non-zero and independent elements of the axial tensor ¥;ip; (2w, w,w, 0) for all crystallographical classes. The
tensor elements are denoted by their subscripts x,y, z only. N signifies the number of non-zero elements, I that of
independent elements. In order to reduce space, elements shared by various classes have been assembled under one
capital letter

class Cl

N=81, I=54

A =xxXX | YYVY, ZZRZ,XXYY = XYXY, YYXX = YXYX,
XYYX | YXXY, X22X, XXZZ = XZXZ ,YYZZ =YZYZ,
2XXZ , ZYYZ, YEZY,Z2XX =2X2X, ZZYY = ZYZY,

B =xxxy , yyyx , yEXX, XXYX = XYXK, YYXY = 9XYY,
XYYy , X2ZY | YEZX FIXY =2XZY, ZZYX = ZY2X,
2XYZ =2YX2,XYZZ =XZYZ, YXNZR =YZXZ,

C = z22x,222y X222 |22X2 =2X22,R3YZ = 2Y2Z,
YVZZZ XXXZ | YYVZ ,XXZX = X2XX,YYRY =Y2YY,
XXX ZYVY , VXXZ  XXYZ =XYXZ , XX2Y =X2XY,
ZXXY , XYYZ |, ZYVX, XYEX =XZYX,YIXX =YX2X,
ZYXK =2XYX, YYXZ =YXYZ, YYEX = YZYX, YXZY =YZKY,

X2Yy =XYZy, XYY =2YXY,

class Cg N=41,1=28
class Cg N=40,1=26
class Dy N=21,1=15
class C N=20,1=13
class Cy N=39,1=14
class S N=40,1=14
class Dy N=21,1+=38
class Cy, N=18,1= 6
class Dygq N=20,1=17
where D =zzzz,

elements A and.B
elements C

elements A

elements B

elements D and E, and F_
elements £_and F, and G
elements D and E
elements F _

elements E _

a)

E_=XXXX =£YYYY , XXYY = XYXY = LYYEX =+ YXYX, XYYX =+ YXXY,
XZZX =k YZZY , XXZZ = KZXZ=£YY2Z =*Y2YZ , ZXXZ =+2YYZ ,

ZZXX = 2XZX = £ZZYY = £2YZY

F = XXy% = XYXX =+ JYXY = £ YXYY, XXXY == YYYX, XYYY = £YXXX ,
22XY = 2X2Y =+ BRYX =+ ZYZX, XZZY =1+ Y22ZX,

XY2Z = XZYZ= + YXZZ =+ y2aXZ,

G = 2xy2 =2yxz,

class Cq

N=171, I=18

H =zzzz | xxx% = yyyy = 25Xy + XYVX, XXPY = XYXY = YYXX = YXPX,
XXZZ =XZXZ =YYZZ =YRYZ , ZZXX =ZXZX =2RYY =2YZY,
XYYX =YXXY | XZZX = YZZY, 2XXZ = BYYZ,

K = xxyx = Xyx%=~yyxy == YXy¥, XYYy = = YXx%,
XXXY = -YYYX =29YXY+ XYYy |, Z2XY =2XZY =-22ZYX =-2YZX ,
XYZZ = XZYZ=~YX2Z =~ Y2XZ, XKZZY=— YRZX,

L =xxx2 =-yyxz = - XYYZ2 = -YXY2 | ZXXX = -2XYY =—ZYYX =~2yxy,
XXZX = XZXX == YY2X=— YZYX ==XYZY =-XZYYy = ~YX2y ==Y2XV,

M =yyyz =-xxy2=-YXXZ=-XYXZ, ZYYY = - ZYXX=— ZXXY =—ZXYX ,
VY2Y =YZYY = —XXZY = —YXZX =-XYIX=— XIYX = —XZXY = —YZXX ,

class D N=37, I=10 elements H and M
class C N=34,1= 8 elements K and L
class Cg N=39, I=12 elements H and K
class C h N=32,I= 6 elements L and M
class Dg N=21,71= 17 elements H

class D N=16,1= 3 elements M

class Cgy N=18,71= 5 elements K

class T N=21,1= 5

a) Note that a capital letter with "+" or "-" signifies that the tensor elements have to be taken positive or negative,

respectively.
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Table 1 {(continued)

Pz= xxxx =yyyy = 2222,

Q = XXYY =XYXY = ZZXX=RXZX =YY2Z = YZYZ,
R = YYXX =YXYX =XX22 =XZXZ =2ZVY = ZYZY,

S = xyyx =2xx2 = Y22y,
V = yxxy = xz2x=2yy2,

class O N=21,I= 3
class Ty N=18, 1= 2
class Yand K N=21, I= 2

elements Pand@ =R andS =V
elements @ =-R and S=-V
elements @ =R and S =V

2222 =2xxyy +XyyX.

In the remaining crystallographical classes, all elements vanish.

ing permutations in the results derived in [2,5] for
the fourth-rank polar tensor with no permutational
symmetry. These relations, for all crystallo-
graphical classes, are assembled in table 1.
From table 1, a dc magnetic field is found to
induce SHG in linear approximation in bodies
with symmetry of the classes 422(D4), 622(Dg),
432(0) as well as Y and K, since in the absence
of a field such bodies fail to generate SH in
electric-dipole approximation. If the laser beam
propagates along 2, we have with (2) and the
class 422(Dy) elements of table 1:

w - g 2w W W
PJ% - (g(?c?c)xxExw Exw+g(xyyxEy Ey )Hg

2w W w0
+ Zg(xxnyx Ey Hy .

2w _ 2w wEw ;2 W wpwy 70
p2w - EWE EYEW) i
y Hyyyy By By + Hixyyx Ex By ) Hy

2w W W ;0
+ 29(xxyy E, Ey Hx "

wy g0

P¥ = 9928 (EYEY+ EYEOH) . (1)

If the dc magnetic field is perpendicular to
wave propagation, eqgs. (7) become analogous to
those for dc electric field-induced SHG in iso-
tropic media {6,7]. Obviously, in the absence of
dispersion, by Kleinman's symmetry conjecture
the 5 independent elements in (7) reduce to 3,
since

9(2(.0

_lw
XXXX =

xxyy "

To class 422 belong the crystals: potassium
trichloro-acetate (CClg, COOK-CCl3.- COOH),
guanidine carbonate (2CNH(NHg)g - H2CO3),
hydrated nickel sulphate (NiSO4- 6H20), malite
(AlC12012-18H90) and others where predictably
SHG can be induced by applying a dc magnetic
field.

In the case of class 622(Dg), one has to put in
(1)

2w _ 2w
K yxxx _gcyyyy

9{20)

_ 2w
=A XYYX

yyyy’

_ 2w 20
h Zg(xxyy +9{xyyx ’
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reducing the problem to 3 independent elements
in the presence of electron dispersion, and to 2
in its absence. Here belong the crystals: lithium
iodate (LilO3), barium aluminate (BaAl204) etc.,
where SHG is predictably induced by a dc mag-
netic field in dipole approximation.

For class 432(0), one has to put in (7)

2w _p2w 2w _cy2w
C‘%xxxx _gfyyyy and gfxyyx _g(zxxz ’
It is noteworthy in this respect that, as yet, it
has not been determined beyond doubt whether
ammonium chloride (NH4C1) and cuprite (CugO)
crystallize in class 432(0) or m3m(Oyp). Now,
since the tensor H7.,; possesses non-zero ele-
ments in class 432 only, it should be possible
to reach a decision by studying dc magnetic field-
induced SHG in these compounds.

Thus, experimental studies of dc magnetic
and electric field induced SHG will become an
effective method of deciding the crystallographic
class of bodies, the symmetry of which cannot
be determined by other methods. The non-cen-
trosymmetric classes are predicted to exhibit
a considerable rise in dipole SHG intensity in
fuélction of the squared magnetic field strength
HY.
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