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Tables of non-zero tensor elements of the electric quadrupole, octupole and hexadecapole moments for all point
groups are given, with examples of their application to numerical calculations of molecular fields and potential ener-
gies of multipolar interaction,

Whereas the literature [1] gives predominantly the number of independent tensor elements of multipole (di-
pole, quadrupole, octupole, hexadecapole, etc.) moments for 40 point groups, the non-zero elements of these mul-
tipoles have been published explicitly for certain cases only (i.e., for the axial [1,2], tetrahedral [3] and octahe-
dral [4] symmetries). Since in recent years various methods have been developed for the numerical determination
of quadrupole [1,2,5], octupole [3,6—8] and hexadecapole [4,9] moments of simple molecules, the necessity
was felt of proposing in explicit form all the non-zero elements of multipole tensors for 51 point groups. This is
the aim of this communication.

Quite generally, the 2"-pole electric moment of an arbitrary charge distribution can be defined as the nth rank
symmetric tensor [10,11]:

M@ = Z ei'? Y(n)('i) , (1)
i
where ¢; is the ith electric charge of the molecule, and r; its radius vector. The tensorial operator of nth rank

Y(n)(’i) = {(_1)”/n!}r§'+lvn(1/",~) ’

is to be found in previous papers [6,11]; V is the space differential operator.
The 27-pole moment tensor defined by (1) occurs in numerous problems of molecular physics, e.g., in the mul-
tipole potential energy of a system of charges in an external electrostatic field £ [11]:

U(E) = —?% {201 (2n) I (] EO) | @

where the symbol [r] in Jansen’s [10] notation denotes n-fold contraction of the product of the two nth rank
tensors M and E®. Above, E? = —y" (r) is an external electric field of nth order, with o(r) the external po-
tential at 7.

* Present address, University of Bordeaux I, 33-Talence, France,

20



Volume 12, number 1 CHEMICAL PHYSICS LETTERS 1 December 1971

Similarly to the multipolar expansion (2), one has for the potential energy of electrostatic interaction of two
multipole molecules [6,10,11]:

e o]

o]
qu:_E

n=0 m=0

(=1 {2 nim! [(2n)! (2m)'} MI(,") [n]® ng) [m] Mg"> , 3)

where the tensor of rank n+m
D)) = _gntm =(— —(n+m+1) yy(n+m)
O = g™ (1 )= (7, Yome ),
describes the (2”-pole) — (2™-pole) type interactions between molecules p and g, possessing electric multipoles

M) and MU™) respectively.
With the general definition of the multipole tensor (1), we define the molecular electric field of degree 1 [6,10]:

FO = mZ=)1 " {2 m!2m)} OTED [mImI | 4

existing at the centre of molecule p due to the electric multipoles of molecule q.

Electric multipole tensors occur moreover in the higher-order inductional and dispersional energies discussed
elsewhere [11,12].

Tables 1, 2 and 3 contain all the non-zero tensor elements of the quadrupole, octupole and hexadecapole mo-
ments for all point groups derived by group theory [13]. The number of independent elements of a polar tensor
of arbitrary rank for group G{g,,£5,....gx} is given by the formula [13,14]:

- 0

I (1/N)ng€)G X&) , (5)
where

X6) = (Np) T xteltxt) - X&) (6)

and x(g;) are characters of g;, respectively, in tensor representation taking into account the permutational group
of indices P, and in the reducible vector representation of G. The summation in (5) extends over all the elements
of the group (numbering &), and in (6) over all V elements of the permutational group P. By I;, we denote the
lengths of the cycles into which the permutation of indices pEP (element of the permutational group P) decom-
poses. The linear combinations of tensor elements belonging to distinct irreducible representations of group G
were determined by means of Wigner’s projection operator [15]:

0=(f,/M g,§G X*(€)%; » (7)

where f, and x*(g;) denote respectively the dimension of the irreducible representation a of G and the character
of the group element g; in this representation. Eqgs. (5) and (7) served for finding the transformational properties
of the tensor of electric quadrupole 6, g> octupole £, 6. , and hexadecapole @, 4, ; moments which provided the
basis for determining the relations between their non-zero elements. These relations are assembled in tables 1-3.

We denote by Mf:') .. i, the multipole moment tensor elements (1) in a given system of coordinate axes, and
by Mg’l) .-« @y, those in the coordinate system in which the molecular symmetry is investigated; the transformation
from the one system to the other is now:
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Non-zero and independent tensor elements of the electric quadrupole moment @, for all point groups. Each element is denoted
by its subscripts x, y, z only. NV is the number of non-zero tensor elements, I that of independent tensor elements. Elements shared
by various point groups are assembled under a capital letter

Groups Cy and Cj :

Groups Cg, Cz, Cap :
Groups Cay, D3, Dapy ¢

N=9,

A =xx,

Groups Cq, S4, C4hs Cav, D2d5 Dah, D4, C3, Sg, Cay, D3,
D3da C3]’l7 C6’ C6ha D3h’ CGV’ DG’ D6h’ D4d’ Cs,
CSV? CSh’ DS; DSh’ Dsd, DGd: SBs SlO; Sl27 Cm’ CooV’

Cenand D p:

N=3,

I=5
C=xy=yx, D=xz=:zx,
F=yz=zy, F=zz=-(xx+yy).
elements A, B, Cand F .
elements 4, Band F.

[ SIS

I=1¢elements4A =B and F .

In point groups T, Ty, 0,0y, Y, Yy, Tq, K and Ky, all tensor elements vanish.

Table 2

Non-zero and independent tensor elements of the electric octupole moment Q, By for all point groups

Group C; :

Group Cy:

Group C3 :

Group Cyy :

Groups Dy, D,dq, T, Tq :

Groups C4, Cay, Cs, Cgv, Coovs Coo, Cs, Csv ¢

Group S, :
Group Cj3 :

Group C3y :
Group Dj :

Group C3h ¢
Group D3p :

N=27,1=17

G =xyy =yyx =yxy,
H= xxy = yxx = xyx,

K=xxz =zxx = xzx,
L=yyz= zy'y =yzy,

J = xyz =xzy =yxz =yzx = zXxy = zyX,

M= xzz=1zzx

Q= xxx = —(xyy +x22),

P=yzz=2zzy = zyz,
R=yyy = —(xxy +y22),

=zxz,

S=zzz = —(xxz +yyz).

N=14,1=4
N=13,1=3
N= 7,1=2
N= 6,1I=1
N= T7,I=1
N=12,1I=2
N=15,1=3
V=xxx=

U=syyy=-y
K =LandS.
N=11,I=2
N= 4,I=1
N= 8,I=2
N= 41=1

elements G, H, M, P, Q and R.
elements J, K, L and S.
elements K, L and S.

element J.

elements K = L and S.
elements K = —L and J.

~Xyy = —yxy = -yyx,

XX = —XYX = —XXV,

elements K =L, Uand S.
element V.

elements V and U.
element V.

In point groups Cj, Ca2h, D2h, Cah, Da, Dah, S¢, D3d, Csh, D6, Dsh, Dad, Csh, Ds, Dsh, Dsd, Ded, Ss, S10, S125 Th, O; Oh,
Coohs Doohis Y, Yh, K and Kp all tensor elements vanish.

o

&y ...05

= e

iay €

M ;
1 .. in In%

(8

with Cijey the direction cosine between axes iy and & of the two systems.

Inserting the appropriate non-zero tensor elements of tables 13, in the right-hand term of (8), one obtains
the multipole tensors for the various molecular symmetries. Thus, e g., for the point group C,, (molecules H,O,
CgHsNO,, etc.), we obtain consecutively, for the dipole, quadrupole, octupole and hexadecapole moments:

1) =
1”1(' THZ

)_1 1
Ml(]') = 2(®xx _ny) (x,xj“yiy]') + 2622(3Z1'Z]'_5i]') )
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Non-zero and independent tensor elements of the electric hexadecapole moment &, Byd for all point groups

Groups Cy, Cj :

Groups Cg, C2, Capy ¢

Groups Cay, Dy, D2y :
Groups C4, S4,Cap :

Groups D4, Cqy, Dah, D2gd :
Groups C3, S¢ :

Groups D3, C3y, D3q -

Groups C6v C3h’ C6h5 D6’ C6V’ D3h! Déh’ D4d’ Cs, CS \d
Cshs DSa DSh, DSd; D6d’ SB’ 5107 Sl2’ Coc9 CooV>
Cohand D p :

Groups T, Tp, 0,0, Tg -

In point groups Y, Yy,

N

=81,7=9

Ay SXXYy = XYxXy = Xyyx = yyXx = yxyx = yxxy,

B = Xxzz = XzXZ = XZzX = 2ZXX = ZXZX = ZXXZ,

Dy = yyzz = yzyz = yzzy = z2yy = zyzy = 2y)2,

E| = xxxx = —(yyxx +zzxXx),

Fy =yyyy = —(xxyy +zzyy),

= zz2z = —(xx2z +yyzz),

EYYYX =Yyxy = yxyy = xyyy,

= ZZyX = XZZY = XZIYZ = XYZZ = YXZZ =YIXZ = YIZX =2IXYZ
= ZyXz = ZYZIX'S ZIXZY = ZZXY,

Gy
Hy
J1

Ky

=z =z

K and Ky, all tensor elements vanish.

YYIX = YYXZ = YXYZ = YXZY = YZYX = YIXY = XYyZ

EXYZY =X2YY = ZYYX = ZXYy = z2YXY,
= 27ZX = 2ZXZ = IXZZ = XZzZZ,

1 = XXYZ = XYXZ = XYZX = XXZY = XZXY = XZYX = YXXZ

= YXZX =-yIXX = ZXXY = IXPX = ZYXX,

I me

=41,I=5

zzZy = 2zyz = zyzz = yzzZ,
XXXY = XXPX = XyxXx = yxxx = —(yyyx +zzyx),
XXXZ = XXZX = XZXX = zXXx = —(z2zx +yyzx),
yyyz =yyzy = yzyy = zyyy = —(zzzy +Xxy2).

elementsAl,Bl,Dl,El,Fl,Gl,Hl,
Jl and Ql.
elementsAy,By,D(,E{,F1and G;.
elementsAl,Bl =D1,E1 =F1,Gl and
0y (zzyx = 0).
elements4,,B,=D,E,=F,,G;.
elementsd | = —%Bl = —;,I-Dl,
R13(zzzx =0),S (zzzy=0),

= XXXX = YYyy = 3xXyy = —zXx22,
zzzz = —-2xx2Z = 8xXYY.

=37, 1=2
=21,1=1
=21, /=1

elementsA; = ——431 = —401,
81 (zzzy=0) and U;.

elementsA4d, = —%Bl = —%Dl, Uy.
elements4, =B, =D and
XXXX = yyyy =222z = —2XXy).

M(3)__

ijk xxz -

MB =L@

ifkl

1

xxzz

r{C N )~ AXX XX

8 2222(35221k1 522 ] klii'Z)tS 6kl)

1
nyz) Z?’: (xl.x].—yr.y].)zk + 2QZZZ(SZ.Z 2~ E 6Uzk) ,

SR CTRAENS AN

—4yiyf.yky1 Ezz& +26 6kl]

©)
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where we have used the notation x; = ¢;,, y; = Ciy» 2i = Cizs with 23 and E ¢ being sums of the terms resulting
from a given expression by all possible permutations of tensor indices.

On assuming z-axis symmetry in the tensors (9), we obtain the well-known expressions for groups C_ and C_,
(axially symmetric molecules [1,16]).

Groups D, and D,y possess no dipole moment; their octupole moment tensor is of the form:

3 -
ﬂllgjk - Qxyz ? xiy]zk ’ (10)

for group D,, the quadrupole and hexadecapole moments are of the same form as in eqgs. (9), whereas for group

D4 one has to put additionally ©,,, = @yy and Dy 7, =Py s, Pryxx = <I>yyyy. Eq. (10) is applicable to groups

T and T4 also (which present neither dipoles nor octupoles) with, moreover, ®,,,, = —2®,.,.., in (9), yielding

[4]:
4 - ;
ngkl =P zz {?6ij5kl =SGex XX Y Yy Yt 2D} (1

Clearly, the hexadecapole moment (11) holds for groups O and Oy, too, where lower multipoles are absent.

With the multipole tensors in the form (9), (10) or (11), it is easy to calculate the explicit expressions for the
energies (2), (3) and the molecular field (4) as a function of Euler’s angles, or polar in the case of the axial sym-
metry [1,16]. Calculations run similarly for the remaining point groups with which one has to deal in statistical-
molecular problems extending beyond the simpler cases to molecules of the lower symmetries.
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