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From classical molecular-statistical theory, second harmonic generation by multipolar substances
placed in a DC or AC electric field is shown to be related not only with nonlinear electronic polarisation
of molecules but essentially with orientation of the electric molecular multipoles and their interaction in
the condensed state.

Terhune et al. [1] were the first to observe second harmonic generation (SHG) by calcite placed in a
DC electric field. Quite recently, Mayer [2] performed similar experiments in gases and liquids and
stressed the considerable role in SHG of electric dipole orientation in the DC electric field. This paper
is aimed at presenting a semi-macroscopic theory of SHG by isotropic bodies in a DC or AC electric
field, with a molecular-statistical discussion making apparent the role not only of molecular dipole
orientation in the DC field and of mutual correlations, but moreover that of nondipolar molecules under-
going orientation in the electric fields of the quadrupoles and octupoles of the surrounding molecules in
the medium.

The square of the electric field EM(w, r)= EIS/I exp{i(k- r - wt)} oscillating at frequency w induces at
a point r in the medium a polarisation vector at frequency 2w, whose o-component in the presence of a
DC electric field EM(0) is [1]:

Py(20,r) = 28, EM(w) EM(w) EM(0) KT, M
ngfu = Xgry (-2w, w, w, 0) being the nonlinear susceptibility tensor of fourth rank and k the wave pro-
pagation vector.

In order to interpret microscopically the macroscopic susceptibility x(zn‘?y of the phenomenological
equation (1) for an isotropic body, we recur to the semi-macroscopic method [3, 4], expanding the pola-
risation vector P(r,¢) in a series in the electric field strength E(#) in the absence of the medium (in
vacuum), which is related with the mean macroscopic field EM yithin the medium assumed in the shape
of a spherical sample of macroscopic dimensions as follows:

- M
8EY = (€2 +25,,)E (w, r), (2)

where 53’7 is the electric permittivity tensor at frequency w. For an arbitrary isotropic medium, the
method leads to the following result:

i2k- r
Py(2w,r) = {QIEQEYEY + Q3 BEGEYEY - EQBYE} ¢ ®)
where the constants
2w _ 1 2w 1 2y 0
Qis = 36V<3CozBBa 77 BapgsMa’ (4)
2w __ 1 2w 2w 2w 1 2w 0 2w 0 2w ,,0
Qanis = 3607 ¢ *Capap* 3Caaps™ 2Cappat i1 PBapat g+ 3BaapMp™ 2B opsMa) ) ®)

define respectively the isotropic and anisotropic parts of the induced polarisation. MO stands for the to-
tal electric dipole moment of the medium of volume V at zero external field, whereas Bg‘g,y and C%zcb)yé
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are tensors of its nonlinear polarizability of second and third order [4]. The symbol () denotes classi-
cal statistical averaging.
If the medium consists of N mutually interacting.molecules, one can write the expansions:

N
Mg = Z=>1 {ug?)Jr a(of) %P)Jr%ﬁg)%yF(ﬂl’)Fg/P)Jr_ Y (6)
2 2 (p)
BO!(EY - pz_:l {baﬁfym ac,z)i'(ypG)Fép te-o b (7

2w(p)
aByG =1 {caﬁyd teeohs (8)

with ¢ denoting the permanent electric dipole moment of a molecule, and o aB By, tensors of its elec-
tric polarizabilities [5] induced by the field F(?) of electric multipoles of surroundmg molecules [6,7].

We now proceed to discuss the expressions (4) - (8) for several particular cases:

(i) Atomic substances, or ones consisting of nonpolar molecules. The constants (4) and (5) do not de-
pend directly on the temgerature and are a consequence solely of the mechanism of third-order nonlinear
electron polarizability ¢ ‘ﬁ present in all molecular symmetries, spherical included. This distortion-
al effect depends but weakly on the molecular correlations by way of statistical translational fluctuations
[6,8], which we shall not consider here.

(ii) Dipolar substances. In addition to the preceding distortional effect, these present a temperature-
dependent effect due to coupling between the second-order electric polarizability bg and orientation
of molecular dipoles u in the DC electric field. In condensed states, this effect depends to a consider-
able extent on the molecular correlations. Indeed, by egs. (4) - (8) and on neglecting contributions from
molecular fields, we obtain:

2 P 2 g .2
o = g5 (Aapst Frvabea) )
P 8 2
QBitis = 180 33%“&66' At i (8535515~ b 5B Ha) | » (10)

where p = N/V is the number density of molecules,
g=14+ z{cosb 11

Kirkwood's correlation parameter [3], qu the angle between the axes of the pth and gth molecules,
and z the number of neighbours of the pth molecule.

To make numerical evaluations, we neglect electron dispersion in egs. (9) and (10) which enables us
to write approximately:

2w _ _p (2w 2w
@i = Qams 3_<cozozBB kaaa,Bu,B) (12)

For CH%(CN)Z we have the following data [5]: u = 3.56 X 10-18 esu, 8=~ %31)%‘& = -8 x 10730 esu, and
vy = ~3c =15 x 1036 esu. Hence and by eq. (12), the temperature effect is found to be 42 g times
larger than the distortional effect. We thus conclude that generally in dipolar substances the tempera-
ture effect is markedly predominant over the electronic distortional effect.

(iii) Molecules without a dipole but with higher electric moments. These, too, present the tempera-
ture effect, which by egs. (4) - (8) and on neglecting electron anisotropy and dispersion of polarizability
is found to be of the form:

2w _ 5 2w _ P 2
Ris = 2 ¥apis = 36 a BB( < >) ’ (13)
a = o being the mean electric polarizability of a molecule.

If, 1n partlcular the axially-symmetric molecules possess only the quadrupole moment ©, the mean
square molecular field of the quadrupole is [4,6]:

F? =0%038, (14)

where Vhg is the distance between molecules p and g.
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Molecules having the tetrahedral symmetry (CH4, CCl4) possess an octupole moment 2 as well as a
hexadecapole moment &; we obtain [4]:

2y _ 18602,.-10y | 80 52,.-12
(F% = 39 (qu>+ Lo <7qu>. (15)
In the liquid case, we obtain in Kirkwood's approximation [8]:
-n _i’lr_p _'IT_ (1’[-3)/3
¥ha) =53 (61)) ’ >4 (16)

with v = %nd3 denoting the volume of a molecule of diameter d.

For benzene at 295°K we have [7;: p=6.74 x1021 cm-3, o =10.32 x 10-24 cm3, 38) = 5 x 1058
cm~8 and [9] © = (15.7 26.3) X 1026 esu ¢cm2, whence by egs. (13) and (15) one finds that the contri-
bution from the temperature effect amounts to 30 80 per cent of the distortional effect.

For carbon disulphide [7], we have: p = 9.98 X 1021 ¢m3, « = 8.74 x 10-24 cm3, (38) = 11.5 x 1058
cm~8 and [10] © = 28 x 10749 esu cmz, whence the temperature effect is 1.9 times larger than the dis-
tortional effect.

As an example of an octupolar liquid, let us consider carbon tetrachloride, for which the data:£7] are:
p =6.22x1021 cm-3, & =10.5%10-24 cm3, ¢510)=6 x 1072 cm=10 and [11] @ = (15 + 32) x 1034 esu
cm3 (the hexadecapolar moment is not available). Egs. (13) and (15) imply that here the temperature ef-
fect is insignificant, amounting to as little as (1 + 4) per cent of the distortional effect. Maybe in other
liquids the octupole effect is more considerable.

For the time being, there is a lack of appropriate temperature measurements of DC electric field-
induced SHG for deciding to what extent and in which substances the temperature effect predominates
over the distortional effect. It seems that this might be decided in a different way, by replacing the DC
field with an AC electric field EO el®0? oscillating at frequency wg much smaller than the optical fre-
quency w. In this case, in egs. (4) and (5), the permanent dipole moment Mg would have to be replaced
by the slowly-oscillating moment

wg Mg elw0f
M V= (17
a 1+ lwgT,
where T, is Debye's relaxation time for the principal molecular axis «. In other words, one might in-
vestigate how strongly SHG is affected by Debye dipolar dispersion in polar liquids.

Finally, let us particularize the general expression (3) to the experimental situation in the measure-
ments of Mayer [2] i.e. with light propagation in the z-direction of the laboratory reference system and
the DC electric field acting in the y-direction. This leads to polarisation components in the form:

2w w_ w0 i2k-r (18)

P (2w,r) =3Q, “ EE'E e ,

2
P (20,r) - (@29 -2 )(£9) « (@

2w 2w w2 Oei2k'r
is anis X is

+2Q Y(ET) (E

anis’ "y y (19)

3

whence, in the case under consideration, the x-component of polarisation is seen to be a purely aniso-
tropic component. Similarly, other experimental conditions can be discussed [12].

Note added on 3 October 1968.

Professor Bloembergen has just communicated to the author an interesting conclusion from the phe-
nomenological equation (1) for the components intervening in Mayer's experiment [2], if the factor de-
scribing spatial dispersion is omitted; one gets:

_ 2w w w0
Pc(2w) =X Ex Ey Ey , (18a)
P (2w) = )(2L"’(E(‘))2E0 + 2w(Ec"’)on. (19a)
v 2 xl Ty TRy Ry

On comparing the above with egs. (18) and (19), he notes that for isotropic bodies one must have
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2w 20 2w (a)
Xl + X2 - X3 .

On the other hand, if electron dispersion is negligible, eq. (12) is fulfilled, whence:

20 2w 2w _ o .4 .
Xy fXg iXg =2:1:3. (b)

The symmetry relations (a) and (b) have been derived by Bloembergen on purely macroscopic grounds
and communicated to Mayer atthe Gordon Conference on "Nonlinear Optic Effects" held in Meriden,
New Hampshire, USA, 26 - 30 August 1968. Recent measurements of Mayer (private communication) for
bromoethane are in good agreement with the relation (b).

The author wishes to express his thanks to Professors N. Bloembergen and G. Mayer for their inter-
est in this paper, for reading the manuscript, and for their invaluable remarks.
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